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Let A € M,«,(F). The following three conditions are equivalent:
(a) Ais invertible.

(b) rank(A) = n.

(c) RREF(A) = I,.

Let A € M"X,,(IF) and let Ta be the linear transformation determined by
the matrix A. The following statements are equivalent.

(a) Ta is onto.
(b) Col(A) =F™.
(c) rank(A) = m.

Let A e I\/l/,:km(lF) and let T be the linear transformation determined by
the matrix A. The following statements are equivalent.

(a) Ta is one-to-one.
(b) Null(A) = {0z}
(c) nullity(A) = 0.
(d) rank(A) = n.

(Invertibility Criteria — Second Version)

Let A € M, «»(F) be a square matrix and let T4 be the linear transformation determined
by the matrix A. The following statements are equivalent.

(a) A is invertible.

(b) T4 is invertible

)
)
(¢) T is one-to-one.
(d) Ta is onto.
)

(e) Null(A) = {0} That is, the only solution to the homogeneous system AT =0 is the
trivial solution # = 0.

(f) Col(A) =TF". That is, for every b € F", the system A¥ = b is consistent.
(g) nullity(A4) =

(h) rank(A) = n.

(i) RREF(A) = I,,.
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For each eigenvalue of Z = [1 3 1] over R, find a corresponding eigenpair.
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Let B = {v1,...,v¢} and C = {wyq,...,w}} be ordered bases for a subspace V of F".

The change-of-basis (or change-of-coordinates) matrix from B-coordinates to C-
coordinates is the k£ x k matrix

cllls = [[oile, - - ., [oklc ]

whose columns are the C-coordinates of the vectors v; in B.

Similarly, the change-of-basis (or change-of-coordinates) matrix from C-coordinates
to B-coordinates is the £ x k matrix

slllc = [[wils,. .., [wi]s]
2
whose columns are the B-coordinates of the vectors w; in C.
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A non-empty set of objects, V, is a vector space over a field, F, under the operations
of addition, ¢, and scalar multiplication, @, provided the following set of ten axioms
are met.
Cl. Forall 7,y eV, 7@y € V.

(Closure under Addition)
C2. Foral 7 e VandallceF,co 2 € V.

(Closure under Scalar Multiplication)

V1. Foral 7,y eV, T7ay=9a 7.

(Addition is Commutative)

(1
)

V2. Forall 7,7, 7€V, (Ze7)ez7=2¢(782)=2¢7 &

(Addition is Associative)

55

e

V3. There exists a vector 0 € Vsuch that foral T eV, 22 0=0a7 = 7.

(Additive Identity)

V4. For all T € V, there exists a vector —% € Vsuch that 7 @ (-2) = (-F) @ T = 0.
(Additive Inverse) -
V5. Forall 7,y € Vand forall c€F, ¢ (T @ Y)=(c®Z) D (c® Y).
(Vector Addition Distributive Law) o i corle
V6. For all ¥ € V and for all ¢,d € F, (c+d) © T=(coOZ)e(do ).

(Scalar Addition Distributive Law) pe AM 4 o

/’
V7. Forall ¥ € Vand forallc,d €F, (cd) 07 =c@ (dO 7).

(Scalar Multiplication is Associative)
V8. Forall 7 eV, 107 = 2.
(Multiplicative Identity)
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