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Abstract Vector Space
Vector space
A vector space over 𝔽 has operations
• + : 𝑉 × 𝑉 → 𝑉  (addition)
• ⋅ : 𝔽 × 𝑉 → 𝑉  (scalar multiplication)

and satisfies the axioms
• ∀ ⃗𝑥, ⃗𝑦, ⃗𝑧, ⃗𝑥 + ( ⃗𝑦 + ⃗𝑧) = ( ⃗𝑥 + ⃗𝑦) + ⃗𝑧 (associativ�

ity of addition)
• ∃ ⃗0, ∀ ⃗𝑦, ⃗0 + ⃗𝑦 = ⃗𝑦 (additive identity)
• ∀ ⃗𝑥, ∃− ⃗𝑥, ⃗𝑥 + (− ⃗𝑥) = 0 (additive inverse)
• ∀ ⃗𝑥, ⃗𝑦, ⃗𝑥 + ⃗𝑦 = ⃗𝑦 + ⃗𝑥 (commutativity of addi�

tion)
• ∀ ⃗𝑥, 𝑠, 𝑡, 𝑠(𝑡 ⃗𝑥) = (𝑠𝑡) ⃗𝑥 (associativity of scalar

multiplication)
• ∀ ⃗𝑥, 𝑠, 𝑡, (𝑠 + 𝑡) ⃗𝑥 = 𝑠 ⃗𝑥 + 𝑡 ⃗𝑥 (commutativity of

scalar multiplication)
• ∀ ⃗𝑥, ⃗𝑦, 𝑠, 𝑠( ⃗𝑥 + ⃗𝑦) = 𝑠 ⃗𝑥 + 𝑠 ⃗𝑦 (distributivity of

scalar multiplication over vector addition)
• ∀ ⃗𝑥, 1 ⃗𝑥 = ⃗𝑥 (multiplicative identity)

Properties of vector spaces:
• Zero vector ⃗0 is unique
• Additive inverse is unique

Subspace
𝑈  is a subspace of 𝑉  by subspace test if
• 𝑈  is nonempty, e.g. ⃗0 ∈ 𝑈
• ∀ ⃗𝑥, ⃗𝑦 ∈ 𝑈, ⃗𝑥 + ⃗𝑦 ∈ 𝑈  (closed under addition)
• ∀ ⃗𝑥 ∈ 𝑈, 𝑠 ∈ 𝔽, 𝑠 ⃗𝑥 ∈ 𝑈  (closed under scalar

multiplication)

Span
Given 𝑆 = { ⃗𝑣1, …, ⃗𝑣𝑘},

Span(𝑆) = {𝑡1 ⃗𝑣1 + … + 𝑡𝑘 ⃗𝑣𝑘 : 𝑡1, …, 𝑡𝑘 ∈ 𝔽}

• 𝑆 is a subspace of 𝑉 .

Linear independence
Set of vectors 𝑆 is LI iff

𝑡1 ⃗𝑣1 + … + 𝑡𝑘 ⃗𝑣𝑘 = 0 ⇒ 𝑡1, …, 𝑡𝑘 = 0

• Empty set is LI.
• 𝑆 is LI iff no vector in 𝑆 is a linear combination

of other vectors in 𝑆.

Basis
A basis ℬ for 𝑉  is a LI set of vectors that spans 𝑉 .

• ∀ ⃗𝑣, ∃!𝑥1, …, 𝑥𝑛 ∈ 𝔽,

⃗𝑣 = 𝑥1
⃗𝑏1 + … + 𝑥𝑛

⃗𝑏𝑛

(unique representation theorem)

Dimension
• dim(𝑉 ) = |ℬ| for any basis ℬ.
• |𝑆| > dim(𝑉 ) ⇒ 𝑆 is LD.
• |𝑆| < dim(𝑉 ) ⇒ 𝑆 cannot span 𝑉 .
• |𝑆| = dim(𝑉 ) ⇒ 𝑆 spans 𝑉  iff 𝑆 is LI.
• 𝑊  is a subspace of 𝑉  ⇒ dim(𝑊) ≤ dim(𝑉 ).

Coordinate
Given ℬ = { ⃗𝑏1, …, ⃗𝑏𝑛} and

⃗𝑥 = 𝑥1
⃗𝑏1 + … + 𝑥𝑛

⃗𝑏𝑛

The coordinate vector w.r.t. ℬ is

[ ⃗𝑥]ℬ =
[
[
[𝑥1

⋮
𝑥𝑛]

]
]

• [ ⃗𝑥]ℬ is linear over addition and scalar multipli�
cation.

Linear Transformation
LT between abstract vectors
𝐿 : 𝑉 → 𝑊  is a linear transformation if
• 𝐿( ⃗𝑥 + ⃗𝑦) = 𝐿( ⃗𝑥) + 𝐿( ⃗𝑦)
• 𝐿(𝑡 ⃗𝑥) = 𝑡𝐿( ⃗𝑥)

Properties:
• 𝐿( ⃗0) = ⃗0

Rank and nullity
Given 𝐿 : 𝑉 → 𝑊 ,
• range(𝐿) = {𝐿( ⃗𝑥) : ⃗𝑥 ∈ 𝑉 } ⊆ 𝑊
• ker(𝐿) = { ⃗𝑥 ∈ 𝑉 : 𝐿( ⃗𝑥) = ⃗0} ⊆ 𝑉
• rank(𝐿) = dim(range(𝐿))
• nullity(𝐿) = dim(ker(𝐿))
• rank(𝐿) + nullity(𝐿) = dim(𝑉 ) (rank-nullity

theorem)

LT matrix
Matrix representation of 𝐿:

[𝐿( ⃗𝑣)]𝒞 = 𝐴[ ⃗𝑣]ℬ

• ⃗𝑣 ∈ range(𝐿) ⇒ [ ⃗𝑣]ℬ ∈ Col(𝐿)
• 𝑤⃗ ∈ ker(𝐿) ⇒ [ ⃗𝑣]ℬ ∈ Null(𝐿)

Change of base matrix
[𝐿]𝒞 ℬ = [[𝐿( ⃗𝑏1)]

𝒞
⋯ [𝐿( ⃗𝑏𝑛)]

𝒞
]

• [id]𝒞 ℬ = [id]ℬ
−1
𝒞

• [𝐿]𝒞
−1
ℬ = [𝐿−1]

ℬ 𝒞
 given 𝐿 is invertible

Isomorphism
𝐿 is injective if
• 𝐿( ⃗𝑣1) = 𝐿( ⃗𝑣2) ⇒ ⃗𝑣1 = ⃗𝑣2.
• ker(𝐿) = { ⃗0}.
• nullity(𝐿) = 0

𝐿 is surjective if
• range(𝐿) = 𝑊 .



• rank(𝐿) = dim(𝑊)

𝐿 is an isomorphism if
• 𝐿 is injective and surjective.
• 𝑉 ≅ 𝑊  (𝑉  is isomorphic to 𝑊 )
• If { ⃗𝑣1, …, ⃗𝑣𝑛} is a basis for 𝑉 , then

𝐿( ⃗𝑣1), …, 𝐿( ⃗𝑣𝑛) is a basis for 𝑊 .

Additional properties:
• dim(𝑉 ) < dim(𝑊) ⇒ 𝐿 cannot be surjective
• dim(𝑉 ) > dim(𝑊) ⇒ 𝐿 cannot be injective
• dim(𝑉 ) = dim(𝑊) ⇒ 𝐿 is injective iff 𝐿 is sur�

jective
• 𝑉 ≅ 𝑊  iff dim(𝑉 ) = dim(𝑊)
• 𝐿 is an isomorphism iff there exists 𝐿−1 : 𝑊 →

𝑉  such that 𝐿𝐿−1 = 𝐿−1𝐿 = id

Diagonalization
Eigenvalue and eigenvector
𝜆, ⃗𝑣 such that

𝐿( ⃗𝑣) = 𝐴 ⃗𝑣 = 𝜆 ⃗𝑣

Eigenspace
𝐸𝜆 = { ⃗𝑣 ∈ 𝑉 : 𝐴 ⃗𝑣 = 𝜆 ⃗𝑣} = Null(𝐴 − 𝜆𝐼)

Diagonalization algorithm
1. Find 𝜆 as roots of characteristic polynomial

𝐶𝐴 = det(𝐴 − 𝜆𝐼) = 0
2. For each 𝜆, find eigenvectors ⃗𝑣 by solving

(𝐴 − 𝜆𝐼) ⃗𝑣 = 0
3. Take 𝐷 = diag(𝜆1, …, 𝜆𝑛), 𝑃 = [ ⃗𝑣1 ⋯ ⃗𝑣𝑛]

which satisfies 𝐴 = 𝑃𝐷𝑃−1

Similar
𝐴 and 𝐵 are similar if there exists 𝑃  such that 𝐵 =
𝑃−1𝐴𝑃 . They also have the same:
• characteristic polynomial

• trace
• determinant
• eigenvalues
• rank and nullity

Diagonalizability test
𝐴 is diagonalizable iff forea each 𝜆, algebraic mul�
tiplicity of 𝜆 = geometric multiplicity of 𝜆.

Inner product spaces
Inner product
A function ⟨ ⃗𝑣, 𝑤⃗⟩ such that
• ⟨ ⃗𝑣, 𝑤⃗⟩ = ⟨𝑤⃗, ⃗𝑣⟩
• ⟨𝛼 ⃗𝑣, 𝑤⃗⟩ = 𝛼⟨ ⃗𝑣, 𝑤⃗⟩
• ⟨𝑢⃗ + ⃗𝑣, 𝑤⃗⟩ = ⟨𝑢⃗, 𝑤⃗⟩ + ⟨ ⃗𝑣, 𝑤⃗⟩
• ⟨ ⃗𝑣, ⃗𝑣⟩ ≥ 0
• ⟨ ⃗𝑣, ⃗𝑣⟩ = 0 ⇒ ⃗𝑣 = ⃗0

Additional properties:
• ⟨0, ⃗𝑣⟩ = ⟨ ⃗𝑣, 0𝑤𝑖⟩ = 0
• ⟨ ⃗𝑣, 𝛼𝑤⃗⟩ = 𝛼⟨ ⃗𝑣, 𝑤⃗⟩
• Any finite�dimensional vector space has an inner

product.

Examples of inner products
• Standard inner product on ℂ𝑛

⟨ ⃗𝑣, 𝑤⃗⟩ = ∑
𝑛

𝑖=1
𝑣𝑖𝑤𝑖

• 𝐿2 inner product on 𝒞[𝑎, 𝑏]

⟨𝑝, 𝑞⟩ = ∫
𝑏

𝑎
𝑝(𝑥)𝑞(𝑥) d𝑥

• Frobenius inner product on 𝕄𝑚×𝑛(ℂ)
‣ Elementwise standard inner product

⟨𝐴, 𝐵⟩ = tr(𝐵∗𝐴) = ∑
𝑚

𝑖=1
∑

𝑛

𝑗=1
𝐴𝑖𝑗𝐵𝑖𝑗

Norm
‖ ⃗𝑣‖ = √⟨ ⃗𝑣, ⃗𝑣⟩

• ⟨ ⃗𝑣, 𝑤⃗⟩ = 0 ⇒ ⃗𝑣 perp 𝑤⃗ (Orthogonal)
• ⃗𝑣⊥𝑤⃗ ⟹ ‖ ⃗𝑣 + 𝑤⃗‖2 = ‖ ⃗𝑣‖2 + ‖𝑤⃗‖2 (Pythagorean

theorem)
• |⟨ ⃗𝑣, 𝑤⃗⟩| ≤ ‖ ⃗𝑣‖‖𝑤⃗‖ (Cauchy�Schwarz inequality)
• ‖ ⃗𝑣 + 𝑤⃗‖ ≤ ‖ ⃗𝑣‖ + ‖𝑤⃗‖ (Triangle inequality)

Angle

𝜃 = cos−1( ⟨ ⃗𝑣, 𝑤⃗⟩
‖ ⃗𝑣‖‖𝑤⃗‖

)

Distance
dist( ⃗𝑣, 𝑤⃗) = ‖ ⃗𝑣 − 𝑤⃗‖

• dist( ⃗𝑣, 𝑤⃗) ≥ 0
• dist( ⃗𝑣, 𝑤⃗) = 0 iff ⃗𝑣 = 𝑤⃗
• dist(𝑢⃗, 𝑤⃗) ≤ dist(𝑢⃗, ⃗𝑣) + dist( ⃗𝑣, 𝑤⃗) (Triangle

inequality)

Orthonormal basis
• { ⃗𝑣1, …, ⃗𝑣𝑘} is orthogonal if ⟨ ⃗𝑣𝑖, ⃗𝑣𝑗⟩ = 0 for 𝑖 ≠ 𝑗
• It is orthornormal if additionally ‖ ⃗𝑣𝑖‖ = 1 for all

𝑖
• It is an orthonormal basis if it is orthogonal and

is a basis for 𝑉
• Every finite�dimensional inner product space

has an orthonormal basis

Projection

proj𝑤⃗( ⃗𝑣) = ⟨ ⃗𝑣, 𝑤⃗⟩
‖𝑤⃗‖2 𝑤⃗

perp𝑤⃗( ⃗𝑣) = ⃗𝑣 − proj𝑤⃗( ⃗𝑣)
proj𝑊 ( ⃗𝑣) = proj𝑤⃗1

( ⃗𝑣) + ⋯ + proj𝑤⃗𝑘
( ⃗𝑣)

Gram-Schmidt orthogonalization
Given basis { ⃗𝑣1, …, ⃗𝑣𝑛},



𝑤⃗1 = ⃗𝑣1

𝑤⃗2 = ⃗𝑣2 − ⟨ ⃗𝑣2, 𝑤⃗1⟩
‖𝑤⃗1‖

2 𝑤⃗1

𝑤⃗3 = ⃗𝑣3 − ⟨ ⃗𝑣3, 𝑤⃗1⟩
‖𝑤⃗1‖

2 𝑤⃗1 − ⟨ ⃗𝑣3, 𝑤⃗2⟩
‖𝑤⃗2‖

2 𝑤⃗2

⋯

Orthogonal complement
Given subspace 𝑊 ⊆ 𝑉 ,

𝑊⊥ = { ⃗𝑣 ∈ 𝑉 : ⟨ ⃗𝑣, 𝑤⃗⟩ = 0 ∀𝑤⃗ ∈ 𝑊}

• 𝑊⊥ is a subspace of 𝑉
• dim(𝑊) + dim(𝑊⊥) = dim(𝑉 )
• 𝑊 ∩ 𝑊⊥ = { ⃗0}
• (𝑊⊥)⊥ = 𝑊

Orthogonal projection
Given orthogonal basis 𝑊 = {𝑤⃗1, …, 𝑤⃗𝑘},

⃗𝑣 = proj𝑊 ( ⃗𝑣) + perp𝑊 ( ⃗𝑣)

Least squares solution
Given system 𝐴 ⃗𝑥 = ⃗𝑏, ⃗𝑠 is a least squares solution
to the system iff 𝐴⊤𝐴 ⃗𝑥 = 𝐴⊤ ⃗𝑏.

Unitary diagonalization
Adjoint

𝐴∗ = 𝐴⊤

• ⟨ ⃗𝑣, 𝑤⃗⟩ = 𝑤⃗∗ ⃗𝑣
• ⟨𝐴 ⃗𝑣, 𝑤⃗⟩ = ⟨ ⃗𝑣, 𝐴∗𝑤⃗⟩

Unitary/orthogonal matrix
𝑈 ∈ ℳ𝑛×𝑛(𝔽) is unitary if 𝑈∗ = 𝑈−1. If 𝔽 = ℝ 𝑈
is also orthogonal (𝑈⊤ = 𝑈−1).
• ⟨𝑈 ⃗𝑣, 𝑈𝑤⃗⟩ = ⟨ ⃗𝑣, 𝑤⃗⟩
• ‖𝑈 ⃗𝑣‖ = ‖ ⃗𝑣‖
• Columns and rows of 𝑈  form orthonormal bases.

Schur’s triangularization theorem
For any matrix 𝐴 there exists a unitary matrix
𝑈  such that 𝑇 = 𝑈∗𝐴𝑈  is upper triangular with
eigenvalues of 𝐴 on the diagonal.
• Any matrix over ℂ is similar to an upper trian�

gular matrix.

Cayley-Hamilton theorem
Let 𝐴 ∈ ℳ𝑛×𝑛(ℂ). Then, 𝐶𝐴(𝐴) = 0.
• 𝑐0𝐼 + 𝑐1𝐴 + … + 𝑐𝑛𝐴𝑛 = 0

Spectral theorem
• 𝐴 is normal (𝐴𝐴∗ = 𝐴∗𝐴) iff 𝐴 is unitarily diag�

onalizable.
• 𝐴 is self�adjoint (𝐴 = 𝐴∗) iff 𝐴 is unitarily diag�

onalizable with real eigenvalues.
• 𝐴 over ℝ is symmetric (𝐴 = 𝐴⊤) iff 𝐴 is orthog�

onally diagonalizable.

Properties of normal matrices
Let 𝐴 be normal.
• ‖𝐴 ⃗𝑥‖ = ‖𝐴∗ ⃗𝑥‖
• If (𝜆, ⃗𝑥) is an eigenpair of 𝐴, then (𝜆, ⃗𝑥) is an

eigenpair of 𝐴∗.
• If ⃗𝑥, ⃗𝑦 are eigenvectors of 𝐴 with different eigen�

values, then ⃗𝑥 and ⃗𝑦 are orthogonal.

Unitary diagonalization algorithm
1. Diagonalize 𝐴 = 𝑃𝐷𝑃−1 as usual.
2. Perform Gram�Schmidt procedure on the

columns of 𝑃  and obtain an orthogonal matrix
𝑈 .

3. Result is 𝐴 = 𝑈𝐷𝑈∗.

Quadratic form
Given 𝑢⃗ = (𝑢1, …, 𝑢𝑛), the quadratic form is a
polynomial of form

𝑄(𝑢⃗) = ∑
𝑛

𝑖,𝑗=1
𝑎𝑖𝑗𝑢𝑖𝑢𝑗

• Positive definite: 𝑄(𝑢⃗) > 0 ∀𝑢⃗ ≠ 0.
• Positive semidefinite: 𝑄(𝑢⃗) ≥ 0 ∀𝑢⃗.
• Negative definite: 𝑄(𝑢⃗) < 0 ∀𝑢⃗ ≠ 0.
• Negative semidefinite: 𝑄(𝑢⃗) ≤ 0 ∀𝑢⃗.
• Indefinite: ∃𝑢⃗, ⃗𝑣, 𝑄(𝑢⃗) > 0, 𝑄( ⃗𝑣) < 0

Singular value decomposition
Singular values and singular vectors
Let 𝐴 ∈ ℳ𝑚×𝑛(ℂ). The singular values of 𝐴 are
𝜎𝑖 = √𝜆𝑖 for each eigenvalue 𝜆𝑖 of 𝐴∗𝐴. The sin�
gular vectors are the eigenvectors of 𝐴∗𝐴.
• 𝐴∗𝐴 is self�adjoint.
• 𝐴∗𝐴 ⃗𝑥 = ‖𝐴 ⃗𝑥‖2.
• Null(𝐴∗𝐴) = Null(𝐴).
• Col(𝐴)⊥ = Null(𝐴∗)

SVD algorithm
Let 𝐴 ∈ ℳ𝑚×𝑛(𝔽) be a matrix with rank 𝑟.
1. Find eigenpairs (𝜆𝑖, ⃗𝑣𝑖) for 𝐴∗𝐴, where ⃗𝑣𝑖 is

normalized.
2. Set 𝜎𝑖 = √𝜆𝑖 for 𝑖 ≤ 𝑟, generally ordered from

largest to smallest.
3. Set 𝑢⃗𝑖 = 𝐴 ⃗𝑣𝑖

𝜎𝑖
 for 𝑖 ≤ 𝑟.

4. If 𝑟 < 𝑚, extend {𝑢⃗1, …, 𝑢⃗𝑟} to an orthonormal
basis of 𝔽𝑚. Use Gram�Schmidt procedure.

5. Set 𝑉 = { ⃗𝑣1, …, ⃗𝑣𝑟}, 𝑈 = {𝑢⃗1, …, 𝑢⃗𝑟}, Σ =
diag(𝜎1, …, 𝜎𝑟)

This results in

𝐴 = 𝑈Σ𝑉 ∗

• Compact SVD: remove zero rows/columns of Σ
and columns above 𝑟 of 𝑈  and 𝑉 .



Low rank approximation
Rank�𝑘 approximation of 𝐴 = 𝑈𝑟Σ𝑟𝑉 ∗

𝑟  is

𝐴𝑘 = ∑
𝑘

𝑖=1
𝜎𝑖𝑢⃗𝑖 ⃗𝑣∗

𝑖

• 𝐴 = 𝐴𝑟
• rank(𝐴) = 𝑟
• ‖𝐴 − 𝐴𝑘‖ = √∑𝑟

𝑖=𝑘+1 𝜎2
𝑖 ≤ ∑𝑟

𝑖=𝑘+1 𝜎𝑖 where
‖𝑋‖ is the Frobenius norm.

• Eckert�Young theorem: ‖𝐴 − 𝐵‖ ≥ ‖𝐴 − 𝐴𝑘‖
‣ 𝐴𝑘 is the best rank�𝑘 approximation of 𝐴.

Pseudoinverse
Given 𝐴 = 𝑈Σ𝑉 ∗, the pseudoinverse of 𝐴 is

𝐴† = 𝑉 Σ†𝑈∗

where Σ† is diagonal with Σ†
𝑖 = {𝜎−1

𝑖 Σ𝑖≠0
0 Σ𝑖=0.

• Defined for matrices of any shape.
• If 𝐴 is square and invertible, then 𝐴† = 𝐴−1.
• Results in minimal norm solution

Minimal norm solution
Given system 𝐴 ⃗𝑥 = ⃗𝑏, the minimal norm solution
is ⃗𝑥0 = 𝐴† ⃗𝑏.
• If the system is consistent, then 𝑥0 is the solution

such that ‖ ⃗𝑥‖ ≥ ‖ ⃗𝑥0‖
• If the system is inconsistent, then 𝑥0 is the least

squares solution.
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