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Upper and Lower Bounds K. 5 (", I)
Let S  R. We say that e is an upper bound of S if Jower (} }E&

x<a VL/7[7@V LVVW\ 4] bt %

for every x € . If S has an upper bound, we say that it is bounded above.

We say that 3 is a lower bound of S if ’L (S = | L bS)
w
B<x j
for every x € . If S has a lower bound, we say that it is bounded below.

S is bounded if it is bounded both above and below. Note that S is bounded if there / \'

exists an M such that S c MM JU /I
L [ub
1 |

Least Upper Bound

Greatest Lower Bound
Let S € R. Then B is called the greatest lower bound of S if

1. Bis alower bound of S. Let S C R. Then « is called the least upper bound of S if

2. Bis the largest such lower bound. That is, if y < x for every x € S, theny < 3. 1. a is an upper bound of S.

2. « is the smallest such upper bound. That is, if x < y for every x € S, then

We write as<y.
B = glb(S).

We write

Note: The greatest lower bound is often called the infimum of S and is denoted by @ = lub(S).
inf(s). Note: The least upper bound is often called the supremum of S and is denoted by

sup(S).
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Let f be defined on an open interval containing x = a, except possibly at x = a. Then
the following two statements are equivalent:

1) lim f(x) exists and equals L.
i) If {x,} is a sequence with x, # @ and x, — a, then

lim f(x,) = L.
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c). If for all {z,,} (which tends to a and z,, # a), lim F(zy,) = L, then lim F(x) = L. T
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Assume that lim f(x) = L and that lim f(x) = M. Then L = M. That is, the limit of a
function is unique. '
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Summary [Bisection Method]

Problem: Given a continuous function f and a positive tolerance € > 0, find
a point d so that there exists a point ¢ with f(¢) = 0and |c —d| < €.

Algorithm:

Step 1: Find two points a < b with f(a)f(b) < 0.

Step 2: Set{ =D —a.

Step 3: Set counter n to equal 0.

Step 4: Letd = 42,

Step 5: If 555 < ¢, then STOP.

Step 6: If f(d) = 0, then STOP.

Step 7: If f(a)f(d) <0,letb =dand n = n+ 1, then go to Step 4.

Step 8: Leta =dand n = n + 1, then go to Step 4.
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