traduate ITexts
In Mathematics



Graduate Texts in Mathematics 19

Editorial Board
J.H. Ewing F.W. Gehring P.R. Halmos



Paul R. Halmos

A Hilbert Space
Problem Book

Second Edition, Revised and Enlarged

&

Springer-Verlag
New York Berlin Heidelberg London Paris
Tokyo Hong Kong Barcelona Budapest



Editorial Board

P.R. Halmos F.W. Gehring J.H. Ewing

Department of Department of Department of
Mathematics Mathematics Mathematics

Santa Clara University University of Michigan Indiana University

Santa Clara, CA 95053 Ann Arbor, MI 48104 Bloomington, IN 47405

USA USA USA

Mathematics Subject Classifications (1991): 46-01, 00A07, 46CXX

Library of Congress Cataloging in Publication Data
Halmos, Paul R. (Paul Richard), 1916-

A Hilbert space problem book.

(Graduate texts in mathematics; 19)

Bibliography: p.
Includes index.

1. Hilbert spaces—Problems, exercises, etc.

I. Title. 1II. Series.
QA322.4.H34 1982

515.733

82-763
AACR2

© 1974, 1982 by Springer-Verlag New York Inc.
All rights reserved. No part of this book may be translated or reproduced in any form
without written permission from Springer-Verlag, 175 Fifth Avenue, New York,

New York 10010, U.S.A.

This reprint has been authorized by Springer-Verlag (Berlin/Heidelberg/New York) for sale in the
Mainland China only and not for export therefrom.

ISBN 978-1-4684-9332-0 ISBN 978-1-4684-9330-6 (eBook)
DOI 10.1007/978-1-4684-9330-6



To J.U. M.



Preface

The only way to learn mathematics is to do mathematics. That tenet is the
foundation of the do-it-yourself, Socratic, or Texas method, the method in
which the teacher plays the role of an omniscient but largely uncommuni-
cative referee between the learner and the facts. Although that method is
usually and perhaps necessarily oral, this book tries to use the same method
to give a written exposition of certain topics in Hilbert space theory.

The right way to read mathematics is first to read the definitions of the
concepts and the statements of the theorems, and then, putting the book
aside, to try to discover the appropriate proofs. If the theorems are not
trivial, the attempt might fail, but it is likely to be instructive just the same.
To the passive reader a routine computation and a miracle of ingenuity
come with equal ease, and later, when he must depend on himself, he will
find that they went as easily as they came. The active reader, who has found
out what does not work, is in a much better position to understand the reason
for the success of the author’s method, and, later, to find answers that are
not in books.

This book was written for the active reader. The first part consists of
problems, frequently preceded by definitions and motivation, and some-
times followed by corollaries and historical remarks. Most of the problems
are statements to be proved, but some are questions (is it?, what is?), and
some are challenges (construct, determine). The second part, a very short
one, consists of hints. A hint is a word, or a paragraph, usually intended
to help the reader find a solution. The hint itself is not necessarily a con-
densed solution of the problem; it may just point to what I regard as the
heart of the matter. Sometimes a problem contains a trap, and the hint may
serve to chide the reader for rushing in too recklessly. The third part, the
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PREFACE

longest, consists of solutions: proofs, answers, or constructions, depending
on the nature of the problem.

The problems are intended to be challenges to thought, not legal tech-
nicalities. A reader who offers solutions in the strict sense only (this is what
was asked, and here is how it goes) will miss a lot of the point, and he will
miss a lot of fun. Do not just answer the question, but try to think of related
questions, of generalizations (what if the operator is not normal?), and of
special cases (what happens in the finite-dimensional case?). What makes the
assertion true? What would make it false?

Problems in life, in mathematics, and even in this book, do not necessarily
arise in increasing order of depth and difficulty. It can perfectly well happen
that a relatively unsophisticated fact about operators is the best tool for the
solution of an elementary-sounding problem about the geometry of vectors.
Do not be discouraged if the solution of an early problem borrows from the
future and uses the results of a later discussion. The logical error of circular
reasoning must be avoided, of course. An insistently linear view of the
intricate architecture of mathematics is, however, almost as bad: it tends
to conceal the beauty of the subject and to delay or even to make impossible
an understanding of the full truth.

If you cannot solve a problem, and the hint did not help. the best thing to
do at first is to go on to another problem. If the problem was a statement,
do not hesitate to use it later; its use, or possible misuse, may throw valuable
light on the solution. If, on the other hand, you solved a problem, look at the
hint, and then the solution, anyway. You may find modifications, generaliza-
tions, and specializations that you did not think of. The solution may
introduce some standard nomenclature, discuss some of the history of the
subject, and mention some pertinent references.

The topics treated range from fairly standard textbook material to the
boundary of what is known. I made an attempt to exclude dull problems
with routine answers; every problem in the book puzzled me once. I did
not try to achieve maximal generality in all the directions that the problems
have contact with. I tried to communicate ideas and techniques and to let
the reader generalize for himself.

To get maximum profit from the book the reader should know the
elementary techniques and results of general topology, measure theory,
and real and complex analysis. | use, with no apology and no reference, such
concepts as subbase for a topology, precompact metric spaces, Lindelof
spaces, connectedness, and the convergence of nets, and such results as
the metrizability of compact spaces with a countable base, and the compact-
ness of the Cartesian product of compact spaces. (Reference: [87].) From
measure theory, I use concepts such as o-fields and L? spaces, and results
such as that L? convergent sequences have almost everywhere convergent
subsequences, and the Lebesgue dominated convergence theorem.
(Reference: [61].) From real analysis I need, at least, the facts about the
derivatives of absolutely continuous functions, and the Weierstrass poly-
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nomial approximation theorem. (Reference: [120].) From complex analysis
I need such things as Taylor and Laurent series, subuniform convergence,
and the maximum modulus principle. (Reference: [26].)

This is not an introduction to Hilbert space theory. Some knowledge of
that subject is a prerequisite; at the very least, a study of the elements of
Hilbert space theory should proceed concurrently with the reading of this
book. Ideally the reader should know something like the first two chapters
of [50].

I tried to indicate where I learned the problems and the solutions and
where further information about them is available, but in many cases I could
find no reference. When I ascribe a result to someone without an accompany-
ing bracketed reference number, I am referring to an oral communication
or an unpublished preprint. When I make no ascription, I am not claiming
originality ; more than likely the result is a folk theorem.

The notation and terminology are mostly standard and used with no
explanation. As far as Hilbert space is concerned, I follow [50], except in a
few small details. Thus, for instance, I now use f'and g for vectors, instead
of x and y (the latter are too useful for points in measure spaces and such),
and, in conformity with current fashion, I use *‘kernel” instead of “null-
space”. (The triple use of the word, to denote (1) null-space, (2) the con-
tinuous analogue of a matrix, and (3) the reproducing function associated
with a functional Hilbert space, is regrettable but unavoidable; it does not
seem to lead to any confusion.) Incidentally kernel and range are abbreviated
as ker and ran, their orthogonal complements are abbreviated as ker* and
rant, dimension is abbreviated as dim, and determinant and trace are
abbreviated as det and tr. Real and imaginary parts are denoted, as usual,
by Re and Im. The “signum” of a complex number z, i.e., z/| z| or 0 according
asz # 0 or z = 0, is denoted by sgn z.

The zero subspace of a Hilbert space is denoted by 0, instead of the correct,
pedantic {0}. (The simpler notation is obviously more convenient, and it is
not a whit more illogical than the simultaneous use of the symbol “0”
for a number, a function, a vector, and an operator. I cannot imagine any
circumstances where it could lead to serious error. To avoid even a momen-
tary misunderstanding, however, I write {0} for the set of complex numbers
consisting of 0 alone.) The co-dimension of a subspace is the dimension of
its orthogonal complement (or, equivalently, the dimension of the quotient
space it defines). The symbols \/ (as a prefix) and v (as an infix) are used to
denote spans, so that if M is an arbitrary set of vectors, then \/ M is the
smallest closed linear manifold that includes M; if M and N are sets of
vectors, then M v N is the smallest closed linear manifold that includes both
M and N; and if {M;} is a family of sets of vectors, then \/; M; is the smallest
closed linear manifold that includes each M;. Subspace, by the way, means
closed linear manifold, and operator means bounded linear transformation.

The arrow in a symbol such as f, — findicates that a sequence {f,} tends
to the limit £; the barred arrow in x +— x? denotes the function ¢ defined by
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©(x) = x%. (Note that barred arrows “ bind " their variables, just as integrals
in calculus and quantifiers in logic bind theirs. In principle equations such as
(x = x?)(y) = y* make sense.)

Since the inner product of two vectors f and g is always denoted by
(/. g), another symbol is nceded for their ordered pair; I use {f, g). This
leads to the systematic use of the angular bracket to enclose the coordinates
of a vector, as in {fy, f. fy,...>. In accordance with inconsistent but
widely accepted practice, I use braces to denote both sets and sequences;
thus {x} is the set whose only element is x, and {x,} is the sequence whose
n-th term is x,, n = 1, 2, 3, - - -. This could lead to confusion, but in context
it does not seem to do so. For the complex conjugate of a complex number
z, I use z*. This tends to make mathematicians nervous, but it is widely
used by physicists, it is in harmony with the standard notation for the
adjoints of operators, and it has typographical advantages. (The image of a
set M of complex numbers under the mapping z +— z* is M*; the symbol M
suggests topological closure.)

Operator theory has made much progress since the first edition of this
book appeared in 1967. Some of that progress is visible in the difference
between the two editions. The journal literature needs time, however, to
ripen, to become understood and simplified enough for expository pre-
sentation in a book of this sort, and much of it is not yet ready for that. Even
in the part that is ready, I had to choose; not everything could be fitted in.
I omitted beautiful and useful facts about essential spectra, the Calkin
algebra, and Toeplitz and Hankel operators, and 1 am sorry about that.
Maybe next time.

The first edition had 199 problems; this one has 199 — 9 + 60. I hope
that the number of incorrect or awkward statements and proofs is smaller
in this edition. In any event, something like ten of the problems (or their
solutions) were substantially revised. (Whether the actual number is 8 or 9
or 11 or 12 depends on how a *‘substantial” revision is defined.) The new
problems have to do with several subjects; the three most frequent ones are
total sets of vectors, cyclic operators, and the weak and strong operator
topologies. '

Since I have been teaching Hilbert space by the problem method for many
years, I owe thanks for their help to more friends among students and
colleagues than I could possibly name here. I am truly grateful to them all
just the same. Without them this book could not exist; it is not the sort of

book that could have been written in isolation from the mathematical

community. My special thanks are due to Ronald Douglas, Eric Nordgren,
and Carl Pearcy for the first edition, and Donald Hadwin and David Schwab

for the second. Each of them read the whole manuscript (well, almost the
whole manuscript) and stopped me from making many foolish mistakes.

Santa Clara University P.R.H.
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CHAPTER 1

Vectors

1. Limits of quadratic forms. The objects of chief interest in the study of a
Hilbert space are not the vectors in the space, but the operators on it. Most
people who say they study the theory of Hilbert spaces in fact study operator
theory. The reason is that the algebra and geometry of vectors, linear func-
tionals, quadratic forms, subspaces, and the like are easier than operator
theory and are pretty well worked out. Some of these easy and known things
are useful and some are amusing; perhaps some are both.

Recall to begin with that a bilinear functional on a complex vector space H
is sometimes defined as a complex-valued function on the Cartesian product
of H with itself that is linear in its first argument and conjugate linear in the
second; cf. [50, p. 12]. Some mathematicians, in this context and in other
more general ones, use ‘“semilinear” instead of *‘conjugate linear™, and,
incidentally, *“form™ instead of *‘functional’. Since “sesqui”’ means “one
and a half” in Latin, it has been suggested that a bilinear functional is
more accurately described as a sesquilinear form.

A quadratic form is defined in [50] as a function ¢~ associated with a
sesquilinear form ¢ via the equation ¢ ~(f) = ¢(/, f). (The symbol ¢ is used
there instead of ¢ ~.) More honestly put, a quadratic form is a function y for
which there exists a sesquilinear form ¢ such that ¥(f) = ¢(f, f). Such an
existential definition makes it awkward to answer even the simplest algebraic
questions, such as whether the sum of two quadratic forms is a quadratic
form (yes), and whether the product of two quadratic forms is a quadratic
form (no).

Problem 1. Is the limit of a sequence of quadratic forms a quadratic
form?
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2. Schwarz inequality. One proof of the Schwarz inequality consists of the
verification of one line, namely:

L
lgl’?

It might perhaps be more elegant to multiply through by |lg|l%, so that
the result should hold for g = 0 also, but the identity seems to be more
perspicuous in the form given. This one line proves also that if the in-
equality degenerates to an equality, then f and g are linearly dependent.
The converse is trivial: if f and g are linearly dependent, then one of them
is a scalar multiple of the other, say g = af, and then both |(f, g)|* and
(f, ) - @, 9) are equal to |x*(f, )*.

This proof of the Schwarz inequality does not work for sesquilinear
forms unless they are strictly positive. What are the facts? Is strict positive-
ness necessary?

112 1gh? = 1( 91 = — g% - (/. 9)g|

Problem 2. If ¢ isa positive, symmetric, sesquilinear form, is it necessarily
true that

lo(f, 91 < o(f, ) ¢(g, 9)
for all f and g?

3. Representation of linear functionals. The Riesz representation theorem
says that to each bounded linear functional £ on a Hilbert space H there
corresponds a vector g in H such that £(f) = (f, g) for all f. The state-
ment is “invariant” or *‘coordinate-free”, and therefore, according to
current mathematical ethics, it is mandatory that the proof be such. The
trouble is that most coordinate-free proofs (such as the one in [50, p. 32])
are so elegant that they conceal what is really going on.

Problem 3. Find a coordinatized proof of the Riesz representation
theorem.

4. Strict convexity. In a real vector space (and hence, in particular, in a
complex vector space) the segment joining two distinct vectors f and g
is, by definition, the set of all vectors of the form ¢f + (I — r)g, where
0 <t < 1. A subset of a real vector space is convex if, for each pair of
vectors that it contains, it contains all the vectors of the segment joining
them. Convexity plays an increasingly important role in modern vector
space theory. Hilbert space is so rich in other, more powerful, structure,
that the role of convexity is sometimes not so clearly visible in it as in other
vector spaces. An easy example of a convex set in a Hilbert space is the
unit ball, which is, by definition, the set of all vectors f with || f]| £ I.
Another example is the open unit ball, the set of all vectors f with || f|| < 1.
(The adjective “closed” can be used to distinguish the unit ball from its

4



VECTORS

open version, but is in fact used only when unusual emphasis is necessary.)
These examples are of geometric interest even in the extreme case of a
(complex) Hilbert space of dimension 1; they reduce then to the closed
and the open unit disc, respectively, in the complex plane.

If h = tf + (1 — 1)g is a point of the segment joining two distinct vectors
fand g, and if 0 < ¢ < | (the emphasis is that ¢ # 0 and ¢ # 1), then A is
called an interior point of that segment. If a point of a convex set does not
belong to the interior of any segment in the set, then it is called an extreme
point of the set. The extreme points of the closed unit disc in the complex
plane are just the points on its perimeter (the unit circle). The open unit disc
in the complex plane has no extreme points. The set of all those complex
numbers z for which |Rez| + |Imz| £ 1 is convex (it consists of the
interior and boundary of the square whose vertices are 1, i, —1, and —i);
this convex set has just four extreme points (namely 1, i, —1, and —i).

A closed convex set in a Hilbert space is called strictly convex if all its
boundary points are extreme points. The expression “boundary point” is
used here in its ordinary topological sense. Unlike convexity, the concept of
strict convexity is not purely algebraic. It makes sense in many spaces other
than Hilbert spaces, but in order for it to make sense the space must have a
topology, preferably one that is properly related to the linear structure. The
closed unit disc in the complex plane is strictly convex.

Problem 4. The unit ball of every Hilbert space is strictly convex.

The problem is stated here to call attention to a circle of ideas and to
prepare the ground for some later work. No great intrinsic interest is claimed
for it; it is very easy.

5. Continuous curves. An infinite-dimensional Hilbert space is even roomier
than it looks; a striking way to demonstrate its spaciousness is to study con-
tinuous curves in it. A continuous curve in a Hilbert space H is a continuous
function from the closed unit interval into H; the curve is simple if the
function is one-to-one. The chord of the curve f determined by the param-
eter interval [a, b] is the vector f(b) — f(a). Two chords, determined by
the intervals [a, b] and [c, d], are non-overlapping if the intervals [a, b]
and [c, d] have at most an end-point in common. If two non-overlapping
chords are orthogonal, then the curve makes a right-angle turn during the
passage between their farthest end-points. If a curve could do so for every
pair of non-overlapping chords, then it would seem to be making a sudden
right-angle turn at each point, and hence, in particular, it could not have
a tangent at any point.

Problem 5. Construct, for every infinite-dimensional Hilbert space, a
simple continuous curve with the property that every two non-overlapping
chords of it are orthogonal.
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6. Uniqueness of crinkled arcs. It is an interesting empirical fact that the
example of a “crinkled arc™ (that is, a simple continuous curve with every
two non-overlapping chords orthogonal—cf. Solution §) is psychologically
unique; everyone who tries it seems to come up with the same answer. Why is
that ? Surely there must be a reason, and, it turns out, there is a good one. The
reason is the existence of a pleasant and strong uniqueness theorem, dis-
covered by G. G. Johnson [80]; for different concrete representations, see
[81] and [146].

There are three trivial senses in which crinkled arcs are not unique. (1)
Translation: fix a vector f, and replace the arc f by f + f;. Remedy:
normalize so that f(0) = 0. (2) Scale: fix a positive number « and replace the
arc f by of. Remedy: normalize so that || f(1)]| = 1. (3) Span: fix a Hilbert
space H, and replace H (the range space of ) by H @ H,. Remedy: nor-
malize so that the span of the range of f is H. In what follows a crinkled
arc will be called normalized in case all three of these normalizations have
been applied to it.

There are two other useful ways in which one crinkled arc can be changed
into another. One is reparametrization: fix an increasing homeomorphism ¢
of [0, 1] onto itself and replace f by f o ¢. The other is unitary equiva-
lence: fix a unitary operator U on H and replace f by Uf. Miracle: that’s
all,

Problem 6. Any two normalized crinkled arcs are unitarily equivalent
to reparametrizations of one another.

7. Linear dimension. The concept of dimension can mean two different
things for a Hilbert space H. Since H is a vector space, it has a linear dimen-
sion; since H has, in addition, an inner product structure, it has an ortho-
gonal dimension. A unified way to approach the two concepts is first to
prove that all bases of H have the same cardinal number, and then to de-
fine the dimension of H as the common cardinal number of all bases; the
difference between the two concepts is in the definition of basis. A Hamel
basis for H (also called a linear basis) is a maximal linearly independent
subset of H. (Recall that an infinite set is called linearly independent if
each finite subset of it is linearly independent. It is true, but for present
purposes irrelevant, that every vector is a finite linear combination of the
vectors in any Hamel basis.) An orthonormal basis for H is a maximal
orthonormal subset of H. (The analogues of the finite expansions appro-
priate to the linear theory are the Fourier expansions always used in
Hilbert space.)

Problem 7. Does there exist a Hilbert space whose linear dimension is
Ro?

8. Totalsets. A subset of a Hilbert space is total if its span is the entire space.
(Generalizations to Banach spaces, and, more generally, to topological vector
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spaces are immediate.) Can a set be so imperturbably total that the removal of
any single element always leaves it total? The answer is obviously yes: any
dense set is an example. This is not surprising but some of the behavior of
total sets is.

Problem 8. There exists a total set in a Hilbert space that continues to be
total when any one element is omitted but ceases to be total when any two
elements are omitted.

9. Infinitely total sets. The statement of Problem 8 has a natural broad
generalization: for each non-negative integer n, there exists a total set in
Hilbert space that continues to be total when any n of its elements are
omitted but ceases to be total when any n + 1 elements are omitted. The
result is obvious for n = 0: any orthonormal basis is an example. For n = 1,
the statement is the one in Problem 8. The generalization (unpublished)
was discovered and proved by R. F. Wiser in 1974,

Can a set be such that the removal of every finite subset always leaves it
total? (Note: the question is about sets, not sequences. It is trivial to con-
struct an infinite sequence such that its terms form a total set and such that
this remains true no matter how many terms are omitted from the beginning,
Indeed: let {fy, f;, f2,...} be a total set, and form the sequence
<f09f0’fl’f0’flvf2’f09fl’f2’f3! ot >) A sharper way to formulate what
is wanted is to ask whether there exists a linearly independent total set
that remains total after the omission of each finite subset.

The answer is yes; one way to see it is to construct a linearly independent
dense set. To do that, consider a countable base {E,, E,, - - -} for the norm
topology of a separable infinite-dimensional Hilbert space (e.g., the open
balls with centers at a countable dense set and rational radii). To get an
inductive construction started, choose a non-zero vector f; in E,. For the
induction step, given f; in E;, j=1,---,n, so that {f,, -, f,} is linearly
independent, note that E,., is not included in \/{f,, -, f;} (because,
for instance, the span is nowhere dense), and choose f,,, so that it is in
E,. butnotin \/{f,,---, f,}.

Another example of an “infinitely total” set, in some respects simpler, but
needing more analytic machinery, is the set of all powers f, in L3(0, 1) (i.e.,
SH(x)=x"n=0,1,2,...). See Solution 11.

Problem 9. If a set remains total after the omission of each finite subset,
then it has at least one infinite subset whose omission leaves it total also.

10. Infinite Vandermondes. The Hilbert space /* consists, by definition, of all
infinite sequences £y, &,, &,, - --) of complex numbers such that

T 1& 1 < .
n=0

7
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The vector operations are coordinatewise and the inner product is defined
by
(<€0’ éh 521 o ’>- <"0# Ny Nas e >) = Zoénﬂn*'
Problem 10.1f0 < |a| < 1, and if
ﬁ=<lvaksa2k9a3k1"'>e k=19273,“',

determine the span of the set of all ;s in 1. Generalize (to other collections
of vectors), and specialize (to finite-dimensional spaces).

11 11. T-total sets.

Problem 11. Does there exist an infinite total set such that every infinite
subset of it is total?

12 12. Approximate bases.

Problem 12. If {e,,e,, e, - -} isan orthonormal basis for a Hilbert space
H,and if {1\, f3, f3, - - +} is an orthonormal set in H such that

a0
Y lle; = fill? < o,
j=1
then the vectors f; span H (and hence form an orthonormal basis for H).
This is a hard one. There are many problems of this type; the first one is

apparently due to Paley and Wiener. For a related cxposition, and detailed
references, see [114, No. 86]. The version above is discussed in [14].



CHAPTER 2

Spaces

13. Vector sums. If M and N are orthogonal subspaces of a Hilbert space,
then M + Nisclosed (and therefore M + N = M v N). Orthogonality may
be too strong an assumption, but it is sufficient to ensure the conclusion. It is
known that something is necessary; if no additional assumptions are made,
then M + N need not be closed (see [50, p. 28], and Problems 52-55 below).
Here is the conclusion under another very strong but frequently usable
additional assumption.

Problem 13. If M is a finite-dimensional linear manifold in a Hilbert
space H, and if N is a subspace (a closed linear manifold) in H, then the
vector sum M + N is necessarily closed (and is therefore equal to the
span M v N).

The result has the corollary (which it is also easy to prove directly) that
every finite-dimensional linear manifold is closed; just put N = 0.

14. Lattice of subspaces. The collection of all subspaces of a Hilbert space
is a lattice. This means that the collection is partially ordered (by inclusion),
and that any two elements M and N of it have a least upper bound or
supremum (namely the span M v N) and a greatest lower bound or infi-
mum (namely the intersection M n N). A lattice is called distributive if
(in the notation appropriate to subspaces)

LoMvN)=(LAM)v(LAN)

identically in L, M, and N.
There is a weakening of this distributivity condition, called modularity;
a lattice is called modular if the distributive law, as written above, holds at
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least when N « L. In that case, of course, LA N = N, and the identity
becomes

LAnMvN)=(LnAnM)VN

(with the proviso N < L still in force).

Since a Hilbert space is geometrically indistinguishable from any other
Hilbert space of the same dimension, it is clear that the modularity or
distributivity of its lattice of subspaces can depend on its dimension only.

Problem 14. For which cardinal numbers m is the lattice of subspaces
of a Hilbert space of dimension m modular? distributive?

15. Vector sums and the modular law. Two possible kinds of misbehavior for
subspaces are connected with each other; if one of them is ruled out, then the
other one cannot happen either.

Problem 1S5. For subspaces M and N of a Hilbert space, the vector
sum M + N is closed if and only if the modular equation

LAMvN=(LnM)VvN

is true whenever N < L.

16. Local compactness and dimension. Many global topological questions
are easy to answer for Hilbert space. The answers either are a simple yes or no,
or depend on the dimension. Thus, for instance, every Hilbert space is con-
nected, but a Hilbert space is compact if and only if it is the trivial space with
dimension 0. The same sort of problem could be posed backwards: given
some information about the dimension of a Hilbert space (e.g., that it is
finite), find topological properties that distinguish such a space from
Hilbert spaces of all other dimensions. Such problems sometimes have
useful and elegant solutions.

Problem 16. A Hilbert space is locally compact if and only if it is finite-
dimensional.

17. Separability and dimension.
Problem 17. A Hilbert space H is separable if and only if dim H < N,.

18. Measure in Hilbert space. Infinite-dimensional Hilbert spaces are
properly regarded as the most successful infinite-dimensional generaliza-
tions of finite-dimensional Euclidean spaces. Finite-dimensional Euclidean
spaces have, in addition to their algebraic and topological structure, a
measure; it might be useful to generalize that too to infinite dimensions.
Various attempts have been made to do so (see [92] and [132]). The un-
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sophisticated approach is to seek a countably additive set function u defined
on (at least) the collection of all Borel sets (the o-field generated by the
open sets), so that 0 £ u(M) £ o for all Borel sets M. (Warning: the
parenthetical definition of Borel sets in the preceding sentence is not the
same as the one in [61].) In order that u be suitably related to the other
structure of the space, it makes sense to require that every non-empty open
set have positive measure and that measure be invariant under translation.
(The second condition means that u(f + M) = u(M) for every vector f
and for every Borel set M.) If, for now, the word *‘measure” is used to
describe a set function satisfying just these conditions, then the following
problem indicates that the unsophisticated approach is doomed to fail.

Problem 18. For each measure in an infinite-dimensional Hilbert space,
the measure of every non-empty ball is infinite.

1
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CHAPTER 3

Weak Topology

19. Weak closure of subspaces. A Hilbert space is a metric space, and, as
such, it is a topological space. The metric topology (or norm topology) of a
Hilbert space s often called the strong topology. A base for the strong topology
is the collection of open balls, i.e., sets of the form

{20 = foll <}

where f,, (the center) is a vector and ¢ (the radius) is a positive number.

Another topology, called the weak topology, plays an important role in the
theory of Hilbert spaces. A subbase (not a base) for the weak topology is the
collection of all sets of the form

{f1( = fo.90)] <&}

It follows that a base for the weak topology is the collection of all sets of the
form

(S = forg)l <&i=1,--,k},

where k is a positive integer, fy,9g,, -, g, are vectors, and ¢ is a positive
number.

Facts about these topologies are described by the grammatically appro-
priate use of “weak’ and *‘strong”. Thus, for instance, a function may be
described as weakly continuous, or a sequence as strongly convergent; the
meanings of such phrases should be obvious. The use of a topological word
without a modifier always refers to the strong topology; this convention has
already been observed in the preceding problems.

Whenever a set is endowed with a topology, many technical questions
automatically demand attention. (Which separation axioms does the space
satisfy? Is it compact? Is it connected?) If a large class of sets is in sight (for

12
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example, the class of all Hilbert spaces), then classification problems arise.
(Which ones are locally compact? Which ones are separable?) If the set (or
sets) already had some structure, the connection between the old structure
and the new topology should be investigated. (Is the closed unit ball com-
pact? Are inner products continuous?) If, finally, more than one topology
is considered, then the relations of the topologies to one another must be
clarified. (Is a weakly compact set strongly closed?) Most such questions,
though natural, and, in fact, unavoidable, are not likely to be inspiring;
for that reason most such questions do not appear below. The questions
that do appear justify their appearance by some (perhaps subjective) test,
such as a surprising answer, a tricky proof, or an important application.

Problem 19. Every weakly closed set is strongly closed, but the converse
is not true. Nevertheless every subspace of a Hilbert space (i.e., every
strongly closed linear manifold) is weakly closed.

20. Weak continuity of norm and inner product. For each fixed vector g, the
function f +— (f, g) is weakly continuous; this is practically the definition of
the weak topology. (A sequence, or a net, { f,} is weakly convergent to f'if and
only if (f,,g) — (f, g) for each g.) This, together with the (Hermitian)
symmetry of the inner product, implies that, for each fixed vector f, the
function g — (f, g) is weakly continuous. These two assertions between them
say that the mapping from ordered pairs {f, g) to their inner product (f, g) is
separately weakly continuous in each of its two variables.

It is natural to ask whether the mapping is weakly continuous jointly in its
two variables, but it is easy to see that the answer is no. A counterexample
has already been seen, in Solution 19; it was used there for a slightly
different purpose. If {e, e,, e;, - - -} is an orthonormal sequence, then
e, = 0 (weak), but (e,, e,) = 1 for all n. This example shows at the same
time that the norm is not weakly continuous. It could, in fact, be said that
the possible discontinuity of the norm is the only difference between weak
convergence and strong convergence: a weakly convergent sequence (or
net) on which the norm behaves itself is automatically strongly convergent.

Problem 20. If f, — f (weak) and | f,|| = || f |, then f, = f (strong).

21. Semicontinuity of norm. The misbehavior of the example that shows the
weak discontinuity of norm (Problem 20) is at the top, so to speak: norm fails
to be upper semicontinuous. Definition: a real-valued function on a
topological space is upper semicontinuous if

limsup ¢(x,) S ¢(x)
n
whenever x, — x (sequence or net); similarly ¢ is lower semicontinuous if

o(x) < liminf ¢(x,)
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whenever x, — x. (Here is how to remember which way the inequalities must
point: always liminf, ¢(x,) < limsup, ¢(x,), so that if ¢ is both lower and
upper semicontinuous, then liminf and limsup are forced to be equal, which is
a characteristic property of continuity.) Misbehavior at the bottom cannot
occur. -

Problem 21. Norm is weakly lower semicontinuous.

Explicitly: if f, — f (weak), then || f{| < liminf, || f,|. Equivalently: for
every ¢ > 0, there exists an n, such that | |} £ || f,ll + ¢ whenever n 2 n,.

22. Weak separability. Since the strong closure of every set is included in its
weak closure (see Solution 19), it follows that if a Hilbert space is separable
(that is, strongly scparable), then it is weakly separable. What about the
converse?

Problem 22. Is every weakly separable Hilbert space separable?
23. Weak compactness of the unit ball.
Problem 23. The closed unit ball in a Hilbert space is weakly compact.

The result is sometimes known as the Tychonoff-Alaoglu theorem. It is
as hard as it is important,. It is very important.

24. Weak metrizability of the unit ball. Compactness is good, but even
compact sets are better if they are metric. Once the unit ball is known to be
weakly compact, it is natural to ask if it is weakly metrizable also.

Problem 24. Is the weak topology of the unit ball in a separable Hilbert
space metrizable?

25. Weak closure of the unit sphere.

Problem 25. What is the weak closure of the unit sphere (i.e., of the set of
all unit vectors)? If a set is weakly dense in a Hilbert space, does it follow
that its intersection with the unit ball is weakly dense in the unit ball?

26. Weak metrizability and separability.

Problem 26. If the weak topology of the unit ball in a Hilbert space H is
metrizable, must H be separable?

27. Uniform boundedness. The celebrated * principle of uniform bounded-
ness” (true for all Banach spaces) is the assertion that a pointwise bounded
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collection of bounded linear functionals is bounded. The assumption and the
conclusion can be expressed in the terminology appropriate to a Hilbert space
H as follows. The assumption of pointwise boundedness for a subset T of
H could also be called weak boundedness; it means that for each fin H there
exists a positive constant a(f) such that |(f, g)| S «(f) for all g in T. The
desired conclusion means that there exists a positive constant f such that
I(f, 9! < Bl f1 for all fin H and all g in T; this conclusion is equivalent to
lgll < B for all g in T. It is clear that every bounded subset of a Hilbert
space is weakly bounded. The principle of uniform boundedness (for
vectors in a Hilbert space) is the converse: every weakly bounded set is
bounded. The usual proof of the general principle is a mildly involved
category argument. A standard reference for a general treatment of the
principle of uniform boundedness is [39, p. 49].

Problem 27. Find an elementary proof of the principle of uniform
boundedness for Hilbert space.

(In this context a proof is “elementary” if it does not use the Baire
category theorem.)

A frequently used corollary of the principle of uniform boundedness is the
assertion that a weakly convergent sequence must be bounded. The proof is
completely elementary: since convergent sequences of numbers are bounded,
it follows that a weakly convergent sequence of vectors is weakly bounded.
Nothing like this is true for nets, of course. One easy generalization of the
sequence result that is available is that every weakly compact set is bounded.

Reason: for each f, the map g — (f, g) sends the g’s in a weakly compact set
onto a compact and therefore bounded set of numbers, so that a weakly
compact set is weakly bounded.

28. Weak metrizability of Hilbert space. Some of the preceding results,
notably the’'weak compactness of the unit ball and the principle of uniform
boundedness, show that for bounded sets the weak topology is well behaved.
For unbounded sets it is not.

Problem 28. Theweak topology of aninfinite-dimensional Hilbert space is
not metrizable.

The shortest proof of this is tricky.

29. Linear functionals on /2, If
gy 23, 03, € and (B, By, B3, -+ D€l
then
a1y, a2 By, a3 B3, D el
15
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The following assertion is a kind of converse; it says that 1> sequences are the
only ones whose product with every I* sequence is in I'.

Problem 29. If Y, |a,f,| < oo whenever ) ,|a,|* < co, then
Y 1B < .

30. Weak completeness. A sequence {g,} of vectors in a Hilbert space is a
weak Cauchy sequence if (surely this definition is guessable) the numerical
sequence {(f, g,)} is a Cauchy sequence for each f in the space. Weak Cauchy
nets are defined exactly the same way: just replace “sequence” by “net”
throughout. To say of a Hilbert space, or a subset of one, that it is weakly
complete means that every weak Cauchy net has a weak limit (in the set under
consideration). If the conclusion is known to hold for sequences only, the
space is called sequentially weakly complete.

Problem 30. (a) Noinfinite-dimensional Hilbert space is weakly complete.
(b) Which Hilbert spaces are sequentially weakly complete?

16



CHAPTER 4

Analytic Functions

31. Analytic Hilbert spaces. Analytic functions enter Hilbert space theory
in several ways; one of their roles is to provide illuminating examples. The
typical way to construct these examples is to consider a region D (“region”
means a non-empty open connected subset of the complex plane), let u be
planar Lebesgue measure in D, and let A?(D) be the set of all complex-valued
functions that are analytic throughout D and square-integrable with respect
to u. The most important special case is the one in which D is the open unit
disc, D = {z:|z| < 1}; the corresponding function space will be denoted
simply by A%. No matter what D is, the set A%(D) is a vector space with
respect to pointwise addition and scalar multiplication. It is also an inner-
product space with respect to the inner product defined by

(fig) = Lf(z)g(z)* du2).

Problem 31. Is the space A*(D) of square-integrable analytic func-
tions on a region D a Hilbert space, or does it have to be completed
before it becomes one?

32. Basis for A%,

Problem 32. Ife,(z) = \/(n + 1)/n-2"for |z| < landn = 0,1,2, -,
then the e,’s form an orthonormal basis for A%. If f € A%, with Taylor
series Y oo 0, 2", then a, = \/(n + 1)/n(f,e,) forn=0,1,2,....

33. Real functions in H?. Except for size (dimension) one Hilbert space is
very like another. To make a Hilbert space more interesting than its
neighbors, it is necessary to enrich it by the addition of some external
structure. Thus, for instance, the spaces A%(D) are of interest because of
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the analytic properties of their elements. Another important Hilbert
space, known as H? (H is for Hardy this time), endowed with some struc-
ture not usually found in a Hilbert space, is defined as follows.

Let C be the unit circle (that means circumference) in the complex plane,
C = {z:|z| = 1}, and let u be Lebesgue measure (the extension of arc
length) on the Borel sets of C, normalized so that u(C) = | (instead of
wWCy=2mn). U efz)=2z" for |z]=1 (n=0,+1,+2,---), then, by
elementary calculus, the functions e, form an orthonormal set in L%(u);
it is an easy consequence of standard approximation theorems (e.g., the
Weierstrass theorem on approximation by polynomials) that the ¢,’s form
an orthonormal basis for L2, (Finite linear combinations of the e,’s are
called trigonometric polynomials.) The space H? is, by definition, the
subspace of L? spanned by the e,’s with n 2 0; equivalently H? is the
orthogonal complement in L? of {e_,,e_,,e_5,---}. A related space,
playing a role dual to that of H?, is the span of the ¢,’s with n < 0; it will
be denoted by H?'.

Fourier expansions with respect to the orthonormal basis {e,:n =0,
+1, +£2,-..} are formally similar to the Laurent expansions that occur in
analytic function theory. The analogy motivates calling the functions in H?
the analytic elements of L?; the elements of H" are called co-analytic. A
subset of H? (a linear manifold but not a subspace) of considerable technical
significance is the set H® of bounded functions in HZ; equivalently, H” is the
set of all those functions f in L® for which | fe,*du =0 (n= —1, =2,
—3,---). Similarly H! is the set of all those elements f of L' for which these
same equations hold. What gives H', H2, and H® their special flavor is the
structure of the semigroup of non-negative integers within the additive group
of all integers. ‘

It is customary to speak of the elements of spaces such as H', H?, and
H® as functions, and this custom was followed in the preceding para-
graph. The custom is not likely to lead its user astray, as long as the
qualification ‘““almost everywhere™ is kept in mind at all times. Thus
*“bounded” means “‘essentially bounded”, and, similarly, all statements
suchas “f = 0" or “fis real” or *“| f| = 1" are to be interpreted, when
asserted, as holding almost everywhere.

Some authors define the Hardy spaces so as to make them honest
function spaces (consisting of functions analytic on the unit disc). In that
approach (see Problem 35) the almost everywhere difficulties are still
present, but they are pushed elsewhere; they appear in questions (which
must be asked and answered) about the limiting behavior of the functions
on the boundary.

Independently of the approach used to study them, the functions in H? are
anxious to behave like analytic functions. The following statement is evidence
in that direction.

Problem 33. If f is a real function in H?, then f is a constant.
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34. Products in H2. The deepest statements about the Hardy spaces have to
do with their multiplicative structure. The following one is an easily accessible
sample.

Problem 34. The product of two functions in H? is in H'.

A kind of converse of this statement is true: it says that every function
in H! is the product of two functions in H2. (See [75, p. 52].) The direct
statement is more useful in Hilbert space theory than the converse, and the
techniques used in the proof of the direct statement are nearer to the ones
appropriate to this book.

35. Analytic characterization of H2. If fe H?, with Fourier expansion
S =320 06, then Y24 fa,]* < oo, and therefore the radius of conver-
gence of the power series ) = , #,22" is greater than or equal to 1. It follows
from the usual expression for the radius of convergence in terms of the coef-
ficients that the power series ) oo a,2" defines an analytic function fin
the open unit disc D. The mapping f — f (obviously linear) establishes a
one-to-one correspondence between H? and the set H? of those functions
analytic in D whose series of Taylor coefficients is square-summable.

Problem 35. If ¢ is an analytic function in the open unit disc, ¢(z) =
Y 002" and if o (2) = @(rz) for 0 <r < 1 and |z| = 1, then ¢, e H?
for each r; the series Y 2., |a, | converges if and only if the norms |,
are bounded.

Many authors define H? to be H?; for them, that is, H? consists of
analytic functions in the unit disc with square-summable Taylor series,
or, equivalently, with bounded concentric L? norms. If ¢ and ¢ are two
such functions, with @(z) = Yo @,z" and ¥(2) = Y% B.2", then the
inner product (¢, ¥) is defined to be ) 2o «,B,*. In view of the one-to-
one correspondence f— f between H? and A2, it all comes to the same
thing. If f € H?, its image f in H? may be spoken of as the extension of f
into the interior (cf. Solution 40). Since H® is included in H?, this concept
makes sense for elements of H® also; the set of all their extensions will be
denoted by H”®.

36. Functional Hilbert spaces. Many of the popular examples of Hilbert
spaces are called function spaces, but they are not. If a measure space has
a non-empty set of measure zero (and this is usually the case), then the L2
space over it consists not of functions, but of equivalence classes of
functions modulo sets of measure zero, and there is no natural way to
identify such equivalence classes with representative elements. There is,
however, a class of examples of Hilbert spaces whose elements are bona
fide functions; they will be called functional Hilbert spaces. A functional
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Hilbert space is a Hilbert space H of complex-valued functions on a (non-
empty) set X; the Hilbert space structure of H is related to X in two ways
(the only two natural ways it could be). It is required that (1) if fand g are
in H and if o and B are scalars, then (% + Bg)(x) = af(x) + Bg(x) for
each xin X, i.e., the evaluation functionals on H are linear, and (2) to each
x in X there corresponds a positive constant y,, such that | f(x)| < y,ll fl
for all f in H, i.e., the evaluation functionals on H are bounded. The
usual sequence spaces are trivial examples of functional Hilbert spaces
(whether the length of the sequences is finite or infinite); the role of X
is played by the index set. More typical examples of functional Hilbert
spaces are the spaces A2 and H? of analytic functions.

There is a trivial way of representing every Hilbert space as a functional
one. Given H, write X = H, and let H be the set of all those functions f on
X (=H) that are bounded conjugate-linear functionals. There is a natural
correspondence f +— f from H to H, defined by f(g) = (/. g) for all g in X.
By the Riesz representation theorem the correspondence is one-to-one; since
(f, ) depends linearly on f, the correspondence is linear. Write, by definition,
(f.d =9 (whence, in particular, W7l =1, it follows that H is a
Hilbert space. Since |f(9)l = |(f, ¢}l = I/1l - gl = I /1l - llgll, it follows
that H is a functional Hilbert space. The correspondence f — f between H
and H is a Hilbert space isomorphism.

Problem 36. Give an example of a Hilbert space of functions such that
the vector operations are pointwise, but not all the evaluation functionals
are bounded.

An early and still useful reference for functional Hilbert spaces is [5].

37. Kernel functions. If H is a functional Hilbert space, over X say, then
the linear functional f — f(y) on H is bounded for each y in X, and, con-
sequently, there exists, for each y in X, an element K of H such that f(y) =
(f, K,) for all f. The function K on X x X, defined by K(x, y) = K(x), is
called the kernel function or the reproducing kernel of H.

The most trivial examples of functional Hilbert spaces are obtained by
modifying the standard inner product in C*(n = 1, 2, 3, - - -). In other words,
start with X = {l,---, n}, and define the “standard” inner product of two
complex-valued functions f and g on X by (f,g) = Zi Sg(H*; to
“modify” it, consider a linear transformation 4 on C", and define (f, ¢)4
to be (Af, g). This definition yields a bona fide inner product if and only
if A4 is positive and invertible.

If H, is the vector space C" with inner product defined by the positive
linear transformation A, then H, is a functional Hilbert space; what is its
kernel function? For a convenient notation to express the answer in, consider
the standard orthonormal basis {e,,---,e,} in C" (Where efi) = J;;, the
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Kronecker delta). If the kernel function of H, is K, then
SO =(f,e) = (f, Kpa = (Af, K)) = (f, AK))

whenever feH, and j = 1,---, n. (Since A is positive, it is Hermitian.)
Consequence: AK; = ¢;, so that K; = 4™ '¢;, and it follows that

KGi,j) = K{) = (47 "¢, ).

In other words, the function K is the matrix of 4! with respect to the
standard basis.

Note that the Hermitian character of the function K persists in the
general case, in this sense:

K(x,y) = K)(x) = (K,, K,) = (K, K))* = (K, ()* = (K(y, x))*.

Problem 37. If {¢;} is an orthonormal basis for a functional Hilbert space
H, then the kernel function K of H is given by
K(x, y) = Y efx)efy)*.

J

What are the kernel functions of A? and of H??

The kernel functions of A2 and of H? are known, respectively, as the
Bergman kernel and the Szegd kernel.

38. Conjugation in functional Hilbert spaces. If f is an element of a
functional Hilbert space H, the complex conjugate f* may fail to belong
to H; the spaces H2 and H? yield examples. Call a functional Hilbert
space self-conjugate if it is closed under the formation of complex conju-
gates; an example is the sequence space /2. A more sophisticated example
is the set of all square-integrable complex harmonic functions in, say, the
unit disc. (The quickest way to describe complex harmonic functions is to
say that they are the functions of the form u + iv, where each of  and v
is the real part of some analytic function. Other classical definitions refer
to the solutions of Laplace’s equation, or, alternatively, to the mean value
property.)

The definition of functional Hilbert spaces requires a strong connection
between the unitary geometry of the space and the values of the functions the
space consists of. Is the postulated connection strong enough to extend to
complex conjugation? What does the question mean? Possible interpreta-
tion: is conjugation isometric?

Problem 38. Iffisan element of a self-conjugate functional Hilbert space,
does it follow that | f*| = || f1?

Whenever the answer is yes for all f in the space, then a routine polariza-
tion argument shows that (/'*, g*) = (/, g)* for all f and g.
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39. Continuity of extension.

Problem 39. The extensionmapping f — f(fromH?to H?)iscontinuous
not only in the Hilbert space sense, but also in the sense appropriate

~ to analytic functions. That is: if f, -~ [ in H? then [(2) - f(2) for
lz| < 1, and, in fact, the convergence is uniform on each disc {z:|z| S r},
O<r<l.

40. Radial limits.

Problem 40. [fan element fof H 2 is such that the corresponding analytic
function fin H? is bounded, then f is bounded, (i.e., f € H®).

41. Bounded approximation.
Problem 41. Iff e H*, does it follow that fis bounded?

42. Multiplicativity of extension.

" Problem 42. [s the mapping f +— fmultiplicative?

43. Dirichlet problem.
Problem 43. To each real function u in L* there corresponds a unique
real function v in L* such that (v, e5) = 0 and such that u + ive H2.
Equivalently, to each real u in L? there corresponds a unique f in H?

such that (f, eo) is real and such that Re f = u.

The relation between u and v is expressed by saying that they are conjugate
functions; alternatively, v is the Hilbert transform of u.
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CHAPTER 5

Infinite Matrices

44. Column-finite matrices. Many problems about operators on finite-
dimensional spaces can be solved with the aid of matrices; matrices reduce
qualitative geometric statements to explicit algebraic computations. Not
much of matrix theory carries over to infinite-dimensional spaces, and what
does is not so useful, but it sometimes helps.

Suppose that {¢;} is an orthonormal basis for a Hilbert space H. If 4 is an
operator on H, then each Ae; has a Fourier expansion,

Ae; =Y e
i

the entries of the matrix that arises this way are given by
ai_,- = (Ael, e")-

The index set is arbitrary here; it does not necessarily consist of positive
integers. Familiar words (such as row, column, diagonal) can nevertheless be
used in their familiar senses. Note that if, as usual, the first index indicates
rows and the second one columns, then the matrix is formed by writing the
coefficients in the expansion of Ae; as the j column.

The correspondence from operators to matrices (induced by a fixed basis)
has the usual algebraic properties. The zero matrix and the unit matrix are
what they ought to be, the linear operations on matrices are the obvious ones,
adjoint corresponds to conjugate transpose, and operator multiplication
corresponds to the matrix product defined by the familiar formula

Yy = ;“uﬁu-

There are several ways of showing that these sums do not run into con-
vergence trouble; here is one. Since a;, = (¢, A*e), it follows that for each
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fixed i the family {a;} is square-summable; since, similarly, §,; = (Be;, ¢,), it
follows that for each fixed j the family {8,;} is square-summable. Conclusion
(via the Schwarz inequality): for fixed i and j the family {ayp,;} is
(absolutely) summable.

It follows from the preceding paragraph that each row and each column of
the matrix of each operator is square-summable. These are necessary con-
ditions on a matrix in order that it arise from an operator; they are not
sufficient. (Example: the diagonal matrix whose n-th diagonal term is n.) A

_sufficient condition of the same kind is that the family of all entries be square-

summable; if, that is, Y, 3 |a;;|? < oo, then there exists an operator 4 such
that a;; = (Ae;, ¢;). (Proof: since | Y a;(f, e)I* £ Y o | |12 for each i
and each f, it follows that |} (¥, a;/(f, eeill® < D0 Y lay;1? - 1 £112) This
condition is not necessary. (Example: the unit matrix.) There are no elegant
and usable necessary and sufficient conditions. It is perfectly possible, of
course, to write down in matricial terms the condition that a lincar transforma-
tion is everywhere defined and bounded, but the result is neither elegant nor
usable. This is the first significant way in which infinite matrix theory differs
from the finite version: every operator corresponds to a matrix, but not every
matrix corresponds to an operator, and it is hard to say which ones do.

As long as there is a fixed basis in the background, the correspondence
from operators to matrices is one-to-one; as soon as the basis is allowed to
vary, one operator may be assigned many matrices. An enticing game is to
choose the basis so as to make the matrix as simple as possible. Here is a
sample theorem, striking but less useful than it looks. ‘

Problem 44. Every operator has a column-finite matrix. More precisely, if
A is an operator on a Hilbert space H, then there exists an orthonormal
basis {e;} for H such that, for each j, the matrix entry (Ae;, e;) vanishes
for all but finitely many i’s.

Reference: [141].

45. Schur test. While the algebra of infinite matrices is more or less reason-
able, the analysis is not. Questions about norms and spectra are likely to be
recalcitrant. Each of the few answers that is known is considered a respectable
mathematical accomplishment. The following result (due in substance to
Schur [129]) is an example.

Problem 45. If «,; 20, if p;>0 and q;>0 (i,j=0,1,2,--), and
if B and y are positive numbers such that

Z“.’jPi < Bq; G=012--)
Z aijqj é YDi (' = 01 11 27 ot '),
j
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then there exists an operator A (on a separable infinite-dimensional
Hilbert space, of course) with |A||* < Py and with matrix {a;;> (with
respect to a suitable orthonormal basis).

For a related result, and a pertinent reference, see Problem 173,
46. Hilbert matrix.

Problem 46. There exists an operator A (on a separable infinite-
dimensional Hilbert space) with | A|| £ mand withmatrix {1/ + j + 1))
(i,j=0,1,2,--2).

The matrix is named after Hilbert; the norm of the matrix is in fact equal to
n ([67, p. 226)).

47. Exponential Hilbert matrix. A matrix whose (i, j) entry is a function of
i + jonlyiscalled a Hankel matrix. Thus, for instance, the Hilbert matrix (see
Problem 46) is the Hankel matrix that corresponds to the function ¢
defined by o(x)=1/x+1) (e, o ;=0@(+j), i,j=0,1,2,---; the
main assertion of Problem 46 is that the matrix is “bounded” (meaning
that it is the matrix of some operator). The same question, and other
sharper ones, can be asked for other functions ¢. A pleasant function is
given by ¢(x) = 27**". In that case all questions have a simple answer.

Problem 47. The matrix (2-*/* VY is bounded. What is its norm?

48. Positivity of the Hilbert matrix. The exponential Hilbert matrix
(Problem 47) is Hermitian and its spectrum is positive (Solution 47); con-
sequence: the corresponding operator is positive. The classical Hilbert
matrix (Problem 46) is also Hermitian; its spectrum, however, is not quite so
easily visible.

Problem 48. Is the Hilbert matrix positive?

49. Series of vectors. If {a,} is a sequence of complex numbers and {f,} is a
sequence of vectors in a Hilbert space H, then the series ) , , f, sometimes
converges in H and sometimes does not. If, for instance, { f,} isan orthonormal
sequence, then a necessary and sufficient condition for the convergence of
Y %, J, is that the sequence x be in /2. If, for another example, H is the 1-
dimensional vector space of complex numbers, then a necessary and suf-
ficient condition that Y, |a, f,| < oo for every sequence {f,} in I? is, again,
that « be in /? (Problem 29).

For an interesting concrete question not covered by either of these
examples consider this one: if the functions f, in L?(0, 1) are defined by
Sx)=x"n=1,2--, and if Y,|a,* < 0, does it follow that the
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series Z,, a,f, converges in L2? It turns out that a general question along
these lines has an elegant and usable answer.

Problem 49. Under what conditions on a sequence {f,} of vectors in a

Hilbert space H does the series Y , a, f, converge in H for every sequence
. 129
ain *?
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CHAPTER 6

Boundedness and Invertibility

50. Boundedness on bases. Boundedness is a useful and natural condition,
but it is a very strong condition on a linear transformation. The condition has
a profound effect throughout operator theory, from its mildest algebraic
aspects to its most complicated topological ones. To avoid certain obvious
mistakes, it is important to know that boundedness is more than just the
conjunction of an infinite number of conditions, one for each element of a
basis. If A is an operator on a Hilbert space H with an orthonormal basis
{e,, e5, €3, - - -},thenthenumbers || 4¢, | arebounded; if, forinstance, 4] < 1,
then || Ae,|| < 1 for all n; and, of course, if A = O, then Ae, = O for all n. The
obvious mistakes just mentioned are based on the assumption that the con-
verses of these assertions are true.

Problem 50. (a) Give an example of an unbounded linear transformation
that is bounded on a basis. (b) Is there such an example that annihilates a
basis?(c) Is there such an example that is bounded on each basis? (d) Give
examples of operators of arbitrarily large norms that are bounded by 1 on
a basis. (e) Could all the operators in such an example be normal?

51. Uniform boundedness of linear transformations. Sometimes linear trans-
formations between two Hilbert spaces play a role even when the center
of the stage is occupied by operators on one Hilbert space. Much of the
two-space theory is an easy adaptation of the one-space theory.

If H and K are Hilbert spaces, a linear transformation 4 from H into K is
bounded if there exists a positive number a such that ||Af'| < «f f| for all fin
H; the norm of A, in symbols | 4]}, is the infimum of all such values of a.
Given a bounded linear transformation A, the inner product (4f, g) makes
sense whenever fis in H and g is in K; the inner product is formed in K.
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For fixed g the inner product defines a bounded linear functional of f,
and, consequently, it is identically equal to (f, §) for some § in H. The
mapping from g to § is the adjoint of A; it is a bounded linear transforma-
tion A* from K into H. By definition

(Af.9) = (/. A*9)

whenever f € H and g € K; here the left inner product is formed in K and the
right one in H. The algebraic properties of this kind of adjoint can be stated
and proved the same way as for the classical kind. An especially important
(but no less easily proved) connection between 4 and A* is that the
orthogonal complement of the range of A4 is equal to the kernel of A*;
since A** = A, this assertion remains true with 4 and 4* interchanged.
All these algebraic statements are trivialities; the generalization of the
principle of uniform boundedness from linear functionals to linear trans-
formations is somewhat subtler. The generalization can be formulated almost
exactly the same way as the special case: a pointwise bounded collection of
bounded lincar transformations is uniformly bounded. The assumption of
pointwise boundedness can bc formulated in a “weak™ manner and a
“strong” one. A set Q of linear transformations (from H into K) is weakly
bounded if for each fin H and cach g in K there exists a positive constant
a( f, g) such that [(Af, g)| £ «(f, ¢) for all A4 in Q. The set Q is strongly
bounded if for each f in H there exists a positive constant fi( f) such that
NAfI £ B(Sf) for all A in Q. It is clear that every bounded set is strongly
bounded and every strongly bounded set is weakly bounded. The principle of
uniform boundedness for linear transformations is the best possible converse.

Problem 51. Every weakly bounded set of bounded linear transformations
is bounded. :

52. Invertible transformations. A bounded linear transformation A4 from a
Hilbert space H to a Hilbert space K is invertible if there exists a bounded
lincar transformation B (from K into H) such that AB = | (=the identity
operator on K) and BA = | (=the identity operator on H). If A is invertible,
then A is a one-to-onc mapping of H onto K. In the sense of pure set theory the
converse is true: if A maps H one-to-one onto K, then there exists a unique
mapping A" from K to Hsuch that A4™"' = tand 47 '4 = |;the mapping
A~ !'is linear. It is not obvious, however, that the lincar transformation 4!
must be bounded; it is conceivable that A could be invertiblc as a set-theoretic
mapping but not invertible as an operator. To guarantee that 4 ™! is bounded
it is customary to strengthen the condition that 4 be one-to-one. The proper
strengthening is to require that A be bounded from below, i.e., that there exist
a positive number d such that [|Af|| = 8| f| for every fin H. (It is trivial to
verify that if 4 is bounded from below, then 4 is indeed one-to-one.) If that
strengthened condition is satisfied, then the other usual condition (onto) can
be weakened: the requirement that the range of 4 be equal to K can be
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replaced by the requirement that the range of 4 be dense in K. In sum: 4 is
invertible if and only if it is bounded from below and has a dense range (see
[50, p. 38]). Observe that the linear transformations 4 and 4* are invertible
together; if they are invertible, then each of 47! and 4*~ 'isthe adjoint of the
other.

It is perhaps worth a short digression to discuss the possibility of the range
of an operator not being closed, and its consequences. If, for instance, A4 is
defined on 12 by A <§lv 62’ 639 o '> = <€1’ %éb %éJa ot '>’ then the range of
A consists of all vectors

MMz, ---> with Y n?in,|* < oo

Since this range contains all finitely non-zero sequences, it is dense in 12 ; since,
however, it does not contain the sequence {1, 4, 4, -, it is not closed.
Another example: for f in L?(0, 1), define (Af)(x) = xf(x). These operators
are, of course, not bounded from below; if they were, their ranges would be
closed.

Operators with non-closed ranges can be used to give a very simple
example of two subspaces whose vector sum is not closed;; cf. [50, p. 110]. Let
A be an operator on a Hilbert space H; the construction itself takes place in
the direct sum H @ H. Let M be the “x-axis”, i.e., the set of all vectors (in
H @ H) of the form {f, 0), and let N be the “graph” of 4, i.e., the set of all
vectors of the form ([, Af>. It is trivial to verify that both M and N are
subspaces of H® H. When does < f, g) belong to M + N? The answer is if
and only if it has the form {u, 0) + (v, Av) = {u + v, Av);since uand v are
arbitrary, a vector in H @ H has that form if and only if its second co-
ordinate belongs to the range R of the operator 4. (In other words,
M+ N=H®R)Is M + N closed? This means: if {f,, g.> = {f, 9,
where f,€ H and g, € R, does it follow that fe H? (trivially yes), and
does it follow that ge R? (possibly no). Conclusion: M + N is closed
in H @ H if and only if R is closed in H. Since 4 can be chosen so that
R is not closed, the vector sum of two subspaces need not be closed either.

The theorems and the examples seem to indicate that set-theoretic in-
vertibility and operatorial invertibility are indeed distinct; it is one of the
pleasantest and most useful facts about operator theory that they are the same
after all.

Problem 52. If H and K are Hilbert spaces, and if A is a bounded linear
transformation that maps H one-to-one onto K, then A is invertible.

The corresponding statement about Banach spaces is usually proved by
means of the Baire category theorem. The result is a special case of the so-
called closed graph theorem; see Problem 58.

53. Diminishable complements. A complement of a subspace M in a
Hilbert space H is a subspace N suchthat MAN=0and Mv N=H.
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Problem 53. (a) It is possible for a subspace M to have a diminishable
complement N, in the sense that there exists another complement Ny, with
Ny € N, Ny # N. (b) Can a complement N be infinitely diminishable, in
the sense that there exists a complement N, with Ny N and
dim(N A Np) infinite?

The statement (a) is a generalization of the existence of non-closed vector
sums, i.e., the existence of subspaces M and Nsuchthat M v N# M + N,
Indeed, if N is a diminishable complement of M, then M v N cannot possibly
be equal to M + N. The reason is that the condition M n N = 0 implies the
uniqueness of the representation of a vector in the form f + g(f e M,g e N);
if any part of N is discarded, the rest cannot form a conspiracy with M to
recapture it.

54. Dimension in inner-product spaces. The statement that any two maximal
orthonormal sets have the same cardinal number is true for every inner
product space; the standard proof makes no use of completeness. Orthogonal
dimension can therefore be defined for every inner product space, word for
word as for Hilbert spaces (the common cardinal number of all maximal
orthonormal sets), but although it makes sense for “bad” inner-product
spaces, its properties are likely to be bad too.

Problem 54. There exists a linear manifold G dense in a Hilbert space H
such that dim G # dim H.

55. Total orthonormal sets. A total orthonormal set in an inner-product
space (not necessarily a Hilbert space) is maximal. A possible proof of the
converse goes as follows. Assume that {e;} is a maximal orthonormal set;
given an arbitrary vector f, form the Fourier expansion Z, (f, e;)e;; since the
difference f — Y ; (f, e))e; is orthogonal to each e;, usc maximality to infer
the desired conclusion. The crucial point in this proof is the formation of
Z,- (/, e))e;. Bessel's inequality guarantees that the terms are not too large to
be added, but completeness is needed to guarantee that the sum exists in the
space. (Cf. Solution 32.) Is this use of completeness an awkwardness in the
proof, or is it in the nature of things?

Problem 55. Is every maximal orthonormal set in an inner-product space
total?

56. Preservation of dimension. An important question about operators is
what do they do to the geometry of the underlying space. It is familiar
from the study of finite-dimensional vector spaces that a linear trans-
formation can lower dimension: the transformation 0, for an extreme
example, collapses every space to a 0O-dimensional one. If, however, a
linear transformation on a finite-dimensional vector space is one-to-one
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(i.e., its kernel is 0), then it cannot lower dimension; since the same can
be said about the inverse transformation (from the range back to the
domain), it follows that dimension is preserved. The following assertion
is, in a sense, the generalization of this finite-dimensional result to
arbitrary Hilbert spaces.

Problem 56. If there exists a one-to-one bounded linear transformation
from a Hilbert space H into a Hilbert space K, then dim H £ dim K. If
the image of H is dense in K, then equality holds.

§7. Projections of equal rank.

Problem 57. If P and Q are projections such that |P — Q| < |, then
P and Q have the same rank.

This is a special case of Problem 130.

58. Closed graph theorem. The graph of a linear transformation 4 (not
necessarily bounded) between inner product spaces H and K (not necessarily
complete) is the set of all those ordered pairs (f, g) (elements of H @ K) for
which Af = g. (The terminology is standard. It is curious that it should be so,
but it is. According to a widely adopted approach to the foundations of
mathematics, a function, by definition, is a set of ordered pairs satisfying a
certain univalence condition. According to that approach, the graph of A is A,
and it is hard to see what is accomplished by giving it another name. Never-
theless most mathematicians cheerfully accept the unnecessary word; at the
very least it serves as a warning that the same object is about to be viewed from
a different angle.) A linear transformation is called closed if its graph is a
closed set.

Problem 58. A linear transformation from a Hilbert space into a Hilbert
space is closed if and only if it is bounded.

The assertion is known as the closed graph theorem for Hilbert spaces;
its proof for Banach spaces is usually based on a category argument ([39,
p. 57]). The theorem does not make the subject of closed but unbounded
linear transformations trivial. Such transformations occur frequently in the
applications of functional analysis; what the closed graph theorem says
is that they can occur on incomplete inner-product spaces only (or non-
closed linear manifolds in Hilbert spaces).

59. Range inclusion and factorization. If an operator A is *left divisible ” by
an operator B, that is, if there exists an operator X such that 4 = BX, then
ran A < ran B. Is the converse true?
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Problem 59. Ifran A < ran B, does it follow that A is left divisible by B?

The corresponding question about right divisibility is different, and, as it
happens, easier to answer. If A is right divisible by B, then 4 is “ majorized ™
by B; that is, there exists a constant « such that |Af|| < «||Bf| for all f. (If
A = XB, then || X|| will do for a.) The converse is true; the proof is a straight-
forward geometric construction. Reference: [38].

60. Unbounded symmetric transformations. A linear transformation 4 (not
necessarily bounded) on an inner-product space H (not necessarily complete)
is called symmetric if (Af, g) = (f, Ag) for all f and g in H. It is advisable to
use this ncutral term (rather than *“Hermitian” or “self-adjoint "), because in
the customary approach to Hermitian operators (4 = A*) boundedness is an
assumption necessary for the very formulation of the definition. Is there really
a distinction here?

Problem 60. (a) Is a symmetric linear transformation on an inner-product
space H necessarily bounded? (b) What if H is a Hilbert space?
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Multiplication Operators

61. Diagonal operators. Operator theory, like every other part of mathe-
matics, cannot be properly studied without a large stock of concrete examples.
The purpose of several of the problems that follow is to build a stock of con-
crete operators, which can then be examined for the behavior of their
norms, inverses, and spectra.

Suppose, for a modest first step, that H is a Hilbert space and that {¢;} isa
family of vectors that constitute an orthonormal basis for H. An operator 4
is called a diagonal operator if Ae; is a scalar multiple of e;, say Ae; = a;e;,
for each j; the family {&;} may properly be called the diagonal of A.

It is sometimes convenient to use the symbol

diag{o, a;, %, )

to denote the diagonal operator with the indicated diagonal terms. The
definition of a diagonal operator depends, of course, on the basis {¢;}, but in
most discussions of diagonal operators a basis is (perhaps tacitly) fixed in
advance, and then never mentioned again. Alternatively, diagonal operators
can be characterized in invariant terms as normal operators whose eigen-
vectors span the space. (The proof of the characterization is an easy exercise.)
Usually diagonal operators are associated with an orthonormal sequence;
the emphasis is on both the cardinal nimber (Ny) and the order (w) of the
underlying index set. That special case makes possible the use of some con-
venient language (e.g., “ the first element of the diagonal ”) and the use of some
convenient techniques (e.g., constructions by induction).

Problem 61. A necessary and sufficient condition that a family {«;} be the
diagonal of a diagonal operator is that it be bounded; if it is bounded, then
the equations Ae; = «;e; uniquely determine an operator A, and ||A|| =
sup; ;]
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62. Multiplications on /*. Each sequence {a,} of complex scalars induces a
linear transformation A4 that maps /? into the vector space of all (not necessarily
square-summable) sequences; by definition

Ay, 62,83, = 8, 2385, 2385, 0.

Half of Problem 61 implies that if A is an operator (i.e., a bounded linear
transformation of * into itself), then the sequence {«,} is bounded. What
happens if the boundedness assumption on A is dropped?

Problem 62. Can an unbounded sequence of scalars induce a (possibly
unbounded) transformation of I* into itself?

The emphasis is that all [? is in the domain of the transformation, i.e., that
if (€, &5, &y, > €%, then (a, &y, %, &5, 23 &y, - ) € 1. The question should
be compared with Problem 29. That problem considered sequences that
multiply I into I' (and concluded that:they must belong to /?); this one
considers sequences that multiply /* into /> (and asks whether they must
belong to I°). See Problem 66 for the generalization to L2.

63. Spectrum of a diagonal operator. The set of all bounded sequences
{2,} of complex numbers is an algebra (pointwise operations), with unit
(a, = 1 for all n), with a conjugation ({a,} — {«,*}), and with a norm
({3 = sup,la,i). A bounded sequence {a,} will be called invertible if
it has an inverse in this algebra, i.e., if there exists a bounded sequence
{B,} such that a,B, = 1 for all n. A necessary and sufficient condition for
this to happen is that {«,} be bounded away from 0, i.e., that there exist a
positive number 6 such that {a,| = 6 for all n.

If H is a Hilbert spacc with an orthonormal basis {e,}, then it is easy to
verify that the correspondence {a,} — A, where A is the operator on H such
that Ae, = a,e, for all n, is an isomorphism (an embedding) of the sequence
algebra into the algebra of operators on H. The correspondence preserves not
only the familiar algebraic operations, but also conjugation; that is, if {«,} —
A, then {a,*} — A*. The correspondence preserves the norm also (see
Problem 61).

Problem 63. A diagonal operator with diagonal {a,} is an invertible oper-
ator if and only if the sequence {a,} is an invertible sequence. Conse-
quence: the spectrum of a diagonal operator is the closure of the set of its
diagonal terms.

The result has the following useful corollary: every non-empty compact
subset of the complex plane is the spectrum of some operator (and; in fact, of
some diagonal operator). Proof: find a sequence of complex numbers
dense in the prescribed compact set, and form a diagonal operator with
that sequence as its diagonal.
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64. Norm of a multiplication. Diagonal operators are special cases of a
general measure-theoretic construction. Suppose that X is a measure space
with measure p. If ¢ is a complex-valued bounded (i.e., essentially bounded)
measurable function on X, then the multiplication operator (or just multi-
plication, for short) induced by ¢ is the operator 4 on L(u) defined by

(Af)(x) = o(x)f(x)

for all x in X. (Here, as elsewhere in measure theory, two functions are
identified if they differ on a set of measure zero only. This applies to the
bounded ¢’s as well as to the square-integrable f’s.) If X is the set of all
positive integers and y is the counting measure (the measure of every set is
the number of elements in it), then multiplication operators reduce to
diagonal operators.

Problem 64. What, in terms of the multiplier @, is the norm of the multi-
plication induced by ¢?

65. Boundedness of muitipliers. Much of the theory of diagonal operators
extends to multiplication operators on measure spaces, but the details
become a little fussy at times. A sample is the generalization of the assertion
that if a sequence is the diagonal of a diagonal operator, then it is bounded.

Problem 65. If an operator A on L? (for a o-finite measure) is such that
Af = @ - f for all f in L? (for some function @), then ¢ is measurable
and bounded.

66. Boundedness of multiplications. Each complex-valued measurable
function ¢ induces a linear transformation 4 that maps L? into the vector
space of all (not necessarily square-integrable) measurable functions; by
definition (Af)(x) = ¢(x)f(x). Half of Problem 65 implies that if A4 is an
operator (i.e., a bounded linear transformation of L? into itself), then the
function ¢ is bounded. What happens if the boundedness assumption on 4 is
dropped?

Problem 66. Can an unbounded function induce a (possibly unbounded)
transformation of L? (for a o-finite measure) into itself ?

This is the generalization to measures of Problem 62.

67. Spectrum of a multiplication. Some parts of the theory of diagonal
operators extend to multiplication operators almost verbatim, as follows. The
set of all bounded measurable functions (identified modulo sets of measure
zero) is an algebra (pointwise operations), with unit (¢(x) = 1 for all x), with
a conjugation (¢ — ¢*), and with a norm (||¢||,). A bounded measurable
function is invertible if it has an inverse in this algebra, i.e., if there exists a
bounded measurable function y such that p(x){(x) = 1 for almost every x. A
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necessary and sufficient condition for this to happen is that ¢ be bounded
away from 0 almost everywhere, i.e., that there exist a positive number 8 such
that |@(x)| = & for almost every x.

The correspondence ¢ — A, where A is the multiplication operator defined
by (4f)(x) = ¢(x)f(x), is an isomorphism (an embedding) of the function
algebra into the algebra of operators on L2. The correspondence preserves not
only the familiar algebraic operations, but also the conjugation; that is, if
@ — A,then ¢* - A* If the measure is g-finite, the correspondence preserves
the norm also (see Solution 64).

The role played by the range of a sequence is played, in the general case, by
the essential range of a function ¢; by definition, that is the set of all complex
numbers 4 such that for each neighborhood N of A the set ¢ '(N) has
positive measure.

Problem 67. The multiplication operator on L* (for a a-finite measure)
induced by ¢ is an invertible operator if und only if ¢ is an invertible func-
tion. Consequence: the spectrum of a multiplication is the essential range
of the multiplier.

68. Multiplications on functional Hilbert spaces. If a function ¢ multiplies
L? into itself, then ¢ is necessarily bounded (Solution 66), and therefore
multiplication by ¢ is necessarily an operator on L. Are the analogues of
these assertions true for functional Hilbert spaces?

Problem 68. Suppose that His afunctional Hilbert space,over aset X say,
and suppose that ¢ is a complex-valued functiotion X suchthat ¢ - f € H
whenever [ € H. (a) If Af = ¢ - f,isthe linear transformation A bounded?
(b) If Af = ¢ - fand if A is bounded, is the function ¢ bounded?

69. Multipliers of functional Hilbert spaces. Suppose that H is a functional
Hilbert space over a set X. A function ¢ on X is a multiplier of Hif ¢ - f e H
for every f in H. Solution 68 says that every multiplier is bounded. It is fre-
quently interesting and important to determine all multipliers of a functional
Hilbert space.

For /2, the easiest infinite-dimensional space, it is easy to prove that a
necessary and sufficient condition that a function (i.e., a sequence) be a
multiplier is that it be bounded. In a certain sense the space /? has too many
multipliers: most of them do not belong to the space.

The space A% behaves differently: for it a necessary and sufficient condition
that a function be a multiplier is that it be bounded and belong to the space.
In a certain sense the space has too few multipliers: most of the functionsin the
space are not among them.

If X is finite and if H consists of all functions on X, then the set of multipliers
of H is neither too large nor too small: it consists exactly of the elements of H.
Can this happen for infinite-dimensional spaces?
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Problem 69. Construct an infinite-dimensional functional Hilbert space
H such that the multipliers of H are exactly the elements of H.

To say that every element of H is a multiplier is the same as to say that H is
closed under multiplication, i.e., that H is an algebra. The constant function I
is a multiplier of every H; hence, to say that every multiplier of H belongs to H
is the same as to say that 1 € H. If 1 € H, then, of course, the algebra H has a
unit, but trivial examples show that the converse is not true. Thus, the con-
struction of an infinite-dimensional functional Hilbert space that is an
algebra with unit (under pointwise functional multiplication) is not quite,
but almost, what the problem asks for.
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Operator Matrices

70. Commutative operator determinants. An orthonormal basis serves to
express a Hilbert space as the direct sum of one-dimensional subspaces. Some
of the matrix theory associated with orthonormal bases deserves to be
extended to more general direct sums. Suppose, to be specific, that H =
H, ®H, ® H; ® ---. (Uncountable direct sums work just as well, and
finite ones even better.) If the direct sum is viewed as an ‘‘internal” one,
so that the H,’s are subspaces of H, then the elements f of H are sums

S=h+La+ i+,
with f; in H;. If A is an operator on H, then
Af = Af, + Af; + Afs + -
Each Af;, being an element of H, has a decomposition:

Afj =91+ 925+ g3;+ -,

with g;; in H;. The g;'s depend, of course, on f;, and the dependence is linear
and continuous. It follows that

9ij = Aij J ;-
where 4;;is a bounded linear transformation from H; to H;. The construction

is finished: corresponding to each A on H there is a matrix {4;;>, whose
entry in row i and column j is the projection onto the i component of the
restriction of 4 to H;.

The correspondence from operators to matrices (induced by a fixed direct
decomposition) has all the right algebraic properties. If A = 0, then 4;; = 0
foralliand j;if A = | (on H), then 4;; = O when i # jand A; = 1 (on H)).
The linear operations on operator matrices are the obvious ones. The matrix
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of A* is the adjoint transpose of the matrix of A; that is, the matrix of A* has
the entry A;* in row i and column j. The multiplication of operators cor-
responds to the matrix product defined by ), A, B, ;. There is no convergence
trouble here, but there may be commutativity trouble; the order of the
factors must be watched with care.

The theory of operator matrices does not become trivial even if the number
of direct summands is small (say two) and even if all the direct summands are
identical. The following situation is the one that occurs most frequently: a
Hilbert space H is given, the role of what was H in the preceding paragraph is
played now by the direct sum H @ H, and operators on that direct sum are
expressed as two-by-two matrices whose entries are operators on H.

Problem 70. If A, B, C, and D are pairwise commutative operators on a
Hilbert space, then a necessary and sufficient condition that the operator

matrix
A B
C D

be invertible is that the formal determinant AD — BC be invertible.

71. Operator determinants. There are many situations in which the inverti-
bility of an operator matrix
' 4 B
C D

plays a central role but in which the entries are not commutative ; any special
case is worth knowing.

Problem 71. If C and D commute, and if D is invertible, then a necessary
.and sufficient condition that
A B
C D

be invertible is that AD — BC be invertible. Construct examples to show
that if the assumption that D is invertible is dropped, then the condition
becomes unnecessary and insufficient.

For finite matrices more is known (cf. [130]): if C and D commute, then

(€ »)

and AD — BC have the same determinant. The proof for the general case can
be arranged so as to yield this strengthened version for the finite-dimensional
case.
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72. Operator determinants with a finite entry. If A, B, and D are operators on
a Hilbert space H, then the operator matrix

A B
M3 o)
induces (is) an operator on H @ H, and (cf. Problem 71) if both A and D are
invertible, then M is invertible. The converse (if M is invertible, then 4 and D
are) is not true (see Problem 71 again).
Operator matrices define operators on direct sums of Hilbert spaces
whether the direct summands are identical or not. In at least one special case

of interest the converse that was false in the preceding paragraph becomes
true.

Problem 72. IfH and K are Hilbert spaces, with dimH < oo, and if
A B
M=
(6 o
is an invertible operator on H @ K. then both A and D are invertible.
Consequence: the spectrum of M is the union of the spectra of A and D.

Note that 4 operates on H, D operates on K, and B maps K into H.



CHAPTER 9

Properties of Spectra

73. Spectra and conjugation. It is often useful to ask of a point in the
spectrum of an operator how it got there. To say that A is in the spectrum of 4
means that A — A is not invertible. The question reduces therefore to this:
why is a non-invertible operator not invertible? There are several possible
ways of answering the question; they have led to several (confusingly over-
lapping) classifications of spectra.

Perhaps the simplest approach to the subject is to recall that if an operator
is bounded from below and has a dense range, then it is invertible. Con-
sequence: if spec A4 is the spectrum of A, if I1(4) is the set of complex
numbers 4 such that A — 4 is not bounded from below, and if ['(4) is the
set of complex numbers A such that the closure of the range of 4 — A isa
proper subspace of H (i.e., distinct from H), then '

spec A = [1(A4) u I'(A4).

The set I1(4) is called the approximate point spectrum of A; a number A
belongs to I(4) if and only if there exists a sequence {f,} of unit vectors
such that {|(4 — A)f, || — 0. An important subset of the approximate point
spectrum is the point spectrum I1y(A); a number 4 belongs to it if and only
if there exists a unit vector f such that 4f = Af (i.e., [To(A4) is the set of all
eigenvalues of A). The set I'(A4) is called the compression spectrum of A.
Schematically: think of the spectrum as the union of two overlapping
discs ([T and I'), one of which (I1) is divided into two parts (I1, and
IT — Iy) by a diameter perpendicular to the overlap. The result is a
partition of the spectrum into five parts, each one of which may be some-
times present and sometimes absent. The born taxonomist may amuse
himself by trying to see which one of the 2° a priori possibilities is realiz-
able, but he would be well advised to postpone the attempt until he has
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seen several more examples of operators than have appeared in this book so
far.

This is a good opportunity to comment on a sometimes confusing aspect
of the nomenclature of operator theory. There is something called the spectral
theorem for normal operators (see Problem 123), and there are things called
spectra for all operators. The study of the latter might be called spectral theory,
and sometimes it is. In the normal case the spectral theorem gives information
about spectral theory. but. usually, that information can be bought cheaper
clsewhere. Spectral theory in the present sense of the phrase is one of the
easiest aspects of operator theory.

There is no consensus on which concepts and symbols are most convenient
in this part of opcrator thcory. Apparently cvery book introduccs its own
terminology, and the present one is no cxception. A oncc popular approach
was to divide the spectrum into three disjoint sets, namely, the point
spectrum [1,, the residual spectrum I — Tlgy, and the continuous spectrum
M — (I v I,). (The sets T and I may overlap; examples will be easy to
construct a little later.) As for symbols: the spectrum is often ¢ (or Z)
instead of spec.

The best way to master these concepts is, of course, through illuminating
special examples. but a few general facts should come first; they help in the
study of the examples. The most useful things to know are the relations of
spectra to the algebra and topology ol the complex plane. Perhaps the easiest
algebraic questions concern conjugation.

Problem 73. What happens to the point spectrum, the compression spec-
trum, and the approximate point spectrum when an operator is replaced by
its adjoint?

74. Spectral mapping theorem. An assertion such as that if A4 is an operator
and p is a polynomial. then spec p(A4) = p(spec A) (see [50, p. 53]} is called a
spectral mapping theorem; other instances of it have to do with functions
other than polynomials, such as inversion, conjugation, and wide classes
of analytic functions ([39, p. 569]).

Problem 74. Is the spectral mapping theorem for polvnomials true with
My, or 11, 0r T in place of spec? What about the spectral mapping theorem
Jor incersion (p(z) = V/z when z # 0), applied to invertible operators,
with [y, or I, 0r I'?

75. Similarity and spectrum. Two operators 4 and B are similar if there
exists an invertible operator P such that P"'4P = B.

Problem 75. Similar operators have the same spectrum, the same point
spectrum, the same approximate point spectrum, and the sume com-
pression spectrum.
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76. Spectrum of a product. If 4 and B are operators, and if at least one of
them is invertible, then AB and BA are similar. (For the proof, apply BA =
A~ Y(AB)A in case 4 is invertible or AB = B™!(BA)B in case B is.) This
implies (Problem 75) that if at least one of 4 and B is invertible, then AB
and BA have the same spectrum. In the finite-dimensional case more is
known: with no invertibility assumptions, 4B and BA always have the same
characteristic polynomial. If neither 4 nor B is invertible, then, in the
infinite-dimensional case, the two products need not have the same
spectrum (many examples occur below), but their spectra cannot differ
by much. Here is the precise assertion.

Problem 76. The non-zero elements of spec AB and spec BA are the
same.

77. Closure of approximate point spectrum.
Problem 77. Is the approximate point spectrum always closed?
78. Boundary of spectrum.

Problem 78. The boundary of the spectrum of an operator is included in
the approximate point spectrum.
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CHAPTER 10

Examples of Spectra

79. Residual spectrum of a normal operator. The time has come to consider
special cases. The first result is that for normal operators, the most amenable
large class known, the worst spectral pathology cannot occur.

Problem 79. If A is normal, then I'(A) = TI1,(A) (and therefore spec A =
M1(A)). Alternative formulation: the residual spectrum of a normal operator
is always empty.

Recall that the residual spectrum of 4 is ['(4) — T14(A).

80. Spectral parts of a diagonal operator. The spectrum of a diagonal
operator was determined (Problem 63) as the closure of its diagonal; the
determination of the fine structure of the spectrum requires another look.

Problem 80. For each diagonal operator, find its point spectrum, com-
pression spectrum, and approximate point spectrum.

81. Spectral parts of a multiplication.

Problem 81. For each multiplication, find its point spectrum, com-
pression spectrum, and approximate point spectrum.

82. Unilateral shift. The most important single operator, which plays a vital
role in all parts of Hilbert space theory, is called the unilateral shift. Perhaps
the simplest way to define it is to consider the Hilbert space I of square-
summable sequences; the unilateral shift is the operator U on [? defined by

U(io’ éh ézv v ) = <0' 60! él' él- o >
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(The unilateral shift has already occurred in this book, although it was not
named until now; see Solution 71.) Linearity is obvious. As for boundedness,
it is true with room to spare. Norms are not only kept within reasonable
bounds, but they are preserved exactly; the unilateral shift is an isometry. The
range of U is not I? but a proper subspace of I?, the subspace of vectors with
vanishing first coordinate. The existence of an isometry whose range is not the
whole space is characteristic of infinite-dimensional spaces.

If e, ts the vector (&, &,, &,,--+) for which &, = 1 and &; = 0 whenever
i#n(n=0,1,2,--), then the ¢,’s form an orthonormal basis for /. The
effect of U on this basis is described by

Ue, =¢,., n=012---)

These equations uniquely determine U, and in most of the study of U they
may be taken as its definition.

A familiar space that comes equipped with an orthonormal basis indexed
by non-negative integers is H? (see Problem 33). Since, in that space,
e(2) = z", the effect of shifting forward by one index is the same as the
effect of multiplication by e,. In other words, the unilateral shift is the
same as the multiplication operator on H? defined by

UNQ) = 2/ ().

To say that it is the “same”, and, in fact, to speak of “the” unilateral shift is a
slight abuse of language, a convenient one that will be maintained throughout
the sequel. Properly speaking the unilateral shift is a unitary equivalence class
of operators, but no confusion will result from regarding it as one operator
with many different manifestations.

Problem 82. What is the spectrum of the unilateral shift, and what are its
parts (point spectrum, compression spectrum, and approximate point
spectrum)? What are the answers to the same questions for the adjoint
of the unilateral shift?

83. Structure of the set of eigenvectors. The unilateral shift shows that the
set of eigenvalues of an operator can be much richer than finite-dimensional
experience suggests. What about the set of eigenvectors? A dull answer to the
question is given by scalars; every vector is an eigenvector, or every non-zero
vector is one, depending on how the definition of eigenvector was formulated.
Is there an interesting answer?

Problem 83. Isthere anon-scalar operator whose set of eigenvectors has a
non-empty interior?

84. Bilateral shift. A close relative of the unilateral shift is the bilateral shift.
To define it, let H be the Hilbert space of all two-way (bilateral) square-

45

83

84



85

PROBLEMS

summable sequences. The elements of H are most conveniently written in the
form

<""€-2i5—lv(éo)’ él! 629"'>;

the term in parentheses indicates the one corresponding to the index 0. The
bilatéral shift is the operator W on H defined by

w< ) f-z, 6—11 (60)’ Cx- élv te > = < ‘T é-sv é-zo(é—l)v C'Oa él’ o '>'

Linearity is obvious, and boundedness is true with room to spare; the bi-
lateral shift, like the unilateral one, is an isometry. Since the range of the
bilateral shift is the entire space H, it is even unitary.

If e, is the vector (---.&_,, (&), &, ) for which &, =1 and =0
whenever i #n (n =0, £1, +2,---), then the ¢,’s form an orthonormal
basis for H. The effect of W on this basis is described by

We, =e,., (n=0,+1, +£2,--).

Problem 84. What is the spectrum of the bilateral shift, and what are its
parts (point spectrum, compression spectrum, and approximate point
spectrum)? What are the answers to the same questions for the adjoint of
the bilateral shift?

85. Spectrum of a functional multiplication. Every operator studied so far
has been a multiplication, either in the legitimate sense (on an L?) or in the
extended sense (on a functional Hilbert space). The latter kind is usually
harder to study; it does, however, have the advantage of having a satisfactory
characterization in terms of its spectrum.

Problem 85. A necessary and sufficient condition that an operator A ona
Hilbert space H be representable as a multiplication on a functional
Hilbert space is that the eigenvectors of A* span H.

Caution: as the facts for multiplications on L? spaces show (cf. Solution 81)

this characterization is applicable to functional Hilbert spaces only. The
result seems to be due to P. R. Halmos and A. L. Shields.
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Spectral Radius

86. Analyticity of resolvents. Suppose that A is an operator on a Hilbert
space H. If 41 does not belong to the spectrum of A, then the operator 4 — 4is
invertible; write p(d) = (4 — A)~!. (When it is necessary to indicate the
dependence of the function p on the operator A4, write p = p,.) The
function p is called the resolvent of A. The domain of p is the complement
of the spectrum of A; its values are operators on H.

The definition of the resolvent is very explicit; this makes it seem plausible
that the resolvent is a well-behaved function. To formulate this precisely,
consider, quite generally, functions ¢ whose domains are open sets in the
complex plane and whose values are operators on H. Such a function ¢
will be called analytic if, for each f and g in H, the numerical function
A — (p(A)f, g) (with the same domain as ¢) is analytic in the usual sense.
(To distinguish this concept from other closely related ones, it is some-
times called weak analyticity.) In case the function ¥ defined by yY(2) =
@(1/4) can be assigned a value at the origin so that it becomes analytic
there, then (just as for numerical functions) ¢ will be called analytic at
o0, and ¢ is assigned at oo the value of ¥ at 0.

Problem 86. The resolvent of every operator is analytic at each point of
its domain, and at oo its value at oo is (the operator) 0.

For a detailed study of resolvents, see [39, VII, 3].

87. Non-emptiness of spectra. Does every operator have a non-empty
spectrum? The question was bound to arise sooner or later. Even the finite-
dimensional case shows that the question is non-trivial. To say that every
finite matrix has an-cigenvalue is the same as to say that the characteristic
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polynomial of every finite matrix has at least one zero, and that is no more
and no less general than to say that every polynomial equation (with complex
coefficients) has at least one (complex) zero. In other words, the finite-dimen-
sional case of the general question about spectra is as deep as the fundamental
theorem of algebra, whose proof is usually based on the theory of complex
analytic functions. It should not be too surprising now that the theory of
such functions enters the study of operators in every case (whether the
dimension is finite or infinite).

Problem 87. Every operator has a non-empty spectrum.
88. Spectral radius. The spectral radius of an operator A4, in symbols
r(A), is defined by
1{A) = sup{|4]|: Aespec A}.

Clearly 0 < r(A) £ |[A]]; the spectral mapping theorem implies also that
r(A") = (r(A))" for every positive integer n. It frequently turns out that the
spectral radius of an operator is easy to compute even when it is hard to find
the spectrum; the tool that makes it easy is the following assertion.

Problem 88. For each operator A,
r(4) = lim, [|A"}'",
in the sense that the indicated limit always exists and has the indicated

value.

It is an easy consequence of this result that if 4 and B are commutative
operators, then
r(AB) £ r(A)r(B).

It is a somewhat less easy consequence, but still a matter of no more than a
little fussy analysis with inequalities, that if A and B commute, then

HA4 + B) € HA) + r(B).

If no commutativity assumptions are made, then two-dimensional examples,

such as
00 0 1
=( oy 2= o)

show that neither the submultiplicative nor the subadditive property persists.

89. Weighted shifts. A weighted shift is the product of a shift (one-sided or
two) and a compatible diagonal operator. More explicitly, suppose that {e,}
is an orthonormal basis n=0,1,2,---,orelse n=0, +1, +2,---), and
suppose that {«,} is a bounded sequence of complex numbers (the set of n’s
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being the same as before). A weighted shift is an operator of the form SP,
where S is a shift (Se, = ¢,,,) and P is a diagonal operator with diagonal
{a,} (Pe, = a,e,). Not everything about weighted shifts is known, but even the
little that is makes them almost indispensable in the construction of examples
and counterexamples. It is sometimes convenient to use the symbol

Shift(ao, Aqy Apy - '>

to denote the weighted shift with the indicated weights.

Problem 89. If P and Q are diagonal operators, with diagonals {a,} and
{B.}, and if |a,| = |B,| for all n, then the weighted shifts A = SP and
B = SQ are unitarily equivalent.

A discussion of two weighted shifts should, by rights, refer to two ortho-
normal bases, but the generality gained that way is shallow. If {e,} and
{f.} are orthonormal bases, then there exists a unitary operator U such that
Ue, = f, for all n,and U can be carried along gratis with any unitary equi-
valence proof.

The result about the unitary equivalence of weighted shifts has two useful
consequences. First, the weighted shift with weights a, is unitarily equivalent
to the weighted shift with weights |a,|. Since unitarily equivalent operators
are ‘“abstractly identical”, there is never any loss of generality in re-
stricting attention to weighted shifts whose weights are non-negative;
this is what really justifies the use of the word “weight”. Second, if 4 is a
weighted shift and if a is a complex number of modulus 1, then, since a4
is a weighted shift, whose weights have the same moduli as the corre-
sponding weights of A, it follows that 4 and a4 are unitarily equivalent.
In other words, to within unitary equivalence, a weighted shift is not
altered by multiplication by a number of modulus 1. This implies, for
instance, that the spectrum of a weighted shift has circular symmetry:
if 4 is in the spectrum and if {a| = 1, then a4 is in the spectrum.

90. Similarity of weighted shifts. Is the converse of Problem 89 true?
Suppose, in other words, that 4 and B are weighted shifts, with weights {«,}
and {B,}; if 4 and B are unitarily equivalent, does it follow that |a,| = |8,|
for all n? The answer can be quite elusive, but with the right approach it
is easy. The answer is no; the reason is that, for bilateral shifts, a trans-
lation of the weights produces a unitarily equivalent shift. That is: if
Ae, = a,e,,, and Be, = o,,,,,, (n =0, +1, +2, --.), then 4 and B
are unitarily equivalent. If, in fact, W is the bilateral shift (We, = ¢, .,
n=20,+1, £2,..°), then W*AW = B; if, however, the sequence {|a,|}
is not constant, then there is at least one n such that |a,| # |a, 4]
Unilateral shifts behave differently. If some of the weights are allowed to be
zero, the situation is in part annoying and in part trivial. In the good case (no
zero weights), the kernel of the adjoint A* of a unilateral weighted shift is

49



91

92

93

PROBLEMS

spanned by e,, the kernel of 4*? is spanned by e, and e, and, in general, the
kernel of A*" is spanned by e,,+--,¢,-;, (n=1,2,3,---). Il A and B are
unitarily equivalent weighted shifts, then A*" and B*" are unitarily equivalent;;
if, say, A = U*BU, then U must send ker A*" onto ker B*". This implies that
the span of {ep,-:-,e,-,} is invariant under U, and [rom this, in turn, it
follows that U is a diagonal operator. Since the diagonal entries of a unitary
diagonal matrix have modulus 1, it follows that, for each n, the effect of 4 on
e, can differ from that of B by a factor of modulus 1 only.

This settles the unitary equivalence theory for weighted shifts with non-
zero weights; what about similarity?

Problem 90. If A and B are unilateral weighted shifts, with non-zero
weights {a,} and {B,}, then a necessary and sufficient condition that A
and B be similar is that the sequence of quotients

ao..-a"

Bo---Ba

be bounded away from 0 and from .

Similarity is a less severe restriction than unitary equivalence; questions
about similarity are usually easier to answer. By a modification of the argu-
ment for one-sided shifts, a modification whose difficuities are more nota-
tional than conceptual, it is possible to get a satisfactory condition, like
that in Problem 90, for the similarity of two-sided shifts; this was done by
R. L. Kelley.

91. Norm and spectral radius of a weighted shift.

Problem 91. Express the norm and the spectral radius of a weighted
shift in terms of its weights.

92. Power norms. The power norms of an operator A, that is the numbers
|| A¥|l, constitute an interesting sequence. '

Problem 92. For which sequences {p,} of positive numbers does there
exist an operator A such that p, = |A*|, k =0,1,2,--.?

93. Eigenvalues of weighted shifts. The exact determination of the spectrum
and its parts for arbitrary weighted shifts is a non-trivial problem. Here is a
useful fragment.

Problem 93. Find all the eigenvalues of all unilateral weighted shifts
(with non-zero weights) and of their adjoints.
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The possible presence of 0 among the weights is not a genuine difficulty
but a nuisance. A unilateral weighted shift, one of whose weights vanishes,
becomes thereby the direct sum of a finite-dimensional operator and another
weighted shift. The presence of an infinite number of zero weights can cause
some interesting trouble (cf. Problem 98), but the good problems about shifts
have to do with non-zero weights.

94, Approximate point spectrum of a weighted shift. For each operator A
there exists a complex number of modulus r(A4) in the approximate point spec-
trum of A (Problem 78). If A is a weighted shift, then the circular symmetry of
each part of the spectrum (Problem 89) implies that every complex number of
modulus r(A4) belongs to the approximate point spectrum of A. Consequence:
the approximate point spectrum of a weighted shift always includes a circle
(possibly degenerate). Question: does it ever include more?

Problem 94. Is there a weighted shift whose approximate point spectrum
has interior points?

95. Weighted sequence spaces. The expression “ weighted shift ’ means one
thing, but it could just as well have meant something else. What it does mean is
to modify the ordinary shift on the ordinary sequence space I by attaching
weights to the transformation; what it could have meant is to modify by
attaching weights to the space.

To get an explicit description of the alternative, let p = {pq, p, P2, '}
be a sequence of strictly positive numbers, and let I*(p) be the set of complex
sequences (&g, &y, &y, 00> With )50 pl&,I° < oo, With respect to the
coordinatewise linear operations and the inner product defined by

(<¢Os 619 ‘:Zv v '>» <'lo’ Hys N2y >) = Zopnén"n*’

the set [(p) is a Hilbert space; it may be called a weighted sequence space. (All
this is unilateral; the bilateral case can be treated similarly.) When is the shift
an operator on this space? When, in other words, is it true that if f =
<50’ 619 629 ot > € Iz(p)v then Sf = <09 cOv él’ 62’ o ’) € Iz(p)’ a“da asfvaries
over I*(p), |Sf || is bounded by a constant multiple of || /|| ? The answer is easy.
An obviously necessary condition is that there exist a positive constant & such
that |le,. || < ale,ll, where e,, of course, is the vector whose coordinate with
index n is 1 and all other coordinates are 0. Since |le,||> = p,, this condition
says that the sequence {p, . /p,} is bounded. It is almost obvious that this
necessary condition is also sufficient. If p, . ;/p, S o for all n, then

ISFI2 = Y paléaal= ¥ g i1g
n=1

n=1Fn-1

a
S ot ) pal&al? = a?|| fI%
n=0
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PROBLEMS

Every question about weighted shifts on the ordinary sequence space can be
re-asked about the ordinary shift on weighted sequence spaces; here is a
sample.

Problem 95. If p = {p,} is a sequence of positive numbers such that
{Pn+1/Pn} is bounded, what, in terms of {p,}, is the spectral radius of the
shift on I*(p)?

96. One-point spectrum. The proof in Problem 63 (every non-empty
compact subset of the plane is the spectrum of some operator) is not
sufficiently elastic to yield examples of all the different ways spectral parts
can behave. That proof used diagonal operators, which always have
eigenvalues; from that proof alone it is not possible to infer the existence
of operators whose point spectrum is empty. Multiplication operators
come to the rescue. If D is a bounded region, if ¢(z) = z for z in D, and if
A is the multiplication operator induced by ¢ on the L? space of planar
Lebesgue measure in D, then the spectrum of A is the closure D, but the
point spectrum of A4 is empty. Similar techniques show the existence of
operators A4 with I (4) = & and spec 4 = [0, 1], say; just use linear
Lebesgue measure in [0, 1]. Whenever a compact set M in the plane is
the support of a measure (on the Borel sets) that gives zero weight to each
single point, then M is the spectrum of an operator with no eigenvalues.
(To say that M is the support of u means that if N is an open set with
UM N) =0, then M n N = ) It is a routine exercise in topological
measure theory to prove that every non-empty, compact, perfect set (no
isolated points) in the plane is the support of a measure (on the Borel sets)
that gives zero weight to each single point. (The proof is of no relevance to
Hilbert space theory.) It follows that every such set is the spectrum of an
operator with no eigenvalues. What about sets that are not perfect?

A very satisfactory answer can be given in terms of the appropriate analytic
generalization of the algebraic concept of nilpotence. An operator is nilpotent
if some positive integral power of it is zero (and the least such power is the
index of nilpotence); an operator A is quasinilpotent if lim, |A"|'"" = 0. It is
obvious that nilpotence implies quasinilpotence. The spectral mapping
theorem implies that if 4 is nilpotent, then spec A = {0}. The expression for
the spectral radius in terms of norms implics that if 4 is quasinilpotent, then
spec A = {0}, and that, moreover, the conversc is truc. A nilpotent operator
always has a non-trivial kernel, and hence a non-empty point spectrum; for
quasinilpotent operators that is not so.

Problem 96. Construct a quasinilpotent operator whose point spectrum
is empty.

Observe that on finite-dimensional spaces such a construction is clearly
impossible.
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SPECTRAL RADIUS

97. Analytic quasinilpotents. Polynomials in an operator make sense; what
about the obvious extension to “infinite polynomials”, or, more precisely,
power series? There are several possible approaches to defining expressions
such as f(A), where f'is an analytic function and A4 is an operator. The simplest
of them has to do with operators that have the smallest possible spectrum,
that is, quasinilpotent operators. If 4 is such an operator, and if fis a
function that is analytic in a neighborhood of 0, then f has a power series
expansion, f(z) = Y &, a,2", convergent when, say, |z} < ¢; in that case
write f(4) = Y%, «,4" This operator series converges (in the norm).
Reason: since || A"|!/" < ¢ for n sufficiently large, it follows that || 4" < ¢
for n sufficiently large. '

The correspondence f — f(A) between functions and operators respects
the algebraic structures involved ; sums and products of functions correspond
to sums and products of operators. This phenomenon, or, more precisely, the
homomorphism from functions f analytic at 0 to operators f(A) (where Aisa
fixed quasinilpotent operator) is called a functional calculus; it is an extension
of the trivial functional calculus for polynomials.

An operator A is called algebraic if there exists a non-zero polynomial p
such that p(4) = 0; by a natural extension of language it seems proper to say
that A is analytic if there exists a non-zero function f analytic at 0 such that

f(A) = 0. Every nilpotent operator is algebraic; is the generalization to
“infinite polynomials™ true?

Problem 97. Is every quasinilpotent operator analytic?

98. Spectrum of adirectsum. Thespectrum of the direct sum of two operators
is the union of their spectra, and the same is true of the point spectrum, the
approximate point spectrum, and the compression spectrum. The extension
of this result from two direct summands to any finite number is a trivial
induction. What happens if the number of summands is infinite? A possible
clue to the answer is the behavior of diagonal operators on infinite-dimen-
sional spaces. Such an operator is an infinite direct sum, each summand
of which is an operator on a one-dimensional space, and its spectrum is
the closure of the union of their spectra (Problem 63).

Problem 98. Isthespectrumaofadirect sumofoperatorsalwaysthe closure
of the union of their spectra?
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CHAPTER 12

Norm Topology

99. Maetric space of operators. If the distance between two operators 4 and B
is defined to be ||JA — B{, the set B(H) of all operators on a Hilbert space H
becomes a metric space. Some of the standard metric and topological
questions about that space have more interesting answers than others. Thus,
for instance, it is not more than minimum courtesy to ask whether or not the
space is complete. The answer is yes. The proof is the kind of routine analysis
every mathematician has to work through at least once in his life; it offers
no surprises. The result, incidentally, has been tacitly used already. In
Solution 86, the convergence of the series Y =, A" was inferred from the
assumption {|4| < 1. The alert reader should have .noted that the justifi-
cation of this inference is in the completeness result just mentioned. (It
takes less alertness to notice that the very concept of convergence refers
to some topology.)

So much for completeness; what about separability? If the underlying
Hilbert space is not separable, it is not to be expected that the operator
space is, and, indeed, it is easy to prove that it is not. That leaves one more
natural question along these lines.

Problem 99. If a Hilbert space H is separable, does it follow that the
metric space B(H) of operators on it is separable?

100. Continuity of inversion. Soon after the introduction of a topology on an
algebraic structure, such as the space of operators on a Hilbert space, it is
customary and necessary to ask about the continuity of the pertinent
algebraic operations. In the present case it turns out that all the elementary
algebraic operations (linear combination, conjugation, multiplication) are
continuous in all their variables simultaneously, and the norm of an

54






