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Useful Tool Logical
De Morgan’s Laws (DML)

• ¬(A ∨ B) ≡ ¬A ∧ ¬B.

• ¬(A ∧ B) ≡ ¬A ∨ ¬B.

Commutative Laws

• A ∨ B ≡ B ∨ A.

• A ∧ B ≡ B ∧ A.

Associative Laws

• A ∧ (B ∧ C) ≡ (A ∧ B) ∧ C.

• A ∨ (B ∨ C) ≡ (A ∨ B) ∨ C.

Distributive Laws

• A ∧ (B ∨ C) ≡ (A ∧ B) ∨ (A ∧ C).

• A ∨ (B ∧ C) ≡ (A ∨ B) ∧ (A ∨ C).

Some more properities

• A ⇒ B ≡ ¬A ∨ B

• A ∨ ¬A ≡ T

• A ∧ ¬A ≡ F
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5. Use induction to prove that for every integer n � 7,[6]

nX

i=7

i =
n(n+ 1)

2
� 21

Proof. We begin by formally writing out our inductive statement

P (n) :
nX

i=7

i =
n(n+ 1)

2
� 21

Base Case We verify that P (7) is true where P (7) is the statement

P (7) :
7X

i=7

i =
7(7 + 1)

2
� 21

The left hand side evaluates to
P7

i=7 i = 7 and the right hand side evaluates to
7(7+1)

2 � 21 = 28� 21 = 7 so P (7) holds.

Inductive Hypothesis We assume that the statement

P (k) :
kX

i=7

i =
k(k + 1)

2
� 21

is true for some integer k � 7.

Inductive Conclusion Now we show that the statement P (k + 1) is true. That is, we show

P (k + 1) :
k+1X

i=7

i =
(k + 1)(k + 2)

2
� 21

Now

nX

i=7

i =

"
kX

i=7

i

#
+ [k + 1] (partition into P (k) and other)

=


k(k + 1)

2
� 21

�
+ [k + 1] (Inductive Hypothesis)

=
k(k + 1) + 2(k + 1)

2
� 21 (arithmetic)

=
(k + 1)(k + 2)

2
� 21 (factor)

The result is true for n = k + 1, and so holds for all n by the Principle of Mathematical
Induction.
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6. Let the sequence {xi} be defined by[6]

• x0 = 3, x1 = 2, and

• xn = 3xn�1 � 2xn�2.

Prove that xn = 4� 2n for all integers n � 0.

Proof. We will use Strong Induction. Our statement P (n) is

P (n) : xn = 4� 2n

Base Case We verify that P (0) and P (1) are true.

P (0) : x0 = 4� 20

From the definition of the sequence x0 = 3. The right side of the statement P (0) evaluates
to 3 so P (0) is true.

P (1) : x1 = 4� 21

From the definition of the sequence x1 = 2. The right side of the statement P (1) evaluates
to 2 so P (1) is true.

Inductive Hypothesis We assume that the statement P (i) is true for 1  i  k, k � 1.

P (i) : xi = 4� 2i

Inductive Conclusion Now we show that the statement P (k + 1) is true.

P (k + 1) : xk+1 = 4� 2k+1

xk+1 = 3xk � 2xk�1 (by the definition of the sequence)

= 3 · (4� 2k)� 2 · (4� 2k�1) (by the Inductive Hypothesis)

= 12� 3 · 2k � 8 + 2k (expand)

= 4� 2 · 2k

= 4� 2k+1

The result is true for n = k+1, and so holds for all n by the Principle of Strong Induction.
















































































































