Homework 4
Due Wednesday, October 28 in class

1. Assume electrons are moving on a two-dimensional square lattice with
lattice constant a. The tight-binding band dispersion is

e(k) = —2v[cos(k,a) + cos(kya)],
where v is the overlap integral.

(a) Draw Fermi surfaces in three cases: almost empty band, exactly
half-filled band, and nearly full band. What is the electron density
corresponding to half-filled band?

(b) Calculate effective masses near the bottom and near the top of
the band.

(¢) Assume a constant magnetic field is applied in the z-direction, i.e.
perpendicular to the plane in which electrons move. Write down
quasiclassical equations of motion. Using these, prove that the en-
ergy is a constant of motion (this can be proven generally, without
using the explicit form of the band dispersion). This means that
electron trajectories in momentum space trace out constant en-
ergy contours. Find trajectories numerically (use Maple) in three
cases: electrons with energy near the bottom of the band, in the
middle of the band and near the top of the band. Compare with
your Fermi surface sketches.

(d) Solve quasiclassical equations of motion analytically near the bot-
tom of the band, using effective mass approximation for the band
dispersion.

2. For the square lattice tight-binding band from Problem 1 calculate the
conductivity for half-filled band. Use the general expression for the
conductivity we obtained in class:

2
e
= —— | dlp vy,
77 1 / F e
and the Fermi surface for half-filled band vou found in Problem 1.

Compare the result with what you would get if vou used effective mass
approximation near the bottom of the band for the dispersion.
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Teojecdory for fecdrouy or Jo foddom of The Laud.

Clear[kx, ky];

s = NDSolve[{kx'[t] +Sin[ky[t]] == O, ky'[t] -Sin[kx[t]] =0, kx[0] = 0.5, ky[0] == 0.},
{kx[t], ky[t]}, {t, 0, 10}]

ParametricPlot[{kx[t], ky[t]} /. s, {t, O, 10}, PlotRange » {{-Pi, Pi}, {-Pi, Pi}}]

{{kx[t] -» InterpolatingFunction[{{0., 10.}}, <>][t],
kyft] -» InterpolatingFunction|[{{0., 10.}}, <>][t]}}
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Trajechory of S widdle of dve Baurd

Clear[kx, ky]l;

s = NDSolve[{kx ' [t] +Sin[ky[t]]
(kx[t], ky[t]}, {t, O, 100}]

ParametricPlot[{kx[t], ky[t]} /. s, {t, 0, 100}, PlotRange -» {{-Pi, Pi}, {~-Pi, Pi}}]

= 0, ky ' [t] -Sin[kx[t]] == 0, kx[0] == Pi ~0.001, ky[0] == 0.},

~

{{kx[t] - InterpolatingFunction[{{0., 100.}}, <>][t]
ky[t] -» InterpolatingFunction[{{0., 100.}}, <>][t]}}

e 3
ey - .
Ve -
/})
/// [
/ 2
e -
e
f/’ I \V\\
e - \
e N
i <
. 3 S
e S,
s .
/
/
24 \ PO - T L 1 L s . 1
=3 -2 -1 1 2 3
S y4
\
N P S
< N 1k e
| s
N S
. L -
. L s
N
N
\\’ -2
e g
Vs
-, e
“ i .
N3 L
_\3’” -



Neae dra dop o g fand

Clear[kx, kyl;

s = NDSolve[{kx' [t] +Sin[ky[t]] = O, ky'[t] -Sin[kx[t]] == 0, kx[0] = Pi~-0.5, ky[0] ==Pi~-0.5},
{kx{t], ky[t]}, {t, O, 20}]

ParametricPlot[{kx[t], ky[t]} /. s, {t, 0, 20}, PlotRange - {{-Pi, Pi}, {-Pi, Pi}}]

{{kx[t] » InterpolatingFunction{{{0., 20.}}, <>] [tl,
kyit] -» InterpolatingFunction[{{0., 20.}}, <>][t]}}
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