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5.2 Geometric Series Test
∞∑

n=0
rn converges to

1

1− r
if |r| < 1

∞∑
n=0

rn diverges if |r| ≥ 1

5.3 Divergence Test

If
∞∑

n=1
an converges, then lim

n→∞
an = 0

If lim
n→∞

an ̸= 0, then
∞∑

n=1
an diverges (e.g. if lim

n→∞
an DNE, then

∞∑
n=1

an diverges)

5.4 Arithmetic For Series I

Assuming
∞∑

n=1
an and

∞∑
n=1

bn both converge, then

We have
∞∑

n=1
can = c

∞∑
n=1

an for some c ∈ R

We have
∞∑

n=1
(an + bn) =

∞∑
n=1

an +
∞∑

n=1
bn

5.4 Arithmetic For Series II

If
∞∑

n=1
an converges, then

∞∑
n=j

an converges for every j ∈ N

If
∞∑
n=j

an converges for some j ∈ N, then
∞∑

n=1
an converges

5.5.1 Comparison Test for Series

Assuming 0 ≤ an ≤ bn for every n ∈ N
If

∞∑
n=1

bn converges, then
∞∑

n=1
an converges

If
∞∑

n=1
an diverges, then

∞∑
n=1

bn diverges

5.5.2 Limit Comparison Test (LCT)

Assuming an > 0 and bn > 0 for every n ∈ N
If lim

n→∞

an
bn

= 0 : if
∞∑

n=1
bn converges then

∞∑
n=1

an converges; if
∞∑

n=1
an diverges then

∞∑
n=1

bn diverges

If lim
n→∞

an
bn

= ∞ : if
∞∑

n=1
an converges then

∞∑
n=1

bn converges; if
∞∑

n=1
bn diverges then

∞∑
n=1

an diverges

If lim
n→∞

an
bn

∈ R then
∞∑

n=1
an and

∞∑
n=1

bn either both converge or both diverge

1



5.6 Integral Test for Convergence

Let ak = f(k). Assuming f(k) is positive, continuous, and decreasing on [1,∞)

We have that

∫ n+1

1

f(x)dx ≤ Sn ≤ a1 +

∫ n

1

f(x)dx for all n ∈ N

We have that
∞∑
k=1

ak and

∫ ∞

1

f(x)dx either both converge or both diverge

If S converges, then

∫ ∞

1

f(x)dx ≤ S ≤ a1 +

∫ ∞

1

f(x)dx

If S converges, then

∫ ∞

n+1

f(x)dx ≤ S − Sn ≤
∫ ∞

n

f(x)dx

5.6 p-series Test

We have
∞∑

n=1

1
np converges if and only if p > 1

5.7 Alternating Series Test (AST)

Assuming an ≥ an+1 > 0 for every n ∈ N

If lim
n→∞

an = 0, then
∞∑

n=1
(−1)n−1an converges

We have that |S − Sk | ≤ ak+1, the error bound

5.8 Absolute Convergence Theorem

If
∞∑

n=1
|an| converges, then

∞∑
n=1

an converges

5.8 Rearrangement Theorem

Assuming
∞∑

n=1
bn is a rearrangement of

∞∑
n=1

an

If
∞∑

n=1
an converges absolutely, then

∞∑
n=1

an =
∞∑

n=1
bn

If
∞∑

n=1
an converges conditionally, then

∞∑
n=1

bn = α for some α ∈ R or α = ±∞

5.9 Ratio Test

If lim
n→∞

∣∣∣an+1

an

∣∣∣ < 1 then
∞∑

n=0
an converges absolutely

If lim
n→∞

∣∣∣an+1

an

∣∣∣ > 1 then
∞∑

n=0
an diverges

If lim
n→∞

∣∣∣an+1

an

∣∣∣ = 1 then we are inconclusive

5.9 Polynomial vs Factorial Growth

We have that lim
n→∞

xn

n!
= 0 for every x ∈ R

5.10 Root Test

If lim
n→∞

n
√
|an| < 1 then

∞∑
n=1

an converges absolutely

If lim
n→∞

n
√
|an| > 1 then

∞∑
n=1

an diverges

If lim
n→∞

n
√
|an| = 1 then we are inconclusive
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