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§1. Groups

§1.1. Notations

In this course natural numbers N start with 1.

Definition (Z,,).
Set of integers modulo n:

where the congruence class

[r)]={2z€Z:z€ (rmodn)}

Note that for the sets S =N, Z,Q,R,C,Z,, S consists of two operations: addition and multipli-
cation.

Definition (M, (F)).
Set of all n x n matrices over field [F.

We can perform addition and multiplication on 2, (R.

§1.2. Groups

Definition (Group).
Let GG be a set and * be an operation on G x G (can be addition, multiplication, matrix addition,

matrix multiplication etc.).

G is a group of it satisfies:

1. Closure: if a,b € G,thena xb € G

2. Associativity: if a,b,c € G, thenax (bxc) = (a*b) * ¢

3. Identity: there exists ¢ € G (identity) such thataxe=a=e*xa VYae G
4. Inverse: for all a € G, there exists b € G (inverse) such thataxb=e =bx*a

Definition (Abelian group).
G isabelianifaxb=bx*xa Va,be G.

Problem 1.1.
Prove that in the definition of a group, it suffices to only have e x @ = a in (3) and b *x a = e in

(4). Note e and b must be on the same side.
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Theorem 1.1.

Let G be agroupanda € G.
1. The identity of G is unique.
2. The inverse of a is unique.

Proof.
1. If e; and e, are both identities, thene; =¢e; x e, = e,
2. If by, b, are inverses of a, then by = by xe = by *x (axby) = (by xa) xby = e xby = b,

Example.
The sets (Z,+), (Q, +), (R, +), (C,+) are abelian groups, where the additive identity is 0 and
the additive inerse of an element  is (—r).

(N, +) is not a group as it does not have an identity and inverse for all elements.

Example.
The sets (Q, -), (R, -), (C, -) are not groups as 0 has no multiplicative inverse.

For a set S = (F,-), let S* denote the subset of S containing all elements with multiplicative
inverse. For example, Q* = Q \ {0}. Then (Q*,-), (R*,+), (C,-) are abelian groups. The multi-
plicative identity is 1 and the multiplicative inverse is %

Problem 1.2.
Let Z,, denote the set of integers mod n. What is Z ?

Example.
The set (M, (R), +) is an abelian group where the additive identity is the zero matrix and the
additive inverse of A is —A.

Example.
(M,,(R), -) is not a group because not all elements have a multiplicative inverse.

Let GL,(R) = {M € M, (R) : det(M) # 0}, which is the set of full-rank/invertible matrices.
Note that:

. If A, B € GL, (R), then det(AB) = det(A) det(B) % 0

e det(A™!) =det(4)1 #£0

(GL,,(R),-) is also known as the general linear group of degree n over R.

Note that if n > 2, then the group (GL,,R, -) is not abelian.
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Problem 1.3.
What is (GL;(R),)?

Example.

Let G, H be groups. The direct product is the set G x H with the component-wise operation
defined by

(915 h1) % (g2, hy) = (g1 * gos hy * hy)
G x H is a group with the identity (e, ef;), and the inverse of (g, h) is (g, h71).
Similarly, if G}, G,, ..., G,, are groups, then G} X G, x --- x G,, is also a group.

Notation: we often denote:

* 91 %92 by 9195

+ Its identity by 1

« The inverse of g € G by g~ !
c gt =gx g

n times

Proposition 1.2.
Let G be a group and g, h € G. We have:

_ =1l
L(¢g") =g
2. (gh) =h~'g™
3. gngm — gn+m
4. (g")" =g"m
Proof.

Lglg=1=gg"
2. (gh)(hlg ) =ghht)gt=ggt =1

Problem 1.4.
Prove the properties (3) and (4).

In general, it is not true that if g, h € G, then (gh)™ = g™h™. For example, (gh)? = ghgh and g*h? =
gghh which is not equal unless G is abelian.

Theorem 1.3.
Let G be a group and g, h, f € G. Then,
1. Left and right cancellation:
o If gh = gf,then h = f
o« Ifhg= fg,thenh = f
2. Given a,b € G, the equations az = b and ya = b has unique solutions for z,y € G.
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Proof.
« Left cancellation:

gh=gf =g (gh) =g (9f) <> (g'9)h=(g"g)f <= h=f

Proof for right cancellation is similar.
« Let x = a—'b. Then,

ar =a(a)b=>
If u is another solution, then au = b = ax. Then, u = x by cancellation.

Similarly, y = ba~! is the unique solution of ya = b.

§1.3. Symmetric groups

Definition (Permutation).
Given L # (), a permutation of L is a bijection from L to L. The set of all permutations is
denoted by S} .

Example.
Consider the set L = {1, 2, 3}. It has the following different permutations:

123 123 123 123 123 123
123)’\132)°’\213)’\231)’\312)’\321

Definition.

For n € N, we denote S,, = S¢; 5 ) as the set of all permutations of {1, ..., n}.

We have seen that the order of S; = 3! = 6.

Proposition 1.4.

|5, | = n!

Given 0,7 € S,,, we can compose them to get a third element o7, where o7 : {1,...,n} — {1,...,n}
given by x - o(7(x)).

Since both o, 7 are bijections, so is o7. Thus o7 € §,,.
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Example.
Given
(1234 (1234
7=B412)7 " \2431
Then, the compositions are
(1234 (1234
oT=\4213)77 73124

Note that o7 #+ 70.

For any 0,7 € S,,, we have 07,70 € S,,, but 07 # 70 in general.
On the other hand, o(7p) = (o7)p.

The identity permutation ¢ € §S,, is defined as

(12 ..n
c=l12..n

Then for any o € S,,, we have e = 0 = ¢o.

Given o € S, there also exists a unique inverse permutation bijection o~! € S, , such that
o !(z) = yiff o(y) = x. This also satisfies 0(0!(z)) = o(y) =z and 0~ (c(y)) = v.

To compute the inverse, find y in o(y) = x for each = € [n].

Problem 1.5.
Find the inverse of

(G20 ]
— W
[\CINTEN
w ot
SN—

B~ =

-

Proposition 1.5.
S,, is a group called the symmetric group of degree n.

Problem 1.6.
Write down all rotations and reflections that fix a equilateral triangle. Then check why it is the
“same” as S;.

) 1
Consider o0 = <3

Note that if we repeatedly apply o, there are four cycles:
e l1=23=7—=2=1

c4—6—4

*+5—=>9—=8—=5

+ 10— 10
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Thus o can be decomposed into one 4-cycle (1 3 7 2), one 2-cycle (4 6), one 3-cycle (5 9 8), and one
1-cycle (10) (usually omitted).

Note that these cycles are pairwise disjoint and we have
c=(1372)46)(598)
We can also reorder the three cycles or rearranges the elements in each cycle. So these are also valid:

o=(46)(598)(1372)=(64)(985)(7213)

Theorem 1.6 (Cycle Decomposition Theorem).
If o € S, with o # ¢, then o is a product of one or more disjoint cycles of length at least 2.

This factorization is unique up to the order of the factors.

See Bonus 1 for proof.

Every permutation in S,, can be regarded as a permutation in S,,  ; with the number n + 1 fixed. Thus
$,cS,CCS,CS, ,C-

§1.4. Cayley tables

For a finite group G, it is sometimes convenient to define its operation by a table.

Given x,y € G, the product zy is the entry of the table in row x and column y. Such a table is a
Cayley table.

Proposition 1.7.
The entries in each row or column n of a Cayley table are all distinct.

Example.
Consider (Z,, +). Its Cayley table is

Zy 101
0

1 1110
Example.

Consider (Z* = {1,—1}, x). Its Cayley table is

7z |1 =l
1 1 =l
—1(-1(1

Note that if we replace 1 by [0] and —1 by [1], the Cayley tables of Z* and Z, becomes the same.

In this case, we say Z* and Z, are isomorphic: Z* = Z,.
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Example.
For n € N, the cyclic group of order n is defined by C, = {1,a,a?,...,a" '} with a™ = 1 and

=1
La,..,a" .

The Cayley table of C,, is

c, |1 a a?|...la"?|a"!
1 1 a a? g || gL
a a a? a’ a1
a? a? ad a* 1 a
an72 aan anfl 1 N an74 an73
gt | gt )|l a |...la”2 | a2

Proposition 1.8.

Let G be a group. Up to isomorphism, we have

1. If |G| = 1, then G = {1}

2. If |G| = 2, then G = G,

3. If |G| = 3, then G = (4

4. If |G| =4, then G = C, or G = K, = C, x C,, the Klein 4-group

Proof. (1) If |G| = 1, then trivially G = {1}

(2) If |G| = 2, then G = {1, g} with g = +1. Then g? = g or g = 1. If g?> = g, then by cancellation
g = 1 which is a contradiction. Thus g% = 1.

Hence the Cayley table of G is

Gl1
1 (1
glg]|l

(3)If|G]| =3,then G = {1,g,h} withg#1,h# 1,9 + h.
By cancellation, we have gh # g, gh # h, thus gh = 1. Similarly, we have hg = 1.

Also, on the row for g, we have g(1) = g, gh = 1. Since all entries in the row are distinct, we have
2
g° =h.

The Cayley table of G is
Gl1l]lg]|h
1 11]g|h
glglhl|l
hlh|1l]lg
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Problem 1.7.
Consider the symmetry group of a non-square rectangle. How is it related to & ,?

§2. Subgroups

§2.1. Subgroup tests

Definition (Subgroup).
Let G be a group. Let H C G. If H itself is a group, then we say H is a subgroup of G.

Since G is a group, for hy, hy, hy € H C G, we have h, (hyhs) = (hyhy)hs. Thus, H is a subgroup of
G if it satisfies the following conditions.

Remark (Subgroup test).

1. If hy,hy € H, then h hy € H
2. I, e H

3. Ifhe€ H,thenh™' € H

Problem 2.1.
Prove that I; = I;.

Example.
Given a group G, then {1} and G are subgroups of G.

Example.
We have a chain of groups:

(Z,+) C (Q,+) C (R,+) C (C,+)
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Example.
Recall the general linear group of order n over R:

GL,(R) = (GL,(R),-) = {M € M, (R) : det(M) # 0}

We can define
SL,(R) = (SL,R,:) ={M € GL,,(R) : det(M) =1} C GL,,(R)
Note that the identity matrix is I € SL,,(R). Let A, B € SL,,(R). Then,
det(AB) =det(A)det(B)=1-1=1
And
det(A™') =det(4) ' =171 =1

So AB, A=t € SL, (R). By subgroup test, SL, (R) is a subgroup of GL,, (R).

SL, (R) is the special linear group of order n over R.

Example.
Given a group G, we define the center of GG to be

Z(G)={2z€G:29=gz Vg€ G}
Note that Z(G) = G iff G is abelian.
Claim: Z(@G) is an abelian subgroup of G.
Note that I € Z(G). Lety, z € Z(G). Then for all g € G, we have
(y2)g = y(29) = y(92) = (yg9)z = (9y)z = 9(y=)
Thus yz € Z(G).
And, for z € Z(G) and g € G, we have

29 =gz <> 2 Hzg)z7t = 27 g2)e 7 = (2712)(gz7t) = (27 lg) (227 ) <= g2l =271y

Proposition 2.1.
Let H, K C G. Then their intersection HNK ={g€ G : g€ H,g € K} is also a subgroup
of G.

Problem 2.2.
Prove the intersection of subgroups property.

Theorem 2.2 (Finite subgroup test).
If H C G is finite and non-empty, then H is a subgroup of GG iff H is closed under its operation.

10
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Proof. Let H C G be finite and non-empty.
(=) Trivial.
(<=)Let h € H. Since H is closed under its operation, we have h, h?, ... are all in H.

As H is finite, these elements are not all distinct. Thus A™ = h™*"™ for some n, m € N. By cancellation,
h™ =1landthus1l € H.

Also,1 =h"'h=ht=hr""1 s0oh™! € H.

By the subgroup test, H is a subgroup of G. O

§2.2. Alternating groups

Definition (Transposition).
A transposition o € S, is a cycle of length 2.

Example.
Consider (1 2 4 5) € S;. The composition (1 2)(2 4)(4 5) can be computed as

12345
12354
14352
24351

Thus we have
(1245)=(12)(24)(45)
Also, we can show that

(1245)=(23)(12)(25)(1 3)(2 4)

We can see from this example that the factorization into transpositions are not unique.

Theorem 2.3 (Parity theorem).
If a permutation w has two factorizations

g = V11/2...]/,’, = /,Llﬂz.../ls

where each v; and i, is a transposition, then r = s (mod 2).

Definition.

A permutation is even (or odd) if it can be written as a product of an even (or odd) number of
transpositions.

By parity theorem, a permutation is either even or odd, but not both.

11
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Theorem 2.4.

Forn > 2, let A,, denote the set of all even permutations in S,,. Then,
l.e€cA,

2. Ifo,7 € A,,thenoT € A, ando™! € A
3. |4,| = 3n!

n

Proof. (1) We can write ¢ = (1 2)(1 2). Thus ¢ is even.

(2) Let 0,7 € A,,. We can write 0 = 0,0, and 7 = 77, where 0, 7; are transpositions and r, s

are even.
Then,
OT = 010, T T,
is a product of r + s transpositions, so it is even.
Also, since o, is a transposition, we have 0? = ¢ and thus o; ! = o,. It follows that

0'71 — (0-1.”0-7’)_1 — 0';1...0'1_1 — O'r...o'l

which is an even permutation.

(3) Let O,, denote the set of odd permutations in S,,, such that S,, = A,, U O,,, and the parity theorem
implies A, N O,, = 0.

Since |S,,| = n!, to prove |A, | = $nl, it suffices to show that |4, | = |O,)|.

Letv = (1 2) andlet f : A,, — O,, be defined by f(o) = vo.

Since ¢ is even, we have that vo is odd. Thus the map is well-defined.

Also, if we have vo,; = vo,, by cancellation we get 0; = 05. So, f is one-to-one.

Let 7 € O,,. Then,c = vo € A, and
flo)=vo=v(r)=vir=r1
So f is onto
Putting together, f is a bijection. Thus, [n| = |O,,]. O
From (1) and (2), we see that A,, is a subgroup of S,,.

A,, is called the alternating group of degree n.

§2.3. Order of elements

Definition.
If G is a group and g € G, we denote

(g)={9’:Bez}={.,g%9"d%9" 9% .}

Note that 1 = ¢° € (g). Also, if z € g™, y € g" € (g) with m,n € Z, then

zy=gm"gt =g""" e (g)

12
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—m

and 271 = g™ € (g). By the subgroup test, we have

Proposition 2.5.
If G is a group and g € G, then (g) is a subgroup of G.

Definition.
Let G be a group and g € G. We call (g) the cyclic subgroup of G generated by g.

If G = (g) for some g € G, then we say G is cyclic and g is a generator of G.

Example.
Consider (Z, +). Note that for all k € Z, we can write kK = k - 1. Thus (Z, +) = (1).

Similarly, (Z,+) = (—1).

For any n € Z with n # 41, there exists no k € Z such that k- n = 1, thus £1 are the only
generators of (Z, +).

Let G be a group a g € G suppose that there exists k € Z, k # such that g* = 1. Then g=* = (gk)~! =
1. Thus we can assume that k£ > 1. By the well-ordering principle, there exists the “smallest” positive
integer n such that g" = 1.

Definition (Order).
Let G be a group and g € G. If n € N is the smallest value such that ¢” = 1, then we say the
order of g is n, denoted by o(g) = n.

If no such n exist, then we say g has infinite order and write o(g) = oc.

Proposition 2.6.

Let G be a group and g € G such that o(g) = n € N. For k € Z, we have

1. g* = 1iff n | k (divides)

2. g8 = g™ iff k =m (modn)

3. (9) ={1,9,4°,...,g" ' } where g, g°, ...g" ! are all distinct, and |(g)| = o(g)

Proof. (1) (<) If n | k, then k = nq for some g € Z. Thus
== =1=1

(=) By division algorithm, we can write k = ng + r with ¢, € Z and 0 < r < n. Since g* = 1 and
g™ =1, we have

g =g =gk g") " =1(1)1=1
As0 <r <mnando(g) =n,wehave r =0 and hencen | k.
(2) Note that g* = g™ iff g*~™ = 1. By (1), we have n | (k —m), so k = m (mod n).

(3) From (2), it follows that 1, g, g2, ..., " ! are all distinct. So, we have {1, g, ¢°, ..., g" '} C (g).

13
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Let g* € (g) for some k € Z. Write k = ng + r with ¢, € Z and 0 < r < n. Then,
9" =g"g =19 =g €{l,9,6°,..." '}

Thus we have (g) = {1,9,...,¢" '} O

Proposition 2.7.

Let G be a group and g € G satisfying o(g) = oco. For k € Z, we have
1. g*=1if k=0

2. ¢ =gmiffk=m

3.(9) ={...,g7, 97, 9", ...} where g" are all distinct

Proposition 2.8.
Let G beagroupand g € G witho(g) =n € N.If d € N, theno(g?) = acd(ny Where ged(n, d)
is the gcd of n and d.

In particular, if d | n, then o(gd) =

Proof. Letn; = 77 andd, = m. By (divide by GCD from MATH 135) we have ged(n,,d;) =
1. Note that

(g9)™ = (g7) =T = (gn)Fnd =1
Now we will show that n; is the smallest such possible integer.

Suppose (gd)r = 1 with 7 € N. Since o(g) = n, we have n | dr. Thus there exists ¢ € Z such that
dr = ngq.

Dividing both sides by ged(n, d), we have

d n
r= =n
ged(n, d) ged(n, d)q 14

dl’l“ —

Since ny | dyr and ged(nq,d,) = 1, we get ny | r, so r = nyl for some | € Z. As | > 1, we get r >
nq. O

§2.4. Cyclic groups
For a group G, if G = (g) for some g € G, then G is a cyclic group. For a,b € G, we have a = g™ and

b = g" for some m,n € Z, which means

m

ab=g¢"g" = ba

Proposition 2.9.
Every cyclic group is abelian.

The converse of this is not true! For example, K, is ablian, but it is not cyclic.

14
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Proposition 2.10.
Every subgroup of a cyclic group is cyclic.

Proof. Let G = (g) be cyclic. Let H be a subgroup of G.

If H = {1}, then trivially H is cyclic. Otherwise, there exists g* € H with k € Z,k # 0. Since H is a
group, we have g=* € H. Thus we can assume k € N.

Let m € N be the smallest such that g™ € H. We can show that H = (¢™) using division algorithm.[]

Proposition 2.11.
Let G = (g) be cyclic with o(g) = n. Then G = {(g") iff ged(k,n) = 1.

Proof. By earlier proposition, o(g") = m. O

Theorem 2.12 (Fundamental theorem of finite cyclic groups).

Let G = (g) be a cyclic group with o(g) = n.

1. If H is a subgroup of G, then H = (g?) for some d | n. It follows that |H| | |G|
2. If k | n, then g* is a unique subgroup of G of order k.

Proof.
1. Let H be a subgroup of G. Then H is cyclic, so H = (¢g™) for some m € NU {0}.
Let d = ged(m,n). We will show H = (g%).
(C) Since d | m, we have m = dk for some k € Z. Then g™ = g% € (¢%). Thus H = (g™) C (g%).
(D) As d = ged(mn), there exists x,y € Z such that d = max + ny. Then,
gt =gmrtn = gme(gh)” = g™ € (g™)
Thus (g¢) C (¢g™) = H. Tt follows that H = {g%).

Since d = ged(m, n), we have d | n. So,

n n
[H] = o(g") ged(n,d) d
Thus, |H| | |G|.
2. The cyclic subgroup (g#) is of order

~ ged(n,n/k)  n/k

To show uniqueness, let K be a subgroup of G of order k, possible as k | n. By (1), let K = (g%)
with d | n. Then, we have

n

b=k =old) = gD

n
d

It follows that d = % and thus K = (g*).

15
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§2.5. Non-cyclic groups
Let X be a non-empty subset of a group G, and let
(X) = {2} 2> alp cmeN 2, € X,k €}

denote the set of all products of powers of (not necessarily distinct) elements of X. Note that if
x]fl--'xfnm € (X)and y;*,--y'» € (X), then
yteahpylteyin € (X)
—1 _
Also, z{ € (X) and (wlflenm) =x, P "m Hence (X) is a subgroup of G containing X, called

the subgroup of G generated by X.

Example.

K, ={1,a,b,c} with a® = b> = ¢> = 1 and ab = c. Thus
K,={a,b-a*=0>=1,}

Definition (Dihedral group).
For n > 2, the dihedral group of order 2n is defined by

D,, ={1,a,...,a" ' b ba,...,ba" "}

where a” = 1 = b2 and aba = b.

Note that D, =~ K, and Dy = S,.

Problem 2.3.
For n > 3, consider a regular n-gon and its group of symmetries. How is it related to D,,,?

§3. Normal subgroups

§3.1. Homomorphisms and isomorphisms

Definition (Homomorphism).
Let GG, H be groups. A mapping o : G — H is a homomorphism (HM) if

ala *xq b) = ala) * a(b) Va,b € G

We often omit the group specific operation for simplicity.

16
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Example.
Consider the determinant map

det : (GL,(R),-) — R*
given by A — det(A).
Since det(AB) = det(A) det(B), the mapping det is a homomorphism.

Proposition 3.1.

Let « : G — H be a group HM. Then,
L a(lp) =1y

2. a(g)=a(g) ' Vge G

3. a(¢F) =alg)* Vge G ke Z

Problem 3.1.
Prove Proposition 3.1.

Definition (Isomorphism).
A mapping o : G — H is an isomorphism (IM) if o is HM and « is bijective.

Proposition 3.2.

We have

1. The identity map id is an IM

2. If 0 : G — H is an IM, then the inverse map o' : H — G os also an IM
3.Ifc:G— Hand7: H — K areIM, then o7 : G — K is also an IM

Thus, we see that = is an equivalence relation.

Problem 3.2.
Problem Proposition 3.2.

Example.
Let RT 4+ {r € R: r > 0}. We will show that (R, +) = (R*,-).

Define o : (R,+) — (R™,:) by o(r) = e". Note that the exponential map from R to R is
bijective. Also, for r, s € R, we have

o(r+s)=e"t =¢e"e* =oa(r)o(s)

Thus, o is an IM.
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Example.

We will show (Q, +) % (Q*,-)
Suppose 7 : (Q,+) — (Q*,-) is an IM. Then, 7 is onto, so there exists ¢ € Q such that 7(g) = 2.

Consider 7(2) = a € Q. Since 7 is an HM, we have

OLGE R R

2 2
which contradicts a € Q. Thus such 7 does not exist and (Q, +) 2 (Q*,-).

§3.2. Cosets and Lagrange’s theorem

Definition (Coset).
Let H be a subgroup of group G.If a € GG, we define

Ha={ha | he H}
to be the right coset of H generated by a.
Similarly, we define

aH ={ah | h € H}

to be the left coset of [ generated by a.

Sincel € H,wehave Hl = H = 1H anda € Haand a € aH.

However in general, Ha and aH are not subgroups of G and aH # Ha. But if G is abelian, then
Ha =aH.

Example.
Let K, = {1,a,b,ab} witha® = 1 = b? and ab = ba. Let H = {1, a} be a subgroup of K,. Note
that since K, is abelian, we have gH = Hg Vg € K,. Then the right/left cosets of H are

H1={l,a} =1H Hb={b,ab} =bH

Thus there are exactly two cosets of H in K,,.

18



Steven Cao PMATH 347 - Groups and Rings

Example.

Let S5 = {e,0,0%,7,70,70?} with 0> =e =172 and 070 = 7. Let H = {¢,7} which is a

1

subgroup of S;. Since o7 = 70! = 702, the right cosets of H are

He ={e,7} =Hr
Ho ={o,70} = Hto
Ho? = {0?,70%} = Hro?
And, the left cosets of H are
eH ={e,7} =7H
ocH = {a, 702} =70’H
0?H = {02,170} = T0H

Note that Ho # oH and Ho? + o2 H.

Proposition 3.3.
Let H be a subgroup of a group GG and let a, b € G.
1. Hao= Hbiffab™' € H.
o In particular, Ha = H iffa € H.
2. Ifa € Hb, then Ha = Hb.
3. Either Ha = Hb or Ha N Hb = (). Thus, the right cosets of H forms a partition of G.

Proof.

1.

(=) Suppose Ha = Hb. Then a = la € Ha = Hb. Thus a = hb for some h € H and we have
ab™'=he H.

(<=) Suppose ab~* € H. Then, forall h € H,
ha = (ha)(b™'b) = h(ab™)b € Hb
so Ha C Hb.
Note that if ab~! € H, since H is a subgroup, then (ab_l)fl =ba~! € H. Thusforallh € H,
hb = h(ba™') € Ha

so Hb C Ha. It follows that Ha = Hb.

. Ifa € Hb, then ab~! € H. Thus by (1), we have Ha = Hb.

. If Ha N Hb = (), then we are done. Otherwise, there exists x € Ha N Hb. Since x € Ha, by (2), we

have Ha = Hx. And since x € Hb, similarly we have Hb = Hx. Thus Ha = Hxz = Hb.
O

The analogues of Proposition 3.3 also holds for left cosets.

19



Steven Cao PMATH 347 - Groups and Rings

Problem 3.3.
Let GG be a group and Ha be a subset of G. For a,b € GG, do we still have Ha = Hb or Ha N
Hb = ) if H s not a subgroup of G?

From Proposition 3.3 we see that G can be written as a disjoint union of right cosets of H.

Definition (Index).
The index [G : H] is the number of disjoint right (or left) cosets of H in G.

Theorem 3.4 (Lagrange’s theorem).

Let H be a subgroup of a finite group G. We have |H| | |G| and [G : H]| = %

Proof. Let k = [G : H] and let Ha,, Ha,, ..., Ha;, be the distinct right cosets of H in G. By Propo-
sition 3.3,

G=Ha, U--UHa,
is a disjoint union. Since |Ha,| = |H| for each i, we have
Gl = |Hay| + -+ [Hay| = k|H]

It follows that |H| | |G| and G : H] = k = {5 O

Corollary 3.5.

Let G be a finite group.

1. If g € G, then ¢(g) | |G].

2. If |G| = n, then for all g € G, we have ¢ = 1.

Proof.
1. Take H = (g). Note that |H| = ¢(G).
2. Let ¢(g) = m. Then by (1) we have m | n. Thus

g = (g)F = 1 =1

3

Example.
Forn € N,n > 2, let Z7 be the set of (multiplicative) invertible elements in Z,,. Let the Euler’s
p-function, ¢(n), denote the order of Z :

p(n) = [{K] €Z,, : k € {0,..,n — 1}, ged(k,n) = 1}
As a direct consequence of the previous corollary, we see that if a € Z with ged(a,n) = 1, then

a¥?™ =1 (modn). This is Euler’s thoerem. If n = p is a prime number, then Euler’s theorem
implies a?~! = 1 (mod p), which is Fermat’s little theorem.
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Recall that |G| =2 = G = (C,and |G| =3 = G = (.

Corollary 3.6.
If G is a group with |G| = p, a prime number, then G == C,, the cyclic group of order p.

Proof. Let g € G with g # 1. Then we have ¢(g) | p. Since g # 1 and p is prime, we have ¢(g) = p.

Thus, [(g)| = ¢(g) = p. It follows that G = (g) = C,,. O

Corollary 3.7.
Let H, K be finite subgroups of G. If gcd(|H|, |K|) = 1, then H N K = {1}.

§3.3. Normal subgroups

Definition (Normal).

Let H be a subgroup of G. If gH = Hyg for all g € G, then we say H is normal, denoted by
H<aG.

Example.
We have {1} <G and G < G.

Example.
The center of G, Z(G) = {z € g : zg = gz Yg € G} is an abelian subgroup of G. By its defin-
ition, Z(G) < G. Thus every subgroup of Z(G) is normal in G.

Example.
If G is an abelian group, then every subgroup of GG is normal in GG. The converse is false.

Proposition 3.8 (Normality test).

Let H be a subgroup of a GG. The following are equivalent:
L. HaG

2. gHg™' C H Vg € G (conjugate of H)
3.gHg'=HVged

Remark.
To prove normality by the normality test, showing (2) is enough.

Proof. (1) = (2). Let ghg~! € gHg ™! for some h € H. Then, by (1), gh € gH = Hg. Suppose gh =
h,g for some h; € H. Then

ghg™t =hggt =h € H
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(2) = (3). If g € G, then by (2), gHg™ ' C H. Taking g~ in place of g in (2), we get g ' Hg C H.
Then H C gHg ' so H = gHg™!.

(3)= (1)IfgHg ' = H,then gH = Hg. O
Example.
Let G = GL,(R)and H = SL,,(R).For A € G, B € H, we have

det(ABA™!) = det(A) det(B) det(A™!) = det(B) =1

Thus ABA~! € H and it follows that AHA=! C H VA € G. By normality test, H <1 G, which
means SL, (R) < GL,, (R).

Proposition 3.9.
If H is a subgroup of G with [G : H] = 2, then H < G.

Proof. Letg € G.If g € H,then Hg = H = gH.

If g ¢ H,since |G : H| = 2,then G = H U Hg, a disjoint union. Then Hg = G \ H. Similarly, gH =
G\ H.ThusgH = Hg Vg € G,so H < G. O

Example.
Let A,, be the alternating group contained in S,,. Since [S,, : A,] = 2, we have A,, < S,,.

Example.
Let D,,, be the dihedral group of order 2n. Since [D,,, : (a)] = 2, we have (a) < D,,,.

Let H, K be subgroups of G. The intersection H N K is the “largest” subgroup of G contained in both
H and K. What is the “smallest” subgroup containing H and K?

Note that H U K is the “smallest subset” containing H and K, but H U K is a subgroup of G iff H C
K or K C H. A more useful subset to consider is the product H K of H and K defined as follows:

HK ={hk:heH, ke K}

Note this is still not always a subgroup of G.

Lemma 3.10.

Let H and K be subgroups of GG. The following are equivalent:
1. HK is a subgroup of G

2. HK = KH

3. KH is a subgroup of G

Proof. We will prove (1) <= (2), then (2) <= (3) follows.

(2) => (1). We have 1 = 1(1) € HK. Also, if hk € HK, then (hk)™' = k™'h™' € KH = HK. And,
for hk,hy,k;, € HK, we have khy € KH = HK, say kh, = hyk,. It follows that
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(hk)(hiky) = h(khy)ky = h(hoky)ky = (Rhy)(kyky) € HK
By subgroup test, H K is a subgroup of G.

(1) = (2). Let kh € KH with k € K and h € H. Since H and K are subgroups of i, we have h™! €
Hand k™! € K. As HK is a subgroup of G, we have

(kh) = (k1) € HK

Thus KH C HK. Similarly, we can show HK C KH,so HK = KH. O

Proposition 3.11.

Let H and K be subgroups of G.

1. f H < Gor K <G, then HK = K H is a subgroup of G.
2. f HQGand K < G, then HK < G.

Proof.
1. Suppose H <1 G. Then,

HK = | JHk= | J kH=KH
keK keK

Then, HK = K H is a subgroup of G.
2. Ifg e Gand hk € HK, since H << G and K < G, we have
g ' (hk)g = (g7 'hg)(g " kg) € HK

Thus g 'HKg C HK and HK < G. O

Definition (Normalizer).
Let H be a subgroup of G. The normalizer of H, N (H ), is defined to be

Ng(H) ={g9€ G:gH = Hg}

which has that H < G iff N(H) = G.

In the previous proof, we do not need the full assumption that H <1 G. We only need kH = Hk for
allk € K, thatis k € N (H).

Corollary 3.12.
Let H and K be subgroups of a group G.If K C N, (H) (or H C N (K)), then HK = KH is
a subgroup of G.

Theorem 3.13.
If H<Gand K < G satisfty HN K = {1}, then HK = H x K.

Proof. We first will show that, (1) if H < G and K < G satisfy H N K = {1}, then hk = kh for all
he€ Handk € K.
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Consider = = hk(kh)™! = hkh~'k~!. Note that kh~'k~' € kHk™' = H (since H < G). Thus z =
h(kh_lk) € H. Similarly, since hkh™ € hKh™! = K, we have © = (hkh_l)k_l € K.

Since z € H N K = {1}, we have hkh™ 'k~ = 1, so hk = kh. As H < G, by property of normality,
we have that H K is a subgroup of G.

Now, define o : H x K — HK by o((h, k)) = hk. We will show that (2) o is an IM.
Let (h, k), (hy, ky) € H x K. By (1), we have hyk = kh,. Thus
o((h, k) (hy, ky)) = o((hhy, kky)) = (hhy)(kky) = h(hyk)k,
= h(khy )k = (hk)(hiky) = o((h,k))o((hy, ky))
so o is a HM.

Note that by the definition of H K, o is onto. Also, if o((h, k)) = o((hy, k;)), we have hk = hyk,. Thus
hith =kk' € HNK = {1}.So, h{*h =1 = kyk~! (hy = h and k; = k). Thus o is one-to-one.

Thus, o is an IM and we have HK =~ H x K. O

Corollary 3.14.
Let G be a finite group, and H, K be normal subgroups of G such that H N K = {1} and
|H||K|=|G|. Then G =~ H x K.

Example.

Let m,n € N and gcd(m,n) = 1. Let G = (a) be the cyclic group with O(G) = mn.. Let H =
(a™) and K = (a™).

Then, |H| = O(a"™) =m and |K|= O(a™) = n. It follows that |H||K| = mn = |G|. Since
ged(m,n) =1, we have H N K = {1}. Also, since G is cyclic (abelian), we have H < G and
K<G

Then, we have G =~ H x K. Thatis, C,,, = C,  x C,.

Hence to consider finite cyclic groups, it suffices to consider cyclic groups of prime power order.

§4. Isomorphism theorems

§4.1. Quotient groups

Let K be a subgroup of G. Consider the set of right cosets of K, { Ka : a € G}. To make it a group, a
natural way is to define

Ka-Kb=Kab Va,beG

Note that we could have Ka = Ka; and Kb = Kb, with a # a; and b # b,. Thus in order for the
previous equation to make sense, a necessary condition is

KCL — Ka/l,Kb — Kbl — K(Lb — K(Ilbl

In this case, we say that the multiplication KaKb = Kab is well-defined.
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Lemma 4.1.

Let K be a subgroup of GG. The following are equivalent:
L. K<G.

2. For a,b € G, the multiplication KaKb is well-defined.

Proof. (1) = (2). Let Ka = Ka, and Kb = Kb,. Thus aa;' € K and bb;! € K.

To get Kab = Ka,b,, we need ab(a,b;)”" € K. Note that since K < G, we have aKa ' = K. Thus,
ab(ayby) " = abbylart = (abbyta ") (aart) € K

so Kab = Kaqb,.

(2) = (1).Ifa € G, to show K <1 G, we need aka™! € K,Vk € K. Since Ka = Ka and Kk = K1,
by (2), we have Kak = Kal, ie. Kak = Ka. It follows that aka=! € K. Thus K < G. O

Proposition 4.2.

Let K < G and write G/K = {Ka : a € G} for the set of all cosets of K. Then,
1. G/K is a group under the operation KaKb = Kab.

2. The mapping ¢ : G — G/K given by ¢(a) = Ka is an onto HM.

3. If [G : K] is finite, then |G/K| =[G : K| = %

Definition (Quotient group).
Let K <0 G. The group G/K of all cosets K in G is called the quotient group of G by K. And,
the mapping ¢ : G — G/K given by p(a) = Ka is called the coset map.

Remark.
G /K represents the set of all distinct cosets (left or right) of K generated by G. It is not a
subgroup of G.

Problem 4.1.
List all normal subgroups of D, and all quotient groups of D,/ K.

§4.2. Isomorphism theorems

Definition (Kernel).
Let o : G — H be a group HM. The kernel of « is defined by

ker(a) ={g € G:alg) =1y} CG

which is the set of all elements in G for which a maps to the identity in H.
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Definition (Image).
The image of « is defined by

Proposition 4.3.

Let a : G — H be a group HM. Then,
1. im(«) is a subgroup of H.

2. ker(a) < G.

Proof.
1. Note that I;; = a(I) € a(G). Also, for hy = a(gy), hy = a(g,) € a(G), we have
hihy = algy)algy) = alg19;) € a(G)

Also, a(g)™! = a(g?) € a(G). By the subgroup test, a(G) is a subgroup of H.

2. For ker(a), note that a(I;) = I. And, for ky, ky € ker(a), we have
alkiky) = alk)a(ky) =1-1=1
and
(k') =alk) ' =17 =1
By the subgroup test, ker(«) is a subgroup of G. Note that if g € G and k € ker(«), then
a(ghg™) = algla(k)a(g™) = alg) - 1-a(g) ™ =1

Thus gker(a)g~! C ker(a). By the normality test, ker(a) <1 G.

Example.
Consider the determinant map det : GL,,(R) — R* defined by A +— det(A).

Then, ker(det) = SL,,(R) and SL,,(R) < GL,,(R).

Example.
Define the sign of a permutation ¢ € .S, by

o) — 1 if o is even
BT/ = ~1if o is odd

Note that sgn : S, — (£1, -) defined by o + sgn(o) is a HM. Also, ker(sgn) = A,,. Thus we
have another example that A,, <1 .5,,.
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Theorem 4.4 (1st IM).
Let o : G — H be a group HM. We have G/ ker(a) = im(«).

Proof. Let K = ker(«). Since K <1 G, G/K is a group. Define the group map a : G/K — im(«) by
a(Kg)=a(g) VKge G/K.
Note that
Kg=Kg, < g9 € K =ker(a) < a(gg;") = 1 <= alg) = alg)
Thus « is well-defined and one-to-one. Also, « is clearly onto.
For g, h € G, we have
a(KgKh) = a(K(gh)) = a(gh) = a(g)a(h) = a(Kg)a(Kh)
Thus & is a group IM and we have G/ ker(a) = im(«). O

Let o : G — H be a group HM and K = ker(«). Let ¢ : G — G/K be the coset map and let & be
defined as in the previous proof. We have the following relationship:

a
G — im(a)

(0%

G/ ker(a)
Note that for g € GG, we have
ap(g) = a(Kg) = a(g)
Thus o = awp.
On the other hand, if we have o = a(p, then the action of a is determined by « and ¢ as
a(Kg) = alp(g)) = alg)

Thus & is the onlyHM G/K — H satisfying aip = o

Proposition 4.5.
Let « : G — H be a group HM and K = ker(«). Then « factors uniquely as o = avp where ¢ :
G — G/K is the coset map and & : G/K — H is defined by a(Kg) = a(g).

Note that ¢ is onto and « is one to one.
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Example.
We have seen that (Z, +) = (+1) andforn € N, (Z,,, +) = ([1]) are cyclic groups. We will show
that these two together represent all cyclic groups.

Let G = (g) be a cyclic group. Consider « : (Z,+) — G defined by a(k) = g* for all k € Z,
which is a group HM. By the definition of (g), « is onto. Note that im(«) = G and ker(«a) =
{k € Z: g* = 1}. We have two cases.

Suppose ¢(g) = oo. Then ker(a) = {0}. By 1st IM, we have G = Z/(0) = Z.

Suppose ¢(g) = n. Then, by Proposition 2.6, ker(«) = nZ. By 1st IM, we have G = Z/(nZ) =
Z

n-

Thus, we can conclude that if G is cyclic, then G 2 Z or G 2 Z,,.

Theorem 4.6 (2nd IM).

Let H, K be subgroups of G with K <1 G. Then,
+ HK is a subgroup of G.

- K <HK.

« HNK < H.

« HK/K ~2~H/HNK.

Proof. Since K <1 G, by Proposition 3.11, HK is a subgroup, HK = KH and K <« HK.

Consider o : H — HK /K defined by a(h) = Kh (note that h € H C HK). Then « is a HM. Also,
ifx € HK = KH, say x = kh, then

Kz = K(kh) = kh = a(h)
Thus « is onto.
Finally, by Proposition 3.3,
ker(a) ={he H: Kh=K}={he H:he K} =HNK

By 1stIM, H/H N K =~ HK /K. O

Theorem 4.7 (3rd IM).

Let K C H C G be groups with K <1 G and H <1 G. Then,
- H/K <G/K.

- (G/K)/(H/K)~=G/H.

Proof. Define o : G/K — G/H by a(Kg) = Hg for all g € G. Note that if Kg = Kg,, then gg7' €
K C H.Thus Hg = Hg,, and « is well-defined and onto.

Note that
ker(a) = {Kg: Hg=H} = {Kg:g€ H} = H/K
By 1st IM,
(G/K)/(H/K) = G/H
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O
§5. Group actions

§5.1. Cayley’s theorem

Theorem 5.1 (Cayley’s theorem).
If GG is a finite group of order n, then G is isomorphic to a subgroup of S,,.

Proof. Let G = {g,, ..., g, }. Let S be the permutation group of G. By identifying g, with i, we see
that S = S,,. Thus it suffices to find a one-to-one HM 0 : G — S.

For a € G, define p, : G — G by p,(g) = ag for all g € G. Note that ag = ag = g = g, and
a(a"'g) = g. Hence y, is a bijection and i, € Sg,.

Now define o : G — S by o(a) = p,. For a,b € G, we have 1, = 1, and o is HM. Also, if 1, =
iy, then a = p, (1) = pp (1) = b. Thus o is a one-to-one HM.

By 1st IM, we have G = im(0), which is a subgroup of S, = S,,. O

Example.
Let H be a subgroup of G with [G : H] = m < co.Let X = {¢g,H, 9, H, ..., g,,, H } be the set of
all distinct left cosets of H in G.

For a € G, define A\, : X — X by

A(gH) =agH VgH € X
Note that agH = ag, H implies gH = g, H and a(a_,gH) = gH. Hence ), is a bijection and
thus A\, € 5,.

Consider 7 : G — S, defined by 7(a) = \,. For a,b € G, we have \,, = A\, \;, thus 7 is a HM.
Note that if a € ker(7), then ), is the identity permutation. In particular, « H = \,(H) = H
and a € H. Thus, ker(7) C H.

Theorem 5.2 (Extended Cayley’s theorem).
Let H be a subgroup of G with [G : H] = m < oo. If G has a normal subgroup contained in H
except for {1}, then G is isomorphic to a subgroup of S,,,.

Proof. Let X be the set of all distinct left cosets of H in G. Then we have | X| =mand S, = S,,,.

We have seen from the above example that there exists a group HM 7 : G — S, with K = ker(7) C
H. By 1st IM, we have G/K = im(7). Since K C H and K < G, by the assumption, we have K =
{1}. It follows that G = im(7), a subgroup of S, = S,.. O

Corollary 5.3.
Let G be a finite group and p be the smallest prime dividing |G/|. If H is a subgroup of G with
[G: H|=p, then H<G.
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Proof. Let X be the set of all distinct left cosets of H in G. Then we have | X| = pand S, = S,,.

Let 7: G — 5, = S, be the group HM defined in the previous example with K = ker(7) C H. By
1st IM, we have G//K = im(7) C S,,. Thus G/ K is isomorphic to a subgroup of .S,,.

By Lagrange’s theorem, |G/K]| | |S,| = p!. Also, since K C H, if [H : k] = k, then |G/K| = % =
%% = k. Thus pk | p! and hence k | (p — 1)!. Since k | |H| which divides |G| and p is the smallest
prime dividing |G|, we see that every prime divisor of £ must be > p unless k£ = 1. Combining this
with k | (p — 1)}, this forces k = 1, which implies K = H. Thus H < G. O

§5.2. Group actions

Definition (Group action).

Let X be a non-empty set. A (left) group action of G on z is a mapping G x X — X, denoted
(a,z) + a -  such that

l.Ll1-z=zVreX

2. a-(b-z)=(ab) -z Va,be G,z € X

In this we say G acts on X.

Remark.
Let G be a group acting on a set X # (). For a,b € G and x,y € X, by (1) and (2), we have

ax=b-y< (bla)-z=y

In particular, we have a - x = a -y <=z = y.

Example.
If G is a group, let G act on itself (X = G), by

a-z=azxa ! Va,zeG
Note that
l-z=1z1' =2
and
ab-z) =a(bzb)a"! = (ab)x(ab)™' = (ab) -z

In this case, we say G acts on itself by conjugation.
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Definition (Stabilizer).
Let G acton X # () and z € X.

G rz={g-2:9eG}CX
is the orbit of x. And,
Sx)={9eG:9g-z2=2}CG

is the stabilizer of z.

Remark.
Orbit is like the image of = under the action of GG, and stabilizer is like the kernel of x under the
action of G.

Proposition 5.4.
1. S(x) is a subgroup of G.
2. There exists a bijection G - x — {gS(z) : g € G}, and thus |G - x| = [G : S(z)].

Proof.
1. Since 1 - © = x, we have 1 € S(z). Also, if g, h € S(x), then
gh)-z=g-(h-z)=g-z=2
and
-1

gla=gt(g-2)= (g9 z=12=2

thus gh, g~! € S(z). By the subgroup test, S(z) is a subgroup of G.

Theorem 5.5 (Orbit decomposition theorem).
Let G be a group acting on set X # (). Let

X;={reX:a-x=2VaeG}

Note that z € X; <= |G - z| = 1.

Let G - x4, ...,G - z,, denote the distinct non-singleton orbits (i.e. |G - ;| > 1). Then,

|1 X| = ’Xf| +i[G : S(z;)]

Proof. Note that for a,b € G and x,y € X,

az=by<s= (bla) z=y<=yeG r=G y=G-x
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Thus two orbits are either disjoint or the same, so the orbits form a disjoint union of X.

Since x € X; iff |G - x| = 1, the set X \ X contain all non-singleton orbits, which are disjoint. Thus,
by Proposition 5.4, we have

X = [ X4+ 1G -
i=1

1%+ 300G - ()
=1

Let G be a group acting on itself by conjugation (g - * = gzg~'). Then,
Gy ={reG:grg' =2 VgeG}
={re€G:gr =19 VgeG}
= Z(G)
Also, for z € G,
S(z)={9€G:gxgt =z}
={9€G: gz =ug}
This set is called the centralizer of = and is denoted by S(z) = Cg(x).
Finally, in this case, the orbit
G z={gzg' g€ G}
is called the conjugacy class of z.

By Theorem 5.5, we get

Corollary 5.6 (Class equation).
Let G be a finite group and let {gz,97" : g € G}, ..., {92,,¢7" : g € G} denote the distinct non-
singleton conjugacy classes. Then,

n

G| =12(G)|+ > G : Cq(a,)]

=1

Lemma 5.7.
Let p be prime and m € N. Let G be a group of order p™ acting on a finite set X' # (). Let X be
denoted as in Theorem 5.5. Then we have

| X| = |Xf| (mod p)

Proof. By Theorem 5.5, we have

| X| = ’Xf| +i[G 2 S(x))]

1=

with [G : S(z;)] > 1forl <i<n.
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Since [G : S(xz;)] divides |G| = p™ and [G : S(z;)] > 1,wehavep | [G : S(z;)] for all i. It follows that
| X| = ‘Xf| (mod p)

Theorem 5.8 (Cauchy’s Theorem).
Let p be prime and G be a finite group. If p | |G

, then G contains an element of order p.

Proof. Define
X ={(ay, ...,ap) ra; € Gyaqa, = 1}

Since a,, is uniquely determined by a,, ..., a, ; € G, if |G| = n, we have | X| = n?~!. Since p | n, we

have | X| =0 (mod p).
Let the group Z,, = (Zp, +) act on X by cycling, that is for k € Z,,,

k - (al, ...,ap) = (akH, NNCNCE ...,ak)
One can verify that this action is well-defined.

Let X be defined as in Theorem 5.5. Then (al, ...,ap) € X,iffa; = ay = - = a,,.Clearly, (1,...,1) €
Xf and hence |Xf| > 1. Since |Zp| = p, by Lemma 5.7, we have

|X;| =[X]=0 (modp)

And since | X| = 0 (mod p) and ‘X f‘ > 1, it follows that ‘X f‘ > p. Therefore, there exists a # 1 such
that (a, ...,a) € X, which implies that a”? = 1. Since p is a prime and a # 1, the order of aisp. [

§6. Sylow theorems

§6.1. p-groups
Definition (p-group).
Let p be prime. A group in which every element has order of a non-negative power of p is called

a p-group.

As a direct corollary of Cauchy’s theorem (Theorem 5.8), we have

Corollary 6.1.
A finite group G is a p-group iff |G| is a power of p.

Lemma 6.2.
The center Z(G) of a non-trivial finite p-group G contains more than one element.

Proof. The class equation of GG (Corollary 5.6) states that
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6= 12(G)] + 321G+ Caw)

where [G : Cg(x;)] > 1.

Since G is a p-group, by Corollary 6.1, p | |G|. By Lemma 5.7, | Z(G)| = |G| = 0 (mod p). It follows
that p | |Z(G)].

Since 1 € Z(G) and Z(G) > 1, Z(G) has at least p elements. O
Recall that if H is a subgroup of GG, then
Ng(H)={g€G:gHg™' = H}

is the normalizer of H in G. In particular, H < N (H).

Lemma 6.3.
If H is a p-subgroup of a finite group G, then

[No(H) : H =[G : H] (modp)

Proof. Let X be the set of all left cosets of H in G. Hence |X| =[G : H|. Let H act on X by left
multiplication. Then for z € G, we have

rHr ' < hxH =xH VYheH
<~ xthtH=H VheH
<~ a2 'Hr=H
<z € Ng(H)
Thus | X ;| is the number of cosets z H with 2 € Ng(H), and hence | X;| = [Ng(H) : H].

By Lemma 5.7,
[Ng(H): H] = |X;| = |X| =[G : H] (modp)

Corollary 6.4.
Let H be a p-subgroup of a finite group G.If p | [G : H], thenp | [No(H) : H] and N, (H) #
H.

Proof. Since p | [G : H], by Lemma 6.3, we have
NG(H) : H] = [G: H| =0 (modp)

Since p | [N (H) : H] and [Ny (H) : H] > 1, we have [N (H) : H] > p. Thus Ny(H) £ H. [

§6.2. Sylow’s three theorems

Recall Cauchy’s theorem (Theorem 5.8) that states if p | |G
p. Thus |(a)| = p. The following first Sylow theorem can be viewed as a generalization of Cauchy’s

, then |G| contains an element a of order

theorem.
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Theorem 6.5 (1st Sylow theorem).
Let G be a group of order p"m where p is a prime, n > 1 and ged(p, m) = 1. Then G contains
a subgroup of order pi foralll <7< n.

Moreover, every subgroup of G of order p’ (i < n) is normal in some subgroup of order p***.

Proof. We prove this theorem by induction on .
For ¢ = 1, since p | |G|, by Cauchy’s theorem, G contains an element a such that |(a)| = p.

Suppose the statement holds for some i < i < n, say H is a subgroup of G of order p’. Then p | [G :
H].By Corollary 6.4,p | [No(H) : H) and [N, (H) : H] > p. Then, by Cauchy’s theorem, N (H)/H
contains a subgroup of order p. Such a group is of the form H, /H, where H, is a subgroup of N (H)
containing H. Since H <0 N, (H), we have H <1 H;. Finally,

|H,| = |H||H,/H|=p'p=p

Definition (Sylow p-subgroup).
A subgroup P of G is a Sylow p-subgroup of GG if P is a maximal p-subgroup of G.

That is, if P C H C G with H a p-group, then P = H.

As a direct consequence of Theorem 6.5, we have

Corollary 6.6.

Let G be a group of order p™m where p is a prime, n > 1 and ged(p, m) = 1. Let H be a p-
subgroup of G. Then,

1. H is a Sylow p-subgroup iff |H| = p™.

2. Every conjugate of a Sylow p-subgroup is also a Sylow p-subgroup.

3. If there is only one Sylow p-subgroup P, then P < G.

Theorem 6.7 (2nd Sylow theorem).
If H is a p-subgroup of a finite group G and P is any Sylow p-subgroup of G, then there exists
g € G such that H C gPg~!.

In particular, any two Sylow p-subgroups of GG are conjugate.

Proof. Let X be the set of all left cosets of P in G, and let H act on X by left multiplication. By
Lemma 5.7, we have | X;| = [X| = [G : P] (modp).

Since p } [G : P], we have | X;| # 0. Thus there exists gP € X for some g € G. Note that
gP € Xy <= hgP =gP VheH
< g thgP=P VhecH
< g'HgCP
< H C gPg!
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If H is a Sylow p-subgroup, then |H| = |P| = |gHg*|. Thus H = gPg . O

Theorem 6.8 (3rd Sylow theorem).

If G is a finite group and p is prime with p | |G|, then the number of Sylow p-subgroups of G
divides |G| and is of the form kp + 1 for some K € NU {0}.

Proof. By Theorem 6.7, the number of Sylow p-subgroups of G is the number of conjugates of any of
them, say P.

This number is [G : N (P)] where N (P) = {g € G : gP : Pg}, which is a divisor of |G|. Let X be
the set of all Sylow p-subgroups of G and let P act on X by conjugation. Then @ € X iff gQgt =
G Vg € P.The latter condition holds iff P C N (Q). Both P and () are Sylow p-subgroups of G and
hence N (Q).

Thus by Corollary 6.6, they are conjugate in N (Q). Since Q) < N(Q), this can only occur if Q = P
and X; = {P}.By Lemma 5.7, | X| = | X;| = 1 (mod p). Thus | X| = kp + 1 for some k € NU {0}.0J

Remark.
Suppose that G is a group with |G| = p"m and ged(p, m) = 1. Let n,, be the number of Sylow
p-subgroups of G.

By the 3rd Sylow theorem, we have n,, | p"m and n,, = 1 (mod p). And since p } n,,, we have
P

Example.
We will show that every group of order 15 is cyclic.

Let G be a group of order 15 = 3 - 5. Let n,, be the number of Sylow p-subgroups of G.

By Theorem 6.8 (3rd Sylow theorem), we have ns | 5 and ng = 1 (mod 3). Thus ng = 1. Simi-
larly, we have ns | 3 and ny; =1 (mod 5). Thus ny = 1.

It follows that there is only one Sylow 3-subgroup F; and one Sylow 5-subgroup F;. Thus P <
G and B, < G.

Consider | P, N B,|, which divides 3 and 5. Thus |2, N By| = land B, N B, = {1}. Also, |BR| =
15 = |G|. Thus

G2P X B 273X ZsZis
Problem 6.1.

Construct a cyclic group of order > 100.
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Example.
There are two isomorphism classes of groups of order 21.

Let G be a group of order 21 = 3 - 7. By 3rd Sylow theorem, n5 | 7 and ng = 1 (mod 3). Thus
ns =1 or 7. Also, we have n; | 3 and n; = 1 (mod 7). Thus, n, = 1.

It follows that G has a unique Sylow 7-subgroup F%. Note that P, € G and P, = (v : 27 = 1).
Let H be a Sylow 3-subgroup. Since |H| = 3, H is cyclic and H = (y : y> = 1). Since P, < G,
we have g:cg_1 = 2 for some 0 < i < 6. Hence,

T = y3xy’3 _ y2 (yxyil)yﬂ _ y2 (:Ei)y—z — 2%

Since 2" = z and 27 = 1, we have i* = —i = 0 (mod 7).

Since 0 < i < 6,wehavei = 1,2,4.1fi = 1, thenyxy~! = 2 = yx = zy. Thus G is an abelian
group. Since P, <G P, < G, B, N B, = {1} and |G| = | B P, |. We have

G2P X P 273 XLyl
If i = 2, then yxy~! = 22. Thus
G = {xzy’ 0<i<6,0<7<2,yxy ! ::162}
If i = 4, then yxy~! = z*. Note that

2 i —2 16 _ .2

Note that ¢ is also a generator of H. Thus by replacing y by g%, we get back to case i = 2. It
follows that there are two isomorphism classes of groups of order 21.

§7. Finite abelian groups

§7.1. Primary decomposition

Let G be a group and m € Z, we define

G ={geG:gm=1}

Proposition 7.1.
Let G be an abelian group. Then G™ is a subgroup of G.

Proof. We have 1 = 1™ € G™). Also, if g, h € G™), since G is abelian, we have
(ghym = g7k =1

Finally, if g € G(™) we have
g = (g™ =1

and thus g~' € G{(™), By the subgroup test, G is a subgroup of G. O
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Proposition 7.2.

Let G be a finite abelian group and |G| = mk with ged(m, k) = 1. Then,
1. G=GM™ x G

2. |G(m)’ =m and |G(’“)| =k

Proof.

1. Since G is abelian, we have G'"™ < G and G®) < G. We will show that G N G¥) = {1} and
G = amak)

Let g € G N G™). Then g™ = 1 = g*. We have
g=gmt = (g™ (g*)" =1
Let g € G. Then,
1=gm* = (g™)* = (¢*)"
It follows that g* € G("™) and g™ € G*). Thus
g=gm = (gm)"(¢")" € GG

Combining the two results, by Theorem 3.13, we have

G=~GM™ x GW

2. Write |G(m)| =m’ and |G(k)| = k’. By (1), we have

mk = |G| =m'k

We will show that ged(m, k') = 1.

Suppose ged(m, k) # 1. Then there exists prime p such that p | mand p | k&’. By Cauchy’s theorem
(Theorem 5.8), there exists g € G*) such that ¢(g) = p. Since p | m, we have

g" = (g?)

m
p

=1
that is, g € G((™),

By (1), we have g € G™ N G*) = {1}, which gives a contradiction since ¢(g) = p. Thus we have
ged(m, k') = 1.

Note that since m | m’k’” and ged(m, k) = 1, we have m | m/. Similarly, we have k | k’. Since
mk = m’k’, it follows that m = m/ and k = k’.

O

As a direct consequence of Proposition 7.2, we have

Theorem 7.3 (Primary decomposition theorem).

Let G be a finite abelian group and |G| = p?l---pzk where p;, ..., p; are distinct primes and
Ny, ..., € N. Then,

1. G =GP x .. x gox")

2. ‘G(p?i)‘ —pliforalll <i<k
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Example.
Let G = Z35. Then |G| = 12 = 22 - 3. Note that

G® ={aeZi;:a®=1}={1,3,9}
GW ={a€Ziy:a* =1} = {1,5,8,12}
By Theorem 7.3, we have
7%, =~ {1,5,8,12} x {1,3,9}

§7.2. Structure theorem of finite abelian groups

We have seen that if |G| = p where p is a prime, then G = C,. Also, if |G| = p?, then G = C, =
C, x C,. What about abelian groups of order p" for general n € N?

Proposition 7.4.
Let G be a finite abelian p-group that contains only one subgroup of order p. Then G is cyclic.

In other words, if a finite abelian p-group G is not cyclic, then G has at least two subgroups of
order p.

Proof. Let y € G be of maximal order (¢(y) > ¢(x) Va € G). We will show that G = (y).

Suppose that G # (y). Then the quotient group G/(y) is a non-trivial p-group, which contains an
element z # 1 of order p by Cauchy’s theorem (Theorem 5.8).

Consider the coset map 7 : G — G/(y). Let x € G such that 7(x) = z. Since w(zP) = w(z)? = 2P =
1, we see that 2P € (y). Thus 2P = y™ for some m € Z. We have two cases.

If p t m, since ¢(y) = p" for some r € N, by Proposition 2.11, ¢(y"™) = ¢(y). Since y is of maximal
order, we have

o(aP) < o(z) < o(y) = o(y™) = o(aP)
which leads to a contradiction.

If p | m, then m = pk for some k € Z. Thus we have z? = y™ = yP*. Since G is abelian, we have
(xy*k)p = 1. Thus zy~* belongs to the one and only subgroup of order p, say H. On the other hand,
the cyclic group (y) contains a subgroup of order p, which must be H. Thus xy " € (y) = x € (y).
It follows that z = 7(z) = 1, a contradiction.

Combing the two cases, we conclude that G = (y). O

Proposition 7.5.
Let G # {1} be a finite abelian p-group. Let C be a cyclic subgroup of max order. Then G contains
a subgroup B such that G = CBand C N B = {1}.

Theorem 7.6.
Let G # {1} be a finite abelian p-group. Then G is isomorphic to a direct product of cyclic groups.
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Proof. By Proposition 7.5, there exists a cyclic group C| and a subgroup B, of G such that G = (| x
B, . Since |B;| | |G| by Lagrange’s theorem, the group B, is also a p-group. Thus if B; # {1}, by
Proposition 7.5, there exists a cyclic group C;, and a subgroup B, such that B, = C;, x B,. Continue
in this way to get cyclic groups (i, ..., C), until we get B, = {1} for some k£ € N. Then, G = C; X
o % O O

Remark.
One can show that the decomposition of a finite abelian p-group into a direct product of cyclic
group is unique up to its order.

Combining this remark, Theorem 7.6 and Theorem 7.3, we have

Theorem 7.7 (Structure theorem of finite abelian groups).
If G is a finite abelian group, then

~ 771 Ny
G = Zyt X - X Lyt

where Zi = (Zgii, —i—) = (C,* are cyclic groups of order p,1<i<k

Note that p, are not necessarily distinct. The numbers p, " are uniquely determined up to their order.

Note that if p; and p, are distinct primes, then Cj't x "2 2 C)n1 n2. Thus by combining suitable
coprime factors together,

Theorem 7.8 (Invariant factor decomposition of finite abelian group).
Let GG be a finite abelian group. Then,

G227 X X1

nq n,

wheren, € N,n, > landn, | ny | - | n,.

Example.

Let G be an abelian group of order 48. Since 48 = 2% - 3, by Theorem 7.3, G = H x Z3 where
H is an abelian group of order 2%. The options for H are Zqya, Zos X Zg, Zigz X Ligz, Loz X Ly X
Lo and Zg X Ly X Ly X L.

Thus, we have:

1. G Zgs X Ly 2 Ly

G 22 Zips X Ly X Lig =2 Ly X iy

G 2702 X Lgz X Lg 2Ly X Ly

G 2 Loz X Lg X Ly X Lig =2 g X Ly X Ly

G270 X Lig X Lg X Lg X Lig =2 Lo X Ly X Loy X g

20> 89

There are 5 non-isomorphic groups in total.

§8. Rings

§8.1. Rings
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Definition (Ring).

A set R is a (unitary) ring if it has two operations, addition + and multiplication -, such that
(R, +) is an abelian group and (R, -) satisfies the closure, associativity and identity properties
of a group, and distributive law.

More precisely, for all a, b, c € R,
lL.atbeR

a(be) = (ab)c € R
There exists 1 € R (unity of R) suchthata-1=1"-a
a(b+c) =ab+acand (b+ c)a = ba + ca

2.a+(b+c)=(a+b)+c

3. There exists 0 € R (zero of R) suchthata +0=a=0+a

4. There exists —a € R (negative of R) such thata + (—a) = 0= (—a) +a
5.a+b=b+a

6. ab=a-beR

7.

8.

9.

Definition (Commutative ring).
Ring R is a commutative ring if it also satisfies
10. ab = ba

Example.
Z,Q,R, C are commutative rings with the zero being 0 and the unity being 1.

Example.
For n € N, Z,, is a commutative ring with the zero being [0] and the unity being [1].

Example.

For n € N with n > 2, the set M,, (R) is a ring using matrix addition and matrix multiplication
with the zero being the zero matrix and the unity being the identity matrix. Note that M, (R) is
not commutative.

Remark.
Note that since (R, -) is not a group, there is no left/right cancellation.

For example, 0 - © = 0 - y does not imply x = y.

Given a ring R, to distinguish the difference between multiples in addition and multiplication, for n €
Nand a € R we write

na=a+--+a

and
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Note that for a group G and g € G, we have ¢° =1, g' = g and ( g_l)_l. Thus for addition, we have
0-a=0 la=a —(—a)=a
For n € N, we define
(=n)a = (~a) + -+ (~a)
Also, we define
a’ =1
If the multiplicative inverse of a (a~!) exists, we define
a = (a)"
Also, by Proposition 1.2, for n, m € Z, we have

(na) + (ma) = (n+m)a
n(ma) = (nm)a

n(a+b) =na+nb

We can also prove that

Proposition 8.1.

Let Rbe aringandr,s € R.

1. If 0 is the zero of R, then Or = 0 = r0 (all zeroes are the same zero of R)
2. (—r)s=r(—s)=—(rs)

3. (—r)(—s) =rs

4. For any m,n € Z, (mr)(ns) = (mn)(rs)

Definition (Trivial ring).
A trivial ring is a ring with only one element. In this case, we have 1 = 0.

Remark.
If Risaring with R # {0}, since r = r1forallr € R, we have 1 # 0. Otherwise r = r1 = 70 =
0 by Proposition 8.1 for all r € R.

Example.
Let R, ..., R, be rings. Define component-wise operations on the product ?; X --- X R,, as

(yy ey Ty) + (81, ey 8p) = (1] + 815000y Ty, + 8,,)
(Tlv --'7Tn) : (Sla Sn) = (rl TSy Ty 5n>

One can check that R; X --- X R, is a ring with the zero being (ORla e ORn) and the unity
being (1R1, ces 1Rn)'
This set R, x --- X R,, is called the direct product of R, ..., R,,.
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Definition (Characteristic).
Let R be a ring. We define the characteristic of R, ch(R), in terms of the order of 1 in the
additive group (R, +):

_Jn o¢(lgp)=neNin (R,+)
i) = {0 0(1§) =00 in (R, +)

For k € Z, we write kR = 0 to mean that kr = 0 Vr € R. By Proposition 8.1, we have
kr =k(1gr) = (klg)r

Thus kR = 0iff k1, = 0. By Proposition 2.6 and Proposition 2.7,

Proposition 8.2.

Let R be aring and k € Z.

1. Ifch(R) =n € N, then kR =0iffn | k.
2. If ch(R) = 0, then kR = 0 iff k = 0.

Example.
Each of Z, Q, R, C has a characteristic 0.

For n € N with n > 2, the ring Z,, has characteristic n.

§8.2. Subrings

Definition (Subring).
A subset S C R of ring R is a subring if S is a ring itself with 14 = 1 with the same addition
and multiplication.

Note that properties (2), (3), (7), (9), are automatically satisfied. Thus to show that S is a subring, it
suffices to show

Remark (Subring test).
1. 1€ 85
2. If s,t € S,thens+t € Sand st € S.

Note that if (2) holds, then0 = s —s &€ Sand -t =0—t € S.

Example.
We have a chain of commutative rings Z C Q C R C C.
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Example.

If R is a ring, the center Z(R) of R is defined to be
Z(R)={z€ R:zr=rzVreR}
Note that 1, € Z(R). Also, if s,t € Z(R), then for r € R,
(s—t)r=sr—tr=rs—rt=r(s—1t)
(st)r = s(tr) = s(rt) = (sr)t = (rs)t = r(st)

By the subring test, Z(R) is a subring of R.

Example.
Let Z[i] = {a + bi : a,b € Z,i* = —1} C C. Then one can show that Z[i] is a subring of C,
called the ring of Gaussian integers.

§8.3. Ideals

Let R be a ring and A be an additive subgroup of (R, +). Since (R, +) is abelian, we have A < R.
Thus we have the additive quotient group

R/A={r+A:reR}withr+A={r+a:a€ A}

Using the known properties about cosets and quotient groups, we have

Proposition 8.3.

Let R be a ring and A an additive subgroup of R. For r, s € R, we have
Lr+A=s+Aiff(r—s) e A

(r+A)+(s+A)=(r+s)+ A

0 + A = A is the additive identity of R/A.

—(r+ A) = (—r) + Ais the additive inverse of r + A.

k(r+ A) =kr+ A Vk e Z.

S 89

To make R/A aring, a natural way to define multiplication in R/A is
(r+A)(s+A)=rs+A Vr,seR

Note that we could have r + A =7, + Aand s + A = s; + A with r # r, and s # s;. In order for
multiplication to make sense, a necessary condition is

r+A=r+Aands+A=s5,+A=rs+A=rs5,+4

In this case, we say the multiplication (r + A)(s + A) is well-defined.
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Proposition 8.4.
Let A be an additive subgroup of ring R. For a € A, define

Ra={ra:re R}, aR={ar:r e R}

The following are equivalent:

1. Ra C AandaR C Aforalla € A.
2. For r,s € R, the multiplication (r + A)(s + A) = rs + A is well-defined in R/ A.

Proof. (1) = (2). Suppose r + A =1, + A and s + A = s; + A. We need to show that rs + A =
r15; + A

Since (r —r;) € Aand (s — s;) € A, by (1), we have
rS—1T18 =rs—r1S+r;8—1r15;
=(r—r)s+r(s—s)e(r—r)R+R(s—s;)CA
By Proposition 8.3, rs + A = rys; + A, so the multiplication is well-defined.
(2) = (1).Let r € R and a € A. By Proposition 8.1, we have
ra+A=(r+A)a+A)=r+A)0+A4)=rM0+A=0+A=A4

Thus ra € A and we have Ra C A. Similarly, we can show aR C A. O

Definition (Ideal).
An additive subgroup A of ring R is an ideal of R if Ra C Aand aR C Aforalla € A.

Remark (Ideal test).
1. 0e A
2. Fora,b€ Aandr € R, wehavea —b € Aand ra,ar € A.

Example.

if R is a ring, then {0} and R are ideals of R.

Example.
Let I? be a commutative ring and a, ..., a,, € R. Consider the set I generated by a, ..., a,,:

I ={ay,...,a,) ={rjay +--+rya, :ry,...,7,, € R}

Then one can show that [ is an ideal of R.

Proposition 8.5.
Let A be anideal of aring R.If 1 € A, then A = R.
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Proof. Let r € R. Since A is an ideal and 1 € A, we have r = r1 € A. It follows that R C A C R,
and hence A = R. O

From the above discussion, we have

Proposition 8.6.
Let A be an ideal of ring R. Then the additive quotient group R/ A is a ring with multiplication
(r+A)(s+ A) =rs+ A. Theunity of R/Ais 1+ A.

Definition (Quotient ring).
Let A be an ideal of a ring R. The ring R/ A is called the quotient ring of R by A.

Definition (Principle).
Let R be a commutative ring and A an ideal of R. If A = aR = {ar : v € R} = Ra for some
a € R, we say A is a principle ideal generated by a and is denoted by A = (a).

Example.
If n € Z, then (n) = nZ is an ideal of Z.

Proposition 8.7.
All ideals of Z are of form (n) for some n € Z.If (n) # {0} and n € N, then the generator is
uniquely determined.

Proof. Let A be an ideal of Z. If A = {0}, then A = (0). Otherwise, choose a € A with a # 0 and |a|

minimum. Clearly (a) C A.

To prove the other inclusion, let b € A. By division algorithm, we have b = qa + r with ¢,r € Z
and 0 < 7 < |a|. If r # 0, since A is an ideal and a,b € A, we have r = b — ga € A with |[r| < |a|, a
contradiction. Thus 7 = 0 and b = ga, which means b € (a). It follows that A = (a). O

§8.4. Isomorphism theorems

Definition (Ring homomorphism mapping).

Let R, S be rings. A mapping 6 : R — S is a ring homomorphism if for all a, b € R,
1. 6(a+b) =0(a) + 6(b)

2. O(ab) = 0(a)d(b)

3. 0(1p) =14

Example.
The mapping k — [k] from Z — 7Z,, is an onto ring HM.
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Example.
If Ry, R, are rings, the projection 7, : Ry X Ry — R, defined by 7, (r;,75) = r is an onto ring
HM. Similarly, 7, : R, X Ry — R, defined by m,(r,75) = 75 is also an onto ring HM.

Proposition 8.8.
Let# : R — S be aring HM and let € R. Then,

1. 8(0g) =0g

2. (—r)=—0(r)

3. O(kr) =kO(r) Vk € Z

4. 0(r™) = (6(r))" Vn e Z*

5. If a € R* (set of elements in R with multiplicative inverse), then 6(u") = 6(u)" Vk € Z.

Definition (Ring isomorphism).
A mapping of ring 6 : R — S is a ring isomorphism if 6 is a homomorphism and € is bijective.
In this case, we say R and S are isomorphic and write R = S.

Problem 8.1.
Let 6 : R — S be a bijection of rings with §(rr") = 6(r)8(r") for all v, € R. Write (1) = 0.

Prove that se = es for all s € .S, hence condition (3) for ring HM can be omitted.

Definition (Kernel and image).
Let 0 : R — S be a ring HM. The kernel of 0 is defined by

ker() ={re R:6(r) =0} CR
and the image of § is defined by
im(@) =0(R)={0(r):r€ R} C S

We ave seen earlier that ker(6) and im(#) are additive subgroups of R and S respectively.

Proposition 8.9.

Let 0 : R — S be a ring HM. Then,
1. im(#) is a subring of S

2. ker(6) is an ideal of R

Proof. (1). Since im(¢) = (R) is an additive subgroup of S, it suffices to show that §(R) is closed
under multiplication and 14 € 0(R).

Note that 14 = 0(1) € 6(R). Also, if s; = 6(ry) and s, = 0(r,), then
5189 = 0(r1)0(ry) = 0(ry75) € O(R)

By the subring test, im(0) is a subring of S.
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(2). Since ker(#) is an additive subgroup of S, it suffices to show that ra, ar € ker(0) for all » € R and
a € ker(0).If r € R and a € ker(6), then

O(ra) =0(r)f(a) =0(r)0 =0

Then ra € ker(@). Similarly, we can show that ar € ker(6). Thus ker(0) is an ideal of R. O

Theorem 8.10 (1st IM).
Let 6 : R — S be aring HM. We have R/ ker(#) = im(6).

Proof. Let A = ker(6). Since A is anideal of R, R/ A is aring. Define the ringmap 6 : R/A — im(6) by

O(r+A)=606(r) Vr+AeR/A
Note that
r+A=s+A=r—scA=0r—s) =0 0(r)=0(s)
Thus 6 is well-defined and one-to-one. And, 6 is clearly onto. One can show that 0 is a HM.
It follows that 6 is a ring IM and R/ ker(#) = im(6). O

Let A and B be two subsets of ring R. If A and B are both subrings, then A N B is the “largest” subring
of R contained in both A and B.

To consider the “smallest” subring of R containing both A and B, we define

A+B={a+b:ac Abe B}

Proposition 8.11.

If R is a ring, then we have

1. If A, B are both subrings of R with 1, = 15 = 1, then AN B is a subring of R
2. If Ais a subring and B is an ideal of R, then A + B is a subring of R

3. If A, B are ideals of IR, then A + B is an ideal of R

Theorem 8.12 (2nd IM).
Let A be a subring and B an ideal of ring R. Then,

(A+ B)/B= A/(AN B)

Theorem 8.13 (3rd IM).
Let A, B be ideals of ring R with A C B. Then B/ A is an ideal in R/A and

(R/A)/(B/A) = R/B

Example.
Combining the 3rd IM theorem and the fact that all ideals of Z are principle, all ideals of Z,, are
principle.
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Corollary 8.14 (Correspondence theorem / 4th IM).
Let R be a ring and A an ideal. There exists a bijection between the set of ideals B of R that
contains A and the set of ideals of R/ A.

Theorem 8.15 (Chinese remainder theorem).

Let A, B be ideals of R.

1. fA+ B=R,thenR/(ANB)= R/AX R/B

2. fA+B=Rand ANB={0},then R~ R/Ax R/B

Proof. Note that (2) is a direct consequence of (1), so we will prove just (1).

Define§: R - R/A x R/Bby 0(r) = (r + A,r + B). Then 6 is a ring HM with ker(§) = AN B.

Since A + B = R, there existsa € Aand b € B such thata + b = 1. Let r = sb + ta. Then,
s—r=s—sb—ta=s(1—b)—ta=sa—ta=(s—t)jac A

Thus s + A =r + A. Similarly, we can have t + B =1+ B. Thus 0(r) = (r+ A,r+ B) = (s +
A,t + B). Therefore, im(0) = R/A x R/B. By 1st IM, we have
R/(ANB)=R/AX R/B

O

Let m,n € N with gcd(m,n) = 1. By Euclid’s lemma, we have 1 = mr + ns for some r, s € Z. Thus
1 € mZ + nZ and hence mZ + nZ = Z. And since gcd(m,n) = 1, we have mZ N nZ = mnZ. By
CRT (Theorem 8.15),

Corollary 8.16.
Let m,n € N with ged(m,n) = 1. Then,
1. Z,,, £ 7Z,, X Z,

2. If m,n > 2, then p(mn) = p(m)e(n), where ¢(m) = |Z,,| is the Euler p-function

Proof. (2). From (1), we have

(Z)" = (Z,, X 7,)" =7, x 7},

Since |Z},| = ¢(m), we have o(mn) = p(m)ep(n). O
Remark.
Let m,n € Z with ged(m,n) = 1. For a, b € Z, by Corollary 8.16 and the proof of Theorem 8.15,
for [a] € Z,,, and [b] € Z,,, there exists a unique [c] € Z,,,,, such that [¢] = [a] in Z,,, and [c] =
[b] in Z,,.

In other words, the simultaneous congruences = a (mod m) and x = b (mod n) has a unique
solution = ¢ (mod mn). This is the standard CRT.
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Proposition 8.17.
If R is a ring with |R| = p where p is prime, then

RgZp

Proof. Define ¢ : Z,, — R by 0(k) = klp. Note that since R is an additive group and |R| = p, by
Lagrange’s theorem, ¢(15) € {1, p}. Since 1, # 0, we have ¢(1z) = p. Thus,

kl=m]<=p|(k—m)<= (k—m)lp =0« klp=mlzin R

So 6 is well-defined and one-to-one. Since |Zp| = p = |R| and 0 is one-to-one, 6 is onto. Finally, we
can prove that ¢ is a ring HM (exercise). It follows that 6 is a ring IM and R = Z,,. O

Problem 8.2.
What are the possible rings R with |R| = p??

§9. Commutative rings

§9.1. Integral domains and fields

Definition (Unit).
Let R be a ring. We say a € R is a unit if u has a multiplicative inverse in R, denoted by u .

We have that uu~' = u~!'u = 1. Note that if u is a unit in R and r, s € R, we have

Uur =us =—=r=S8, "Mu=8u=—1r-==:

Let R* denote the set of all units in R. One an show (R*,-) is a group, called the group of units of R.

Example.
Note that 2 is a unit in Q, but not a unit in Z We have Q* = Q \ {n} and Q* = {£1}.

Problem 9.1.
Consider the ring of Gaussian integers

Zlij={a+bi:a,beZ,i*=1} CC
Show that Z[i]* = {+1, +i}.

Hint: define norm N (a + bi) = a? + b? and prove that N(zy) = N(x)N(y) and N(z) = 1 iff
x is a unit.

Definition (Division ring).
A ring R # {0} is a division ring if R* = R\ {0}. That is, every non-zero element of R is a
unit in R.
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A commutative division ring is a field.

Example.

Q, R, C are fields, but Z is not a field.

Example.
Recall that [a|[z] = [1] has a solution in Z,, iff gcd(a,n) = 1. Thus if n = p is a prime, then
ged(a,p) =1 Va > 1,s0 Z5 = Z, \ {0} and hence Z, is a field.

However, if n is not a prime, say n = ab with 1 < a,b < n, then the non-zero congruence claims
[a], [b] are not units in Z,, as there is no solution for [a][x] = 1 and hence Z} # Z, \ {0}. Thus
Z,, is a field iff n is a prime.

Remark.
If R is a division ring or a field, then its only ideals are {0} and R since if A # {0} is an ideal of
R, then 0 # a € A implies that 1 = aa~! € A. By Proposition 8.5, A = R.

As a consequence, if we have a ring HM 6 from a field F' to a ring S, since ker(#) is an ideal,
ker(0) = {0} or ker() = F. Hence @ is either injective or a zero map.

Problem 9.2.
Prove that every finite division ring is a field (Wedderburn’s little theorem).

Note that for r, s € R, we have if 7s = 0 then » = 0 or s = 0. This property is useful for solving
equations, say if 72 — x — 6 = (x — 3)(x + 2) = 0, then 2 = 3 or 2 — 2. However, this property is not
always true. For example, [2][3] = [6] = [0] in Z, but [2] # [0] or [3] # [0].

Problem 9.3.
Solve [(z — 3)(x — 2)] = [0] in Zs.

Definition (Zero divisor).
Let R #+ {0} be a ring. For 0 # a € R, a is a zero divisor if there exists 0 # b € R such that
ab = 0.

Example.
In Zg, [2], [3], [4] are zero divisors since [2][3] = [0] = [4][3].
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Example.
In M4(R), we have

1 0)\ . 9 o
Thus ( ) is a zero divisor.

00

Proposition 9.1.

Given aring R and a, b, c € R. The following are equivalent:
1. Ifab=ain R,thena =0or b = 0.

2. Ifab=acin Rand a # 0, then b = ¢

3. Ifba = cain Rand a # 0, then b = ¢

Proof. (1) => (2). Let ab = ac with a # 0. Then a(b — ¢) = 0. By (1), since a # 0, we have b —c = 0,
sob=c.

(2) = (1). Let ab = 0. If @ = 0, then we are done. If @ # 0, then ab = 0 = a0. By (2), since a # 0, we
have b = 0.

The proof of (1) <= (3) is similar. O

Definition (Integral domain).
A commutative ring R # {0} is an integral domain (ID) if it has no zero divisor. That is, if
ab=0in R,thena =0o0rb = 0.

Example.
7 is an integral domain since for a,b € Z, ab = 0 implies a = 0 or b = 0.

Example.
Note that if p is a prime, then p | ab then p | a or p | b. That is, [a][b] = [0] in Z,, implies [a] =
[0] or [b] = [0]. Thus Z,, is an ID.

However, if n = ab with 1 < a,b < n, then [a][b] = [0] in Z,, with [a] # [0] and [b] # [0]. Thus
Z,, is an ID iff n is a prime.

Proposition 9.2.
Every field is an ID.

Proof. Let ab = 0 in field R. If a = 0, then we are done. If a # 0, since R is a field, a € R* thus ale
R exists. Then,

b=1-b=atab=a"10=0
Thus R is an ID. O
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Remark.
Using the above proof, one can show that every subring of a field is an ID.

Remark.
The converse of Proposition 9.2 is not true. For example, Z is an ID but not a field.

Example.
The Gaussian ring Z[i] is an ID, but not a field.

Proposition 9.3.
Every finite ID is a field.

Proof. Let R be a finite ID and a € R with a # 0. Consider the map 6 : R — R defined by 6(r) = ar.
Since R is an ID, ar = as (and a # 0) implies = s. Hence 6 is injective.

Since R is finite, 6 is also surjective. Hence there exists s € R such that 1 = 0(s) = as. d

Proposition 9.4.
The characteristic of an ID is either 0 or a prime p.

Proof. Let R be an ID. If ch(R) = 0, then we are done. If ch(R) # 0, note that since R # {0}, we have
ch(R) # 1.

If ch(R) =n € N\ {1}, suppose n is not prime, say n = ab where 1 < ab < n. If 1 is the unity of R,
then by Proposition 8.1, we have

(@-1)(b-1)=(ab)-1=n-1=0

Since RisanID, we havea -1 = 0orb-1 = 0, which contradicts ch(R) = ¢(1) = n. Therefore, n is
prime. O

Remark.
Let R be an ID with ch(R) = p, a prime. For a,b € R, we have

p

(a+b)P = ;(Z)qkbp_k

Since p is prime, p | (7) forall 1 < k < (p — 1). And since ch(R) = p, we have

(a+b)P =aP + bP

§9.2. Prime ideals and maximal ideals

Let p be prime and a, b € Z. Recall from MATH 135 that p | ab implies p | a or p | b. In other words,
if ab € pZ, then a € pZ or b € pZ.
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Definition (Prime ideal).
Let R be a commutative ring. An ideal P # R of R is a prime ideal if whenever r, s satisfy rs €
P,thenr € Pors € P.

Example.
{0} is a prime ideal of Z.

Example.
For n € Nwith n > 2, nZ is a prime ideal of Z iff n is prime.

Proposition 9.5.
If R is a commutative ring, then an ideal P of R is a prime ideal iff R/ P is an ID.

Proof. Since R is commutative, so is R/ P. Note that
R/P#+{0} <~ 0+P+#1+P<=1¢P<—=P+R

Also, for r, s € R, we have P is a prime ideal iff 7, s € P implies 7 € P or s € P. Equivalently, (r +
P)(s+ P) =0+ Pimpliesr + P =0+ P or s + P = 0 + P. So by definition, R/PisanID. O

Definition (Maximal ideal).
If R is commutative, an ideal M of R is a maximal ideal iff R/M is a field.

Proof. Let M be a maximal ideal of R and r ¢ M. Then, M C (r) + M C R.Since M # (r) + M, we
have (r) + M = R. O

Proposition 9.6.
If R is a commutative ring, then an ideal M of R is a maximal ideal iff R/M is a field.

Proof. Since R is commutative, so is R/M. Note that
R/M#{0}<=0+M+#*14+M=1¢M<—=M+*R
Also for r € R, note that r # M <= r + M # 0 + M. Thus, we have

M is maximal <= (r) + M =R Vr ¢ M
Sle(rn+MvVr¢M
S Vr¢e¢ M,3se R11+M=rs+ M
SVr4+M#F0+M,3s+M e R/M,(r4+M)(s+M)=1+M
< R/M is a field

Combining Proposition 9.2, Proposition 9.5, and Proposition 9.6, we have
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Corollary 9.7.
Every maximal ideal of a commutative ring is a prime ideal.

Remark.
The converse of Corollary 9.7 is not true. For example, {0} is a prime ideal in Z, but not a
maximal ideal.

Example.
Consider the ideal (22 + 1) in the ring Z[z]. Let 0 : Z[z] — Z][i] be defined by (f(x)) = f(4).
Then 6 is surjective as f(a + bx) = a + bi. Also, one can check that ker(8) = (x% + 1).

By 1st IM (Theorem 8.10), we have Z[x]/(x? + 1) 2 Z[i]. Since Z[i] is an ID but not a field, the
ideal (z% + 1) is prime but not maximal.

§9.3. Fields of fractions

Let R be anID and let D = R\ {0}. Consider the set
X=RxD=A{(r,s):r€ R,s € D}
We say (r,s) = (r’,s") iff rs" = r’s. One can show = is an equivalence relation. In particular,
5)
/

2. If (r,s) = (r',s"), then (v',s") = (r, s)

Motivated by the case R = Z, we can now define the fraction £ to be the equivalence class [(r, s)] of
the pairs (7, s) on X. Let F' denote the set of all such fractions:

F:{g:TGR,SGD}:{E:T,SERS#O}

The addition and multiplication in F' are defined by

r r  rs+1's

s s
r\ (1’ rr’
S s’ ss’

Since R is an ID, these operations are well-defined. Then one can show that with the above defined

’

addition and multiplication, F' becomes a field with the zero being %, the unity %, and the negative of
~ being —Z. Moreover, if £ # 0, then 7 # 0 and its multiplicative inverse is .

In addition, we have R = R’ where R’ = {%¥ : v € R} C F. Thus we have

Theorem 9.8.
Let R be an ID. Then there exists a field I consisting of fractions T with 7, s € R and s # 0. By
identifying r = { for all » € R, we can view R as a subring of F".

The field F is called the field of fractions of R.
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§10. Polynomial rings

§10.1. Polynomials

Definition (Polynomial).
Let R be a ring and z be a variable. Let

Rlz] = {f(z) = ag + ez + a,2® + -+ a,,a™ :m € Z¥,a; € R V0 < i < m}

Such f(z) is called a polynomial in x over R.

Ifa,, # 0, we say f(x) has degree m, denoted by deg(f) = m, and we say a,, is the leading coefficient
of f(x).

If the leading coefficient a,,, = 1, we say f(z) is monic.

If deg(f) = 0, then f(z) = ay, € R\ {0}. In this case, we say f(z) is a constant polynomial.

Note that

f($>:0<:>a0:a1:...:a =0

0 is also a constant polynomial and we define deg(0) = —oc.

Let f(x) = ZZO a;xt g(x) = Z?:o b,xt € R[z] withm < n.Then we write a; = 0 V(m +1i) <i <
n.

We can define addition and multiplication on R[z] as follows:
flx)+g(x) = (a; + b))’
i=0

)

m+n

k
f(z)g(z) = Z cpt®, ¢ = Zaibkﬂ‘
k=0 i=0

Proposition 10.1.

Let R be a ring and z be a variable.

1. R[x]isaring

2. R is a subring of R[z]

3. If Z = Z(R) denotes the center of R, then Z(R[z]) = Z|x]

Proof. (3). Let f(z) = >."" a,,z™ € Z[z] and g(z) = Z;;O b,z" € R[x]. We have

=0 "M

f@)gl) = 3 eyt
k=0

Wlth Ck == Zf:() aibk_i.

Since a; € Z, we have a;b; = b;a, for all 4, j. Thus we get f(z)g(z) = g(z)f(z) for all g(x) € R[z],
and hence Z[z| C Z(R|[x]).
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To show the other inclusion, if h(x) = >.% c,x' € Z(R|x]), then for all r € R, we have h(z)r =

=0 *

rh(z). Thus ¢;r = rc; forall™ € Rand 0 < i < s. Hence ¢; € Z and Z(R|[z]|) C Z|x]. It follows that
Z(Rz]) = Z|z]. O

Proposition 10.2.

Let R be an ID. Then,

1. R[x]isanID

2. If f # 0 and g # 0 in R[z], then deg(fg) = deg(f) + deg(g) (product formula)
3. The units in R[z] are R*, the units of R

Proof. Suppose f(z) = Z:'io a;x" # 0and g(z) = Z:,L:O b,x® # 0 are polynomials in R[x] with a,,, #
0, b,, # 0. Then,

f(x)g(ac) = (ambn)wm+n + et aObO

Since R is an ID, a,,b,, # 0 and thus f(z)g(x) # 0. It follows that R[z] is an ID, and deg(fg) =
deg(f) + deg(g)-

Let u(x) € R[z| be a unit with inverse v(x) € R[x]. Since u(x)v(z) =1, by (1) we have u(z) #
0,v(z) # 0 and by (2), we have deg(u) + deg(v) = deg(1) = 0, meaning deg(u) = deg(v) = 0. Thus
u(z),v(x) are units in R and hence R[z|* C R*. Since trivially R* C R[z|*, we have R[z]* = R*. O

Remark.
Note that in Z,[z], we have 2z - 2z = 4x? = 0. Thus deg(2z) + deg(2x) # deg(42?), hence the
product formula in Proposition 10.2 only applies when R is an ID.

Remark.
To extend the product formula to 0, we define deg(0) = +o0.

§10.2. Polynomials over a field

Definition (Divides).
Let F' be a field and f(z), g(x) € Fx]. We say f(z) divides g(z), denoted by f(z) | g(x), if
there exists ¢(x) € F[x] such that g(x) = f(z)q(x).

Proposition 10.3.

Let F' be a field and f(x), g(z), h(z) € F[z].

1. If f(z) | g(z) and g(z) | h(x), then f(x) | h(z) (transitivity of divisibility)

2. If f(z) | g(x)and f(x) | h(x),then f(z) | (9(x)u(z) + h(z)v(z)) for any u(x),v(z) € F[z]

(division of integer combinations)

Recall fora,b € Z,if a | b,b | a and a, b are positive, then a = b. The following is its analogue in F[x].
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Proposition 10.4.
Let F be a field and f(x),g(x) € F[z] be monic. If f(z) | g(z) and g(z) | f(x), then f(z) =

g(z).

Proof. Since f(z) | g(x) and g(x) | f(x), we have g(z) = r(z)f(z) and f(x) = s(x)g(x) for some
r(z),s(x) € Flz]. Then, f(z) = s(x)r(x)f(z). By Proposition 10.2, we have deg(f) = deg(s) +
deg(r) + deg(f), so deg(s) = deg(r) = 0. Thus, f(z) = sg(x) for some s € F.

Since both f(x) and g(x) are monic, we have s = 1 and hence f(z) = g(x). O

Proposition 10.5 (Division algorithm).
Let F' be a field and f(z),g(x) € F[z] with f(x) # 0. Then there exists unique ¢(x),r(x) €
F[z] such that

g(x) = f(z)q(x) +r(z), deg(r) < deg(f)

Note that this includes the case for » = 0, which explains why we define deg(0) = —oc.
Proof. Let m = deg(f) and n = deg(g). If n < m, then g(z) =0 - f(z) + g(x).
Otherwise suppose n > m. Write f(z) = 3_" ;2" and g(z) = 31" bz’ witha,,, # 0.

Since F' is a field, a;} exists. Consider

91(x) = g(x) —bya, a" " f(z)

=0- z, + (bn—l - bnar_nlam—l)xn_l +

Since deg(g;) < n, by the other case, there exists ¢, (z), 7, (z) € F[x] such that

g1(z) = q(z) f(z) +ry(x), deg(r;) < deg(f)
It follows that

9(x) = gy (x) + byaz, a" " f(z)
= (q1(2) + byay, a"™) f(x) + ()

By taking q(x) = ¢, (z) + b,,a,;l2" ™ and r(z) = r{(x), we have that g(z) = q(x) f(z) + r(x) with
deg(r) < deg(f).

For uniqueness, suppose there exist ¢’'(x),r’(z) € F[z] such that g(z) = ¢, f(x) + r{(z) with
deg(ry) < deg(f). Then, r(z) —ry(z) = (q1(z) — q(x)) f(x). I ¢, (x) # q(x), we get

deg(r — 1) = deg(q, — g) + deg(f) = deg(f)
which contradicts deg(r — ry) < deg(f). Thus ¢; (z) = ¢(x) and hence r, (z) = r(x). O

For a,b € Z \ {0}, Bezout’s lemma states that gcd(a, b) = ax + by for some z,y € Z.
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Proposition 10.6.
Let F be afield and f(x), g(x) € F[z]\ {0}. Then there exists d(z) € F[x] which satisfies
. d( ) is monic
d(z) | f(z)and d(z) | g(z)
. Ife(:n | f(x)and e(x) | g(z), then e(x) | d(x)
d(z) = u(z)f(x) + v(z)g(x) such that u(z),v(z) € F[z]

Note that if both d(x) and d, (x) satisfy the above conditions, since d(x) | d;(z) and d,(x) | d(x) and
both of them are monic, by Proposition 10.4, we have d(z) = d, (x). We call such unique d(x) the GCD

of f(x) and g(x), denoted by d(x) = ged(f(z), g(x)).

Proof. Let X = {u(z)f(x) + v(z)g(x) : u(x),v(z) € F[z]}. Since f(x) € X, the set X contains non-
zero polynomials and thus monic polynomials. Among all monic polynomials in X, let d(z) =
u(z) f(z) + v(z)g(z) of minimum degree. Then, (1) and (4) are satisfied.

For (3), if e(z) | f(z) and e(x) | g(x), since d(x) = u(z)f(x) + v(xz)g(x), by Proposition 10.3, we
have e(x) | d(x).

For (2), by division algorithm (Proposition 10.5), write f(x) = q(x)d(z) + r(x) with deg(r) < deg(d).
Then,

r(z) = f(z) — q(x)d(x)
= f(z) —q(@)(u(@)f(x) + v(z)g(2))
= (1 —q(@)u(x)) f(z) — q(z)o(z)g(x)
Note that if 7(z) # 0,let ¢ # 0 be the leading coefficient of 7(z). Since F is a field, c ™! exists. The above
expression shows that ¢™'r(x) is a monic polynomial with X with deg(c™!r) = deg(r) < deg(d),

which contradicts the minimum degree property of d(z). Thus r(x) = 0 and we have d(z) | f(z).
Similarly, we can show that d(z) | g(x). Thus, (2) follows. O

Recall that p € Z is a prime if p > 2 and whenever p = ab, then a = 4+1 or b = +1, where 41 are
units in Z.

Definition (Irreducible).
l(x) # 0 is irreducible if deg(l) > 1 and whenever [(z) = [, (z)l5(x), then deg(l;) =0 or
deg(l,) = 0.

Example.
If [(z) € F[x] satisfies deg(l) = 1, then I(x) is irreducible.

Given prime p € Z and a, b € Z, Euclid’s Lemma shows that if p | ab, thenp | aorp | b.

Proposition 10.7.
Let F be a field and f(x),g(x) € F[z]. If [(z) € F[x] is irreducible and [(z) | f(z)g(x), then

lz) | f(z)orl(z) | g(z).

Proof. Suppose I(z) | f(x)g(z).If I(z) | f(x), then we are done.
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If I(x)} f(z), then d(x) = l(x), f(z)) = 1. By Proposition 10.6, we have 1 =I(z)u(x)+
[

cd(
f(z)v(z) for some u(z),v(x ) € F[x]. Then,
9(x) = g(@)l(x)u(z) + g(z) f(z)v(z)
Since I(z) | I(x) and I(z) | g(z)f(x), by Proposition 10.3, we have I(z) | g(z). O
Remark.

Let f, (), -, f,,(x) € F[x]andletl(z) € F[z]beirreducible.Ifl(x) | f,(x)-f,, (), by applying
Proposition 10.7 repeatedly, we have [(z) | f;(z) for some 1 < i < n.

For an integer n € Z with |n| > 2, up to £ sgn(n), n can be written uniquely as a product of primes.

By induction and Proposition 10.7, we have the following analogous result in F'[z].

Theorem 10.8 (Unique factorization theorem).
Let F' be a field and f(x) € F[x] with deg(f) > 1. Then we can write

f(z) = ely (2)ly ()1, ()
where ¢ € F* and [;(x) are monic irreducible polynomials (not necessarily distinct).

The factorization is unique up to the order of /.

Problem 10.1.
Use Theorem 10.8 to prove that there are infinitely many irreducible polynomials in F'[z].

Recall in Z, all ideals are of the form (n) = nZ and if n € N, then n is uniquely determined.

Proof. Let A be an ideal of F[x].If A = {0}, then A = (0).If A # {0}, since F'is afield, if f € A with
leading coefficient a, then a~! f € A. Thus A contains a monic polynomial.

Among all monic polynomials in A, choose h(z) € A of minimum degree. Then (h(x)) C A.

To prove the other inclusion, let f(x) € A. By division algorithm, we have f(z) = q(z)h(z) + r(x)
with ¢(x),r(z) € Fx] and deg(r) < deg(h). If r(z) # 0, let u # 0 be its leading coefficient. Since A
is an ideal and f(x), h(z) € A, we have

u”tr(z) = ut (f(2) — q(2)h(x)) = v f(z) —uTlg(x)h(z) € A

which is a monic polynomial in A with deg(u~'r(z)) < deg(h). This contradicts the minimum degree
property of h. Thus r(xz) = 0 and f(x) = g(z)h(x). It follows that f(z) € (h(z)) and hence A =
(h(x)).

To prove uniqueness, suppose A = (h(z)) = (h,(x)). Since h(z) | hy(z) and hy(z) | h(x), by Propo-
sition 10.4, we have h(z) = hy(z). O

Proposition 10.9.
Let F be a field. Then all ideals of F'[z] are of the form (h(x)) = h(z)F[x] for some h(z) € F[z].
If (h(z)) # 0 and h(x) is monic, then the generator is uniquely determined.
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We have seen in Z that all ideals are of the form (n) for some n € Z.For n > 2, if we divide an integer
by n, the remainder is 0 < r < n — 1. Then we have

Z,=7Z/n)y={r+(n):0<r<n—1}={[]:0<i<n-—1}
We now consider its analogue in F'[z].

Let F be a field. By Proposition 10.9, all ideals of F'[x| are of the form (h(x)). Suppose that h(x) is
monic and deg(h) = m > 1.

Consider the quotient ring R = F'[z]/(h(z)).
R ={f(z) = f(z) + (h(x)) : f(z) € Fla]}

Write t =T = = + (h(x)). We have h(t) = 0 in R. By the division algorithm, we can write f(z) =
q(z)h(z) + r(x) with deg(r) < deg(h) = m. Thus we can show that

m—1
R= {Zaiti:ai € F,h(t) :0}
=0

Consider the map 0 : F — R given by 0(a) = a. Since 0 is not the zero map and ker(6) is an ideal
of F', we have ker(#) = {0}. Thus 6 is a one-to-one ring HM. Since F' = §(F'), by identifying F’ with
0(F), we have

Note that in R, we have

m—1 ' m—1 '
dati=> bt < a,=bV0<i<m—1
=0 1=0

Hence this representation of elements in R is unique.

Proposition 10.10.
Let F be a field and h(x) € F[z]| be monic with deg(h) =m > 1. Then the quotient ring
F[z]/(h(x)) is given by

m—1
=0

in which an element of 12 can be uniquely represented in the above form.

Example.
Consider the ring R[z]. Let h(x) = 2 4+ 1 € R[z]. By Proposition 10.10, we have

Riz]/(z>+ 1) ={a+bt:a,beRt?+1=0}=2{a+bi:a,beR,i?=-1}=C
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Proposition 10.11.

Let F be a field and h(z) € F[z] with deg(h) > 1. The following are equivalent:
1. Flx]/{h(z)) is a field

2. Flz]/(h(x))is anID

3. h(z) is irreducible in F'[z]

Proof. Let A = (h(z)).
(1) = (2). A field is an ID.
(2) = (3). I h(z) = f(2)g(z) with f(z), g(z) € Flz], then
(f(z) + A)(g(z) + A) = h(z) + A= 0+ A € F[z]/A

By (2), either f(x)+ A=0+ Aorg(z)+ A=0+ A. If f(x) € A, then f(z) = q(x)h(z) for some
q(z) € Flz]. Thus h(z) = f(z)g(x) = q(z)h(x)g(x). Since F[z] is an ID, this implies that ¢(z)g(x) =
1, so deg(g) = 0. Similarly, if g(z) € A, then deg(f) = 0. Thus h(x) is irreducible in F'[z].

(3) => (1). Note that F[z]/A is a commutative ring. Thus to show that F'[x]/A is a field, it suffices to
show that every non-zero element of F'[z]/A has an inverse.

Let f(z) + A # 0+ A with f(x) € F[x]. Then f(z) # A and hence h(z) } f(z). Since h(x) is irre-
ducible and h(x) } f(z), we have ged(f(x),h(x)) = 1.

By Proposition 10.6, there exist u(x), v(x) € F[z] such that
1 =wu(x)h(z) +v(x)f(r) = (v(r) + A)(f(z) + A) =1+ A

It follows that f(z) 4+ A has an inverse v(x) + A in F[x]/A, and hence F[z]/A is a field. O

Example.
Since R[z]/{z? + 1) = C, which is a field, the polynomial 2 + 1 is irreducible in R[z].

Example.
Since 22 + x + 1 has no root in Z,, it is irreducible in Z,. Thus

Zolz)/(z* +x+ 1) ={a+bt:a,beZyt* +t+1=0}

is a field with 4 elements.

Remark.
Before the previous example, the only finite fields we know are of the form Z,, where p is prime.
We have seen before that there are infinitely many irreducible polynomials in Z, [x].

One can show that for any n € N, there exists at least one irreducible polynomial f,, (z) of degree
n in Z,[z]. Since f,,(z) is irreducible, Z,[z]/(f,,(z)) is a field of order p™.

Note that an isnot a field if n > 2.
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Z Flz]
Elements m f(x)
Size |m| deg(f)
Units +1 F*
Unique factorization | m = +p,py--pi | f(x) = cly(z)ly(x)--1;(x)
Ideals (n) (h(z))
Prime ideal generators Primes Irreducible polynomials

Table 1: Analogies between Z and F'[z]
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