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Preface

The name of the book, New Mathematical Cuneiform Texts, is not entirely truthful. Many of the texts
considered are really published here for the first time, but several others were published earlier by various
authors but are treated here again because much of interest remains to be said about them.

Most of the new texts were found and copied for me by professor Farouk N. H. Al-Rawi, who also has
made for this book quite a few new hand copies of previously published texts. Without his help the book
could never have been written. Of the new texts found by Al-Rawi, some are from the British Museum,
namely a Seleucid list of squares of many-place regular sexagesimal numbers in Chapter 1, a
Neo-Babylonian factorization algorithm in Chapter 2, three fragments of Late Old Babylonian
mathematical recombination texts from Sippar in Chapter 8, one of them with interesting problems for
bricks, and a fragment of a catalog of rectangular-linear systems of equations in Chapter 9. Hand copies of
the mentioned texts are published here with the kind permission of the Trustees of the British Museum.
Other texts found by Al-Rawi are from the Iraq Museum in Baghdad, namely, in particular, nine texts from
Old Babylonian Mé-Turran and Shaduppim in Chapters 5-7, including fragments as well as large clay
tablets, and in addition an interesting set of unusually brief Old Babylonian multiplication tables from
Mgé-Turran. Permission to publish texts from the Irag Musum was kindly given by the Board of Archaelogy
of Iraq. Most importantly, Al-Rawi found two early tables of reciprocals in the Suleimaniyah Museum,
discussed in Chapter 13, one of which is the only known cuneiform table of reciprocals not making use of
sexagesimal place value numbers.

By courtesy of Vitali Bartash a metro-mathematical text from Early Dynastic Umma with commercial
exercises, the earliest of its kind, from the Cuneiform Library at Cornell University, is shown and
discussed in Chapter 12.

Finally, Chapter 14, written in cooperation with Anthony Phillips, is devoted to a discussion of early
examples of labyrinths and mazes. Among those are, in particular, several fragments from the Iraq Museum
in Baghdad and the Yale Babylonian Collection, New Haven, CT, of apparently Neo-Sumerian drawings
from Nippur of an earlier unknown kind of labyrinths in the form of house plans, probably with 180°
rotational symmetry. These are by far the earliest known instances of labyrinths.

The initial part of the present volume, comprising Chapters 1-4, is devoted to a detailed study, for the
first time ever, of a number of large mathematical and metrological cuneiform table texts from the 1st
millennium BC. As a suitable introduction to the subject, Chapter 1 begins with a convenient survey of
eleven categories of known Late Babylonian (Neo-Babylonian, Achaemenid, and Seleucid) mathematical
tablets or tablet fragments inscribed with many-place regular sexagesimal numbers. Similarly, Chapter 3
begins with an additional survey of eight categories of known Neo-Assyrian, Neo-Babylonian,
Achaemenid, and Seleucid mathematical or metrological exercises, problem texts, lists, and other kinds of
tables.

In Chapter 1, five large many-place sexagesimal tables of reciprocals are discussed, the Seleucid Table
B from Babylon, the Achaemenid Table U from Uruk, the Neo-Babylonian Table S from Sippar, the
Seleucid Table V from Uruk, and the Achaemenid table W from Uruk. All the mentioned tables are more or
less well preserved, with the exception of Table B, which can be reconstructed from a large number of small
fragments. It is shown that Tables B, U, and S probably had a common ancestor, the hypothetical
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Neo-Babylonian Table R, which had originally been constructed by use of the clever Old Babylonian
doubling and halving algorithm. The younger Table V was constructed by use of a similar algorithm. Table
W, on the other hand, is of another kind, and its construction was based on a triplicating and trisecting
algorithm.

A new fragment of a list of squares of many-place regular sexagesimal numbers is published in Chapter
1. It is similar to the fragments which were used for the reconstruction of the pairs of reciprocals in Table
B.

In Chapter 2 is published a new Neo-Babylonian tablet where the reciprocal of the many-place regular
sexagesimal number 1 01 02 06 33 45 is computed by use of another clever Old Babylonian algorithm, the
last place factorization algorithm, and its inverse. The number was taken from the second line of Table R.

It is also shown in Chapter 2 how an understanding of the last place factorization algorithm allows the
reconstruction of certain tables of many-place regular numbers of which only quite small fragments have
been preserved.

Four metrological recombination texts from Achaemenid Uruk are discussed for the first time in
Chapter 3. (A “recombination text” is a text of mixed content, with its various paragraphs copied from
several older texts.) A common, Late Babylonian feature of these texts is that the great majority of the
metrological sub-tables are written as if they were to be read from right to left. Another common feature is
the following: In Old Babylonian metrological table texts sub-tables for different kinds of measures were
always arranged in the order C (capacity), M (weight, metals), 4 (area), L (length). In Late Babylonian
metrological tables, on the other hand, sub-tables are always arranged in the reverse order L, (4), M, C. In
spite of these conspicuous differences, there are many indications that a prominent purpose of these
metrological texts was to teach the fundamentals of Old Babylonian metrology to Late Babylonian students.

The first of the mentioned four texts is written on the obverse of a clay tablet which has Table W of
many-place pairs of reciprocals on its reverse. It begins with a series of structure tables of a previously
unknown kind for traditional (i. e. Old Babylonian) length measures with 1 rod = 12 cubits. It continues with
a conversion table from area measures (Old Babylonian) to Kassite seed measures, and with a structure table
for area measures. Then there is, somewhat out of place, a delightful account of the linear growth of a child
in its mother’s womb. The text ends with three parallel lists of length measures (L), weight measures (M),
and capacity measures (C), with a curious mix of Old and Late Babylonian metrology.

The second text begins with a non-metrological list of Gods’ names and numbers and ends with two
similarly non-metrological shadow length tables. In between, there are various conversion tables for length
measures, area measures, and weight measures, and a range table of a previously unknown kind for the
conversion of squares of length measures into area measures.

The third text is really only a sliver of a large clay tablet, with a structure table for traditional length
measures on the obverse, making use of decimal numbers, and a metrological table for traditional (Old
Babylonian) capacity measures, making use of sexagesimal numbers, on the reverse.

The fourth text is a large fragment with curious metrological conversion tables from decimal multiples of
the grain (Old Babylonian) to sexagesimal fractions of the shekel, and from decimal multiples of one cubit to
sexagesimal multiples of one 100-cubit. There is also a non-traditional table of reciprocals, where decimal
reciprocals, written with number words, are expressed as sexagesimal fractions.

Chapter 4 is about an Achaemenid metrological text originally published by Hilprecht more than a
century ago. As in the case of the four texts in Chapter 3, the lines of the metrological tables are intended to
be read from right to left, and the sub-tables are arranged in the order L, M, C. However, there are four
different sub-tables for length measures. In the first two sub-tables (Ln and Lc), traditional length measures
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(Old Babylonian, with 1 cubit = 30 fingers) are equated with sexagesimal rod multiples and with
sexagesimal cubit multiples. In the third and fourth sub-tables, common length measures (Late Babylonian,
with 1 cubit = 24 fingers) are equated with sexagesimal multiples of one cubit or of one 100-cubit.

In the sub-table for weight measures, fractions or multiples of the shekel and decimal multiples of the
grain are equated with sexagesimal multiples (of the shekel). In the last sub-table, Late Babylonian capacity
measures (with 1 ban = 6 sila and 1 sila = 10 ninda) are equated with sexagesimal multiples (of the bariga).

A second part of the book, comprising Chapters 5-7 and also Chapter 10 is devoted to Old Babylonian
mathematical texts from Mé-Turran (Tell Haddad) and Shadupptim (Tell Harmal) in the Eshnunna region in
the early 2nd millennium BC, some new and some previously published in the journal Sumer.

In Chapter 5 are considered five texts from Old Babylonian Mé-Turran and Shaduppiim, all of them
concerned with metric algebra problems for rectangles of a given form (sides in the proportion 1 : 2/3).

The first of those texts is a previously unpublished nearly intact large recombination text. It is shown that
it is possible to rearrange the 19 exercises of that text into a systematically arranged theme text.

The second text is a previously unpublished hand tablet with a single exercise, and unusually interesting
mathematical terminology.

The three remaining texts in this chapter were previously published by Bruins or Baqir, but with
inadequate mathematical commentaries in both cases. One is a large fragment of recombination text, the
other two are single problem texts. The text originally published by Baqir has also recently and
independently been discussed in a book by Carlos Gongalves.

In Chapter 6 are considered three additional previously unpublished texts from Old Babylonian
Mgé-Turran. One of them is a fragment of a large text with three preserved mixed problems, each problem
with its own illustrating diagram, and a table of constants. Interestingly, the Akkadian term nalbanum ‘brick
mold’ appears here as a previously unknown but appropriate term for ‘rectangle’. In its Sumerian form
50 5ub, this term for ‘rectangle’ appears also in a text from Sippar discussed in Chapter 8.

A second text from Mé-Turran is a well preserved large recombination text with metric algebra problems
for squares and general quadrilaterals. The areas of the quadrilaterals are computed by use of the usual
Sumerian/Old Babylonian inexact computation rule.

A third text from Mé-Turran is a relatively well preserved recombination text with metric algebra
problems for circles and semicircles.

The text discussed in Chapter 7 is a large fragment of a recombination text from Old Babylonian
Shaduppiim. This text was first published by Bruins, in an inadequate transliteration without hand copies or
photos, and with in most cases unsatisfactory mathematical interpretations. The text contains eight more or
less well preserved problems about partners or brothers and their unequal shares, all leading to systems of
linear equations. There is also an unrelated exercise with an explicit computation of a combined market rate,
so far the only one of its kind known.

Texts belonging to Goetze’s Group 6 of Old Babylonian mathematical texts without known provenance
are discussed in Chapters 8 and 9. They are probably from Sippar in northern Mesopotamia, and there are
indications that they were written after the abandonment of the cities in southern Mesopotamia, such as Ur,
Larsa, and Uruk. Consequently, they can be assumed to be Late Old Babylonian.

The six Old Babylonian texts discussed in Chapter 8 are shown by their repertoire of mathematical
sumerograms to belong to Group 6. The first of these texts, previously unpublished, is a fragment of a
mathematical recombination text with six preserved problems concerning bricks, three for extra thick
rectangular bricks of length 3 sixtieths rods, and three for ordinary rectangular bricks of length 1/2 cubit.
Particularly interesting is a problem for moist and dry bricks, closely related to an earlier published Late
Babylonian(?) table of constants.
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The two next texts, also previously unpublished, are small fragments of two-column clay tablets with
homogeneous quadratic problems for two or three squares.

The fourth text in Chapter 8 is a fragment of an interesting theme text, originally published by
Neugebauer in MKT I. It gives an explicit account of a combined factorization and doubling and halving
algorithm, like the one in the well known table text CBS 1215 discussed in Section 2.2.

The fifth text is large recombination text, a join of three separately published fragments. An edition of
this text has been published previously by Robson, unfortunately with unsatisfactory mathematical
interpretations. Its general theme is seed measures and volumes of various kinds of whole and truncated
pyramids and cones. All the computation rules applied in this text are correct. The only known parallel text is
a single problem text from Late Old Babylonian Susa which is concerned with what may be called a ridge
pyramid, a pyramid with a rectangular base and with uniformly sloping sides. A second related text is an
interesting isolated exercise in another mathematical recombination text from Old Babylonian Sippar,
published and partially explained by Neugebauer in MKT I, concerned with the volumes of two circular
defense works, a ditch and a dike.

This part of the chapter ends with a discussion of how the Old Babylonian correct computation rules for
the volumes of pyramids and cones may have been derived, with a brief discussion of similar computation
rules in ancient Chinese, Greek, and Indian mathematical treatises.

The sixth text from Sippar treated in Chapter 8 is a join of two separately published fragments. An
edition of this text, too, has been published previously by Robson, unfortunately again with unsatisfactory or
insufficient interpretations. It is a mathematical recombination text, dealing with walls built of two kinds of
extra thick rectangular or square bricks, with a square pyramid built of an unusual kind of ordinary
rectangular bricks, and with the lengths of the diagonals of certain rectangles.

Chapter 9 begins with a survey of all known Old Babylonian mathematical texts without provenance but
clearly belonging to Group 6, and therefore from Sippar. In addition to the five such texts discussed in
Chapter 8, five more are discussed in Chapter 9. Four of them are simple catalogs of metric algebra
problems, without solution procedures and answers. Two of them are previously unpublished.

Chapter 10 is devoted to a study of Goetze’s well known “mathematical compendium”, two clay tablets
from Shadupplm. In spite of being quite badly preserved these two texts are very interesting, containing a
mix of catalogs of mathematical problems, a unique catalog of mathematical problem types, and a table of
constants.

In the chapter is also discussed in some detail a pair of large catalogs of metric algebra problems, from
Late Old Babylonian Susa.

Chapter 11 is devoted to three unusually interesting small recombination texts, together making up
Goetze’s Group 2b of Old Babylonian mathematical texts without known provenance. Two of them are
numbered, one is not. One of the texts is exclusively concerned with commercial problems, with market rates
(inverse unit prices) as the central concept. No solution procedures are given, but the the needed
mathematical tool box includes the computation of combined market rates, as well as the solution of systems
of linear equations or rectangular-linear systems of equations.

The second text contains an assortment of problems about bricks, mud, and reeds. A problem about
carrying mud and molding bricks is particularly interesting. According to the interpretation of this problem
proposed here, bricks reinforced with straw were made of five parts mud and one part straw and were
therefore made extra thick, six fingers instead of the usual five fingers.

Also the third text considered in Chapter 11 contains a wide variety of problems. It begins with a
systematic catalog of problems for cylindrical containers, with their capacities expressed in a special cylinder
sila. Then there are problems for a stair-case built of square bricks, a curious problem about how much silver
is needed for making a thin rectangular silver foil of given dimensions, systems of linear equations for the
ewes and lambs in two sheep folds, and a combined work norm problem for tearing out and carrying bricks.
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Another Old Babylonian tablet with mixed mathematical problems, among them a problem for two sheep
folds, was published by Neugebauer in MKT I. Exceptionally, in that text all the solution procedures for the
various problems are chaotically organized. It is proposed here that that is because the solution procedures
were jotted down by a student inattentively listening to the teacher’s demonstration of how the stated
problems should be solved. This proposed explanation is important, since it may explain how, in a number of
known cases in mathematical cuneiform texts, a solution procedure not making much sense nevertheless
produces the correct answer to a stated problem.

The text discussed in Chapter 12 is a mathematical recombination text from Early Dynastic III or Early
Sargonic Umma, just recently published by Vitali Bartash. It is the oldest such text known. The theme of the
text is multiplication or division by fractions like 1 2/3 5 (shekels) or 1 2/3. Before the invention of
sexagesimal place value numbers such operations were much more difficult than multiplication or division
by the corresponding sexagesimal place value numbers 1 45 (non-regular) or 1 40 (regular).

The object considered in Chapter 13 is a previously unpublished atypical table of reciprocals, apparently
dating to the Neo-Sumerian Ur III period, before the invention of sexagesimal place value numbers. One of
the reciprocal pairs listed in this table is igi 10 2/ gal.bi 5 !/, 7 1/, meaning that the reciprocal of 10 2/3 is
51/2 + 7 1/2 (sixtieths). (The corresponding reciprocal pair in sexagesimal place value numbers would be
(10;40, 5;37 30), if a semi-colon is used to separate integers from fractions.) More precisely, all numbers
appearing in this atypical table are of the type ‘integer and basic fraction + integer and basic fraction times 1
shekel (= 1/60)’. The product of a number and its reciprocal in the table is always equal to 60.

The list of reciprocal pairs in this table is fundamentally different from the list of reciprocal pairs in the
standard Old Babylonian tables of reciprocals and their Ur III predecessors making use of sexagesimal place
value numbers. The pair (10 40, 5 37 30), for instance, is never present in standard tables of reciprocals.

An interesting new observation is that the list of head numbers in Old Babylonian multiplication tables
may have been based not on the numbers in a standard table of reciprocals of the Old Babylonian type, but
on an atypical table of reciprocals of the same type as the one mentioned above.

It is possible to show that the majority of the reciprocal pairs in this new atypical table of reciprocals
were constructed by use of a systematic procedure involving doubling and halving, tripling and trisection,
etc. Since this procedure did not produce enough pairs n, rec. n with n close to 60, a different method
involving a kind of “regular twin numbers” was used to produce a few such pairs.

The only other known sexagesimal table of reciprocals not making use of sexagesimal place value
numbers is Peter Hulin’s curious table of reciprocals from Late Assyrian Sultantepe with Sumerian number
words.

In Chapter 13 is also published a new table of reciprocals of the usual kind, probably Neo-Sumerian, and
a comparative survey is made of all known Neo-Sumerian or Early Old Babylonian tables of reciprocals. The
chapter ends with a discussion of the historical importance of the table of reciprocals without sexagesimal
place value numbers as a missing link between metro-mathematical cuneiform texts from the 3rd millennium
BC and mathematical cuneiform texts from the early second millennium BC.

Chapter 14, the last chapter of the book, was written in cooperation with Anthony Phillips. It begins
with a renewed discussion of two Old Babylonian drawings of labyrinths of a completely new type, one
rectangular, the other square, published by the present author in MSCCT [ in 2007. A new observation is that
the rectangular labyrinth has a nearly perfect 180° rotational symmetry, and that the square labyrinth would
have had it if it had been only slightly different. This is important, because a large fragment of a
Neo-Sumerian clay tablet with a drawing of another kind of labyrinth allows a complete reconstruction of the
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original drawing of a labyrinth if it is assumed that that labyrinth, too, had a perfect 180° rotational
symmetry. The (reconstructed) Neo-Sumerian labyrinth has great similarities with earlier published
Neo-Sumerian house plans.

Interestingly, the Old Babylonian labyrinths have a central square filled by a spiral pattern, while the
Neo-Sumerian labyrinth has an open central square. In that respect it is similar to a number of known Roman
mosaic floors with labyrinth patterns; these almost always have an open central court, with or without an
explicit reference to the myth of the Minotaur in the palace at Knossos. It is also reminiscent of a number of
known loom weights from a weaving house in Francavilla, Calabria, c. 800 BC, which are all adorned with
patterns that can be shown to be the paths around labyrinths with a central open court, possibly referring to
Ariadne’s thread in the myth of the Minotaur.

Joran Friberg, October 2016
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1. Late Babylonian Tables of Many-Place
Regular Sexagesimal Numbers, from Babylon,
Sippar, and Uruk

1.1  Late Babylonian Texts Concerned with Many-Place Regular Sexagesimal Numbers

For the notion of many-place regular sexagesimal numbers, and for many explicit examples, both Old and Late
Babylonian, the reader is referred to Friberg, MSCT 1 (2007), Sec. 1.4 and App. 9. In particular, it is important
to recall that a sexagesimal number 7 is called “regular” if another sexagesimal number " can be found such
that n times n " equals some power of 60. (In Babylonian “relative” place value notation, every power of 60 is
written as ‘1°.) The number " is called the “reciprocal” of n. In the following, it is conveniently referred to as
rec. n. Note that, since every power of 60 contains no other prime factors than 2, 3, 5, it is true exclusively for
regular sexagesimal numbers in general that they and their reciprocals can contain no other prime factors than
2,3, 5. That well known but important fact is basically the reason why it is possible to generate systematically
various kinds of tables of many-place regular sexagesimal numbers.

This chapter is devoted to a detailed comparative discussion of five lexicographically ordered many-place
“tables of reciprocals” (more precisely, tables of regular sexagesimal numbers and their reciprocals) from the
2nd half of the 1st millennium BC, namely 1) the Seleucid Table B, reconstructed from many small fragments
of copies of a supposed original many-place table of reciprocals and from related tables of squares and squares
of squares, 2) the enlarged Seleucid Table B*, the existence of which is tentatively inferred here from two
small fragments, one of a table of reciprocals and the other of a related table of squares, 3) the Achaemenid
Table U = W 23283+, 4) the Neo-Babylonian Table S = Sippar 2175/12, and 5) the Seleucid Table V = AO
6456. Tables U and V are firmly dated by well preserved colophons. Of the five mentioned table texts, Tables
B, U, and S appear to have had a common ancestor, a hypothetical Table R.

Tables B and B* are discussed in Sec. 1.2 below, Table U in Sec. 1.3, Table S in Sec. 1.4, and Table V in
Sec. 1.5. Photos of Tables U and V are published here for the first time. Also hand copies of both the obverse
and the reverse of Table S are published here for the first time, including a large piece of the tablet which is
missing in a previously published photo of only the reverse. In addition, the previously unpublished text BM
35568, a Seleucid fragment of a table of squares, is presented with comments in Sec. 1.2.1 below.

Explanations of the errors in the various many-place tables of reciprocals yield important clues to how the
tables were constructed. Thus, it is shown in Sec. 1.2.4 that the numerical algorithms used for the construction
of such tables were based on the keen insight that complete and arbitrarily large many-place tables of
reciprocals can be obtained by first constructing a table of reciprocals for consecutive powers of 3 (see Table
1.5 below, in Sec. 1.5.3), and then systematically generating, with departure from such a table, new pairs of
reciprocals by the well known, originally Old Babylonian, method of “halving and doubling”. Evidently, the
final step of the construction was an extremely laborious sorting and copying, which in the case of Table V, but
not in the case of Tables B, U, and S, was afflicted with numerous errors.

In Sec. 1.2.5 it is shown how the regular sexagesimal numbers appearing in the various many-place tables
of reciprocals may be represented by their indexes in a certain “index grid”. The device is a powerful visual
aid, making it easier to understand the complete construction of the many-place tables of reciprocals.

The detailed study in this chapter of these Late Babylonian many-place tables of reciprocals is historically
important because it clearly illustrates the astonishing temporal continuity and regional unity of Babylonian
mathematics, as well as the amazing ingenuity and perseverance of Babylonian mathematicians.
© Springer International Publishing Switzerland 2016 1
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2 1.1 Late Babylonian Texts Concerned with Many-Place Regular Sexagesimal Numbers

Here follows a convenient survey of 11 different categories of known Neo-Babylonian, Achaemenid, and
Seleucid mathematical tablets or tablet fragments exhibiting examples of many-place regular sexagesimal
numbers. It is an updated version of a similar survey in Friberg, CTMMA 11 (2005). Of the 34 listed texts, 11
will be discussed in Chs. 1-2 below.

I. Ten Seleucid fragments of many-place tables of reciprocals, with n from 1 to 2

A: BM 34577 = Sp. 11 49 (Sachs, LBAT (1955) 1635; Vaiman, SBM (1961) F) Babylon
B: BM 34596 = Sp. 11 70 + 82-7-4, 128 (Sachs, LBAT 1633; Vaiman, SBM D) Babylon
C: BM 34612 = Sp. 11 91 (Sachs, LBAT 1631; Vaiman, SBM B) Babylon
D: BM 34635 = Sp. II 118 (Sachs, LBAT 1634; Vaiman, SBM E) Babylon
E: BM 34762 = Sp. 11 255 (Sachs, LBAT 1632; Vaiman, SBM C) Babylon
F: BM 76984+ = 83-1-18, 2356+ (Britton, JCS 43-45 (1991-93) A) Babylon
G: BM 77051 = 83-1-18, 2427 (Britton, JCS 43-45 B) Babylon?
H: BM 78079 = 86-5-12, (Britton, JCS 43-45 C) Babylon
[: MMA 86.11.407+408+409 (Neugebauer and Sachs, MCT (1945) p. 36; Friberg, CTMMA 11 (2005)) Babylon
J: MMA 86.11.406+410+Liv. 29.11.77.34 (Neugebauer and Sachs, MCT 36; Friberg, CTMMA I1) Babylon
I1. Eight Seleucid fragments of lists of squares of many-place regular numbers, with n from 1 to 2
A: BM 32178 = 76-11-7, 1905+ (Aaboe, JCS 19 III) Babylon
B: BM 33567=Rm 4, 123 (Aaboe, JCS 19 1) Babylon
C: BM 34578 = Sp. 11 50 (Sachs, LBAT 1641; Vaiman, SBM J; Aaboe, JCS 19 VIII) Babylon
D: BM 34714 = Sp. 11 203 (Sachs, LBAT 1639; Vaiman, SBM I; Aaboe, JCS 19 VII) Babylon
E: BM 34764 = Sp. 11 257 (Sachs, LBAT 1640; Friberg, Sumer 42) Babylon
F: BM 34875 = Sp. 11 382 (Sachs, LBAT 1638; Vaiman, SBM H; Aaboe, JCS 19 VI) Babylon
+BM 45668 = SH. 81-7-6, 63 (Sachs, LBAT 1636, Vaiman, SBM G; Aaboe, JCS 19 V)
G: BM 35568 (Sec. 1.2.1 below) Babylon?
H: BM 99633 = 84-2-11, 1995 (Britton, JCS 43-45 D) Babylon
I11. Two Seleucid fragments of lists of squares of squares of many-place regular numbers, with n from 1 to 2
A: BM 32584 =76-11-17, 2327 (Friberg, MSCT 1 (2007), App. A9.1) Babylon?
B: BM 55557 = 82-7-4, 147+ (Britton, JCS 43-45; Friberg, MSCT 1, App. A9.1) Babylon
IV. A Seleucid fragment of a many-place table of reciprocals, with » from 4 to 8
A: BM 41101 = 81-4-28, 648 (Aaboe, JCS 19 1) Babylon

V. A Seleucid fragment with an explicit computation of sq. sq. 322 = sq. sq. 2 01 04 08 03 00 27
A: BM 34601 = Sp. I1 76+759 (Sachs, LBAT 1644; Friberg, MSCT 1, App. A9.2) Babylon
VI. One Neo-Babylonian, two Achaemenid, and three Seleucid examples of factorization algorithms for

regular sexagesimal numbers
A: BM 46550 (Sec. 2.1 below)

B: W 23021 (von Weiher, Uruk 4 (1993)174; Friberg, BaM 30 (1999); Fig. 2.1.6 below) Uruk
C: W 23016 (von Weiher, Uruk 5 (1998) 316; Friberg, MSCT 1, App. 9; Fig. 2.1.8 below) Uruk
D: BM 34517 = Sp. 641 (Sachs, LBAT 1646; Sec. 2.3.1 below) Babylon
E: BM 34907 = Sp. 11 421 (Sachs, LBAT 1643; Sec. 2.3.3 below) Babylon
F: BM 34958= Sp. 11 479 (Sachs, LBAT 1642; Sec. 2.3.2 below) Babylon

VII. A Seleucid table of reciprocals, resembling the standard OB table of reciprocals, from igi 2 30-# to igi 1 21 gal.bi
44 26 40, followed by a table of squares of 3-place regular sexagesimal numbers, from sq. 1 02 30 to sq. 45

A: BM 34592 = Sp. II 65+ (Sachs, LBAT 1637; Vaiman SBM A; Aaboe, JCS 19 IV) Babylon
VIII. An Achaemenid many-place table of reciprocals, with n from 1 to 4

U: W 23283422905 = IM 76852 (von Weiher, Uruk 4 174; Sec. 1.3 below) Uruk
IX. A Neo-Babylonian many-place table of reciprocals, with n from 1 to 3

S: Sippar 2175/12 (Al-Jadir, Archeologia 224; Sec. 1.4 below) Sippar
X. An Achaemenid many-place table of selected reciprocals, with » from 1 to 1 00, and from 1 to 31

W: W 23281 =1IM 76283, rev. (von Weiher, Uruk 4 173; Sec. 1.6 below) Uruk

XI. A Seleucid many-place table of reciprocals, with n from 1 to 3
V: AO 6456 (Thureau-Dangin, TCL 6 31; Neugebauer, MKT I 14 ff; Sec. 1.5 below) Uruk



1. Late Babylonian Tables of Many-Place Regular Sexagesimal Numbers, from Babylon, Sippar, and Uruk 3

1.2 Table B (Babylon). Fragments of a Seleucid Many-Place Table of Reciprocals, with »
from 1 to 2

1.2.1  BM 35568. A List of Squares of Many-Place Regular Sexagesimal Numbers

BM 35568 is a Seleucid fragment of a list of squares of many-place regular sexagesimal numbers, of precisely
the same kind as seven other known fragments of such texts, previously published by Sachs in 1955, by Aaboe
in 1965, and by Britton in 1991-93. See category II of the list above (Sec. 1.1) of Late Babylonian texts
exhibiting many-place regular sexagesimal numbers.

The fragment is relatively large, and by good luck it happens to include both the beginning and the end of
the table once inscribed on the intact tablet. See Fig. 1.2.1 below. More precisely, the preserved square
numbers on the fragment correspond to 29 lines at the beginning and 5 lines at the end of a table of squares
closely related to the (reconstructed) Table B of many-place regular sexagesimal pairs of reciprocals. (See
Friberg, MSCT 1 (2007), 461-2.) The table of squares sq. n related to Table B of pairs of reciprocals 7, rec. n
may conveniently be called Table sq. B.

The longest square number recorded on the fragment BM 35568 is a 17-place sexagesimal number (rev.
line 2°). Since most of the recorded square numbers are much shorter, it is not surprising that in several
instances two consecutive square numbers from Table sq. B are inscribed after each other in one line of the
table on the fragment. Thus, in eight cases two consecutive square numbers are inscribed in one line of the
table, and in two cases three consecutive squares are inscribed in one line of the table. Consecutive square
numbers inscribed in a single line of the table are separated from each other by a special “separation sign”, in
the transliteration below reproduced as a colon (:). In lines 7, 8, 9, this separating sign is written as the sign
GAM (two diagonally placed oblique wedges). In lines 13, 14, 15, 18, the separating sign is instead written as
three diagonally placed oblique wedges. Written like this, the sign is confusingly similar to the Seleucid
simplified sign for 9, used for instance in 59 in the number on line 2 of the table.

A sign for an “internal double zero”, appears in two of the square numbers inscribed on the fragment. The
sign is written as a double Winkelhaken (two oblique wedges, one above the other), and is in the transliteration
below reproduced as «.

Thus, in line 6 on the obverse of the table on the fragment, the number

10429500657012624
is written with an internal double zero as

1042950 « 065701 26 24.

To be more precise, if the special cuneiform signs for the tens 10, 20, 30, etc., are transliterated as 1°, 2°, 3°,

etc., then the number in question can be more truthfully transliterated as

142°95°«65°712°62"4.
Transliterating the number in question in this elaborate way makes it clear that the purpose of the double
Winkelhaken in this particular case was to distinguish 5° « 6 (50 06) from 5° 6 (56). In other words, in this
particular case, the sign « stands for an internal double zero of the form 0 0 (“an absent one followed by an
absent ten”). (In general, the readers are asked to understand that, for instance, 06 stands for “an absent ten

followed by 6 ones” in precisely the same way as 50 stands for “5 tens followed by an absent one™.)

The sign for an internal double zero occurs also in line 12 on the obverse, where the number
11323004514285018 1424
is written with an internal double zero as

11323 «4514 285018 14 24.

Clearly, in this case the sign « stands for an internal double zero of the form 00 (“an absent ten followed by an
absent one”).
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The table of squares on BM 35568 ends with a ruled line, followed by what appears to be a catch-line, the
square of the number 2 01 04 08 03 00 27 with the line number 102a in Table 1.3 below. There are related
catch-lines at the ends of one other fragment of a table of squares and at the end of a fragment of a table of

reciprocals. See the discussion after Table 1.3 in Sec. 1.2.3.

On the edge, at the upper left corner of the reverse of BM 35568, some numbers are scrabbled. With some
leap of the imagination, they may be read as 4 05 45 36, which is the square of 2 02 52 48, the number with the
line number 105 in Table 1.3 below.

There is only one mistake in the list of squares on BM 35568. In line 10 of the list, 22 is incorrectly
replaced by 24.

obv. |

10

15

rev.

BM 35568, transliteration

sq.n

101303345

102051725042803 590345
1025452245736

1030324113350 « 0345

10330234107 2922574640

1042950 « 0657012624

1050615 :1063529 18342411 510640
106443059455615 :10816 :109 590224
1103833090345 :1114440193336
1121522565522 1751361746 40
112251042 582928 21 3345

11323 « 4514285018 14 24

114042640 : 1155615 :1174020 16
117505205232615 :1193734275024
1202231510640 :12137453655174536
122[2350513345 :]11241647242640
12428 1258455707]440345 :12624
[1282225433216 :1283424]36

about 20 lines missing

about 20 lines missing
[34315550838310640 :3 4644 53223]3 36
348[2156582538073]3280251113617/4640
3485254363345
351554138322557301424
354063821 14042640

404174045131745521[44]21209

n

100 45

10102063345
1012624

101303345
10143421320
102122848
10230:10312353320
103165230:104:10448
1050615:1053636
1055037021320
10555044115
10621184312
10640:10730:108 16
108203730:1090712
1092640:109 590224
1101845:1110640
11111290345:112
1124904:11254

155442640 :1 563824
15703191037021320
1571115
15757531648
158 31 06 40

2010408030027

line numbers

[ N S

6

7,8
9,10, 11
12,13
14

15

16

17, 18, 19
20, 21
22,23
24,25
26,27
[28], 29

[96], 97
98

99

100

101

catch-line (102a)
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Fig. 1.1.1. BM 35568, hand copy.
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1.2.2  Attested Many-Place Regular Numbers n in the Fragments and in Tables U and S

It is an interesting observation that most of the texts belonging to categories I-11I in the survey in Sec. 1.1 can
be shown to have a common origin. As will be shown below, this is clearly indicated already by the following
initial part of a comparative table, borrowed from Friberg, CTMMA II (2005):

Table 1.1 (beginning). Attested and unattested many-place regular numbers » in texts belonging to categories I-111.

r s p q + I/A n, rec. n sq. n $q.sq. n
18 -11 16 6 Pt
15 -2 15 6 — - : -
-2 5 13 4 1? U ? -
20 -6 |6 5 2 U ? B
13 3 |4 4 3 U ? B
-4 10 |5 8| ++ 4 U : E B
-5 -8 16 3 5 U B E B
22 -1 |8 4] + — — — - —
11 8 |5 4 6 U B E B
-7 -3 |3 2 7 : U B ? S
8 -5 16 4 8 I U B E A B
-9 2 |5 3 9 1 U B : A B
6 0 |2 2 10 1 U B A -
-12 -11 |7 50 + — — — — - -
4 5 13 3 11 [ U B A B
-14 -6 |4 4 12 I U : A B
19 3 15 6 — - - ? 71 - -
2 10 |4 7+ 13 1 U : G|A B
1 -8 |7 3+ 14 1 U B G| A B
-16 -1 |6 3 15 1 U B G|/A B
17 8 |6 4 16 1 - B G| - B
-1 33 1 17 I U B G| ? B
-3 2 |3 2 18 [ U B G|? B
221 -9 |6 6 — - - - 71 - -
12 0 |3 4 19 I U B A B
-5 7 |5 6 20 1 U : ?7 B
-6 -11 |8 4] + — - — -
10 5 |4 2 21 1 - U : B
-8 -6 |4 3 22 : 1 S U F -
8 10 |5 6 23 - ? I - ? F B
-10 -1 |4 2 24 - D [ S U F B
5 3 4 3 25 D | S U F -
-12 4 |6 5 26 - D H I S U F B
3 2 |2 1 27 ?7 D H - S U F ?
15 -9 |5 5 — 7 ? - - - - -
18 0 |4 6 28 C D H S U F
etc etc. etc. etc.

With respect to sorting, all the regular sexagesimal numbers n appearing, explicitly or implicitly, in texts of
categories I-III in the survey in Sec. 1.1 above can be thought of as numbers starting with I and ordered
lexicographically (as in the reconstructed Table R, see below, Table 1.3).

On the other hand, with respect to indexing, the same numbers n can be thought of as mixed powers of
2 and 3 (both positive and negative), as indicated by the list of indices (7, s) in col. i of Table 1.1 above. Recall
that every regular sexagesimal number is a mixed power of 2, 3, and 5. However, for sexagesimal numbers in
Babylonian relatjve place value notation, any power of 5 can also be understood as a corresponding power of
rec. 12 =2 -3 . Therefore, in line 5, for instance, of col. i of Table 1.1, the double index (r, s) = (-20, -6)
represents the following regular sexagesimal number

4 10 20 -6
n=10102063345=3 -5 =(in relative place value notation) 3*- 127°=2 -3 .

Expressed differently, 1 01 02 06 33 45 = 3* - 5'% is the number with the triple index (0, 4, 10) in Gingerich’s
table of 11-place regular sexagesimal numbers and their reciprocals (Gingerich, TAPS 55(8) (1965)).
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Similarly, in line 28 of col. i of Table 1.1, the double index (», s) = (-6, -11) represents the regular

sexagesimal number
16 11 16 -1 6 -1l
n=108351334485320=2 -5 = (inrelative place value notation) 2 -12 =2 -3

Hence, this is the number with the triple index (16, 0, 11) in Gingerich’s table. And so on.

In col. ii of Table 1 are noted the numbers p and g of sexagesimal (double-)places in n and rec. n,
respectively. In line 5 of Table 1.1, for instance,
n=23'=101020633 45(p=6),  and rec.n=2 3 =58 58563824 (g=5), sothat  (p,q)=(6,5).
Now, it is easily observed that if (n, rec. n) is a pair of reciprocals recorded in one of the 10 known Seleucid
fragments of many-place tables of reciprocals (category I in the survey above), and if (p, ¢) is the
corresponding pair of sexagesimal places, then, in the great majority of cases, p and g are both not bigger than
6, while in almost all the remaining cases p + ¢ is not bigger than 12. Expressed more concisely, with a few
exceptions, pairs of reciprocals appearing in the Seleucid fragments belonging to category I above are usually
(at most) “double 6-place”, and otherwise (at most) “total 12-place”.

Plus signs in col. iii of Table 1.1 indicate cases when a pair of reciprocals is total 12-place but not double
6-place. Examples in Table 1.1 are the five cases whenp + ¢=8+4=12,7+5=12,4+7=11,7+3 =10, or,
again, 8+4=12.

Double plus signs in col. iii indicate cases when a pair of reciprocals is more than total 12-place. The only
example in Table 1.1 is the case when p + g =5 + 8 = 13. Note that in that particular case the 5-place number
n =101 30 33 45 does not occupy more space than a normal 4-place number, if 1 01 is written as 1 1.
Therefore, the corresponding pair of reciprocals does not occupy more space than a normal total 12-place pair,
and may be called “essentially” total 12-place.

The inclusion of (essentially) total 12-place pairs can probably be explained as follows: In the case of the
fragments belonging to category I above, the corresponding original many-place table of reciprocals was,
presumably, inscribed on a clay tablet (or in a column of a clay tablet) that was just wide enough to allow lines
of two 6-place numbers side by side (double 6-place pairs). Such a clay tablet (or column) was then also just
wide enough to allow lines of (essentially) total 12-place pairs.

A dash (—) in col. iv of Table 1 indicates a case when an existing total 12-place pair of reciprocals n, rec. n
does not appear in any of the fragments of tables of reciprocals (category I), nor in the tablets U, S (categories
VIII-IX), nor, indirectly, in any of the fragments of tables of squares or squares of squares (categories II-111). In
all other instances, a number in col. /v indicates a line number in a suggested hypothetical reconstruction of a
Neo-Babylonian many-place table of reciprocals which may have been a common ancestor, directly or
indirectly, to most of the fragments of categories I-III (Seleucid) as well as to the whole tablets U
(Achaemenid) and S (Neo-Babylonian). A suitable name for the hypothetically reconstructed Neo-Babylonian
ancestral table is Table R.

In Britton’s paper JCS 43-45 (1991-93), 76-77, a reconstructed Seleucid table of reciprocals that may have
been the common ancestor, directly or indirectly, of all the fragments from Babylon belonging to categories
I-1I1, except the atypical fragments [ D and I1 F, is called a “double 6-place table of regular numbers”. This
reconstructed Seleucid table of reciprocals will in the following be called Table B. The two atypical fragments
can hesitantly be assumed to be derived from an “enlarged Table B*”, about which not much more is known.

The tentative claim that all the Seleucid fragments and the Neo- and Achaemenid tablets belonging to
categories [ or VIII-IX may have a common ancestor in Table R is based on the observation that in almost all
cases when a total 12-place pair is “missing” (that is, for some reason does not appear) in Table U, it is also
missing in Table S and in the fragments belonging to category I, and that if a total 12-place pair is missing in
all the fragments, it is also missing in Tables U and S.

An example is the total 12-place pair with the index (-12, -11), between lines 10 and 11 in Table 1.1, which
is missing in Table U, as well as in fragment I I (a table of reciprocals), and, indirectly in fragments II B (a table
of squares) and III A-B (two tables of squares of squares).
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Another example is the (less than) double 6-place pair with the index (-15, -9), between lines 27 and 28 in
Table 1.1, which is missing in fragments I C, I D, I H, Il F, and in both Table S and Table U. Note, however, for
instance, that line 16 in the reconstructed table is missing in Table U but not in fragments I I, II B, IT G, and I1I
B. Therefore the table of reciprocals inscribed on tablet U can only be thought of as a somewhat imperfect copy
of the hypothetical Table R. Similarly, the fact that line 23 of the reconstructed original table is missing in
Table S but not in some of the fragments means that also the table of reciprocals on tablet S may be a somewhat
imperfect descendent of Table R.

Another possibility is, maybe, that the Neo-Babylonian and Achaemenid Tables S and U and the Seleucid
Table B were not directly related but were constructed by use of the same arithmetical algorithms, with nearly
identical imposed constraints.

In contrast to this, although the Seleucid many-place table of reciprocals V = AO 6456 seems to have been
constructed by use of the same arithmetical algorithms, the imposed constraints in this case were clearly
different. Therefore, quite a few of the pairs of reciprocals in Table V have no counterparts in Tables R, U, or
S. (See Sec. 1.5 below, and compare Figures 1.2.3 and 1.5.1.)

A few many-place numbers appearing in one of the Seleucid fragments tables of reciprocals and in one of
the Seleucid fragments of tables of squares do not seem to be derived from entries in Table R (see the
reconstruction of that table below). This was first pointed out by Britton, in JCS 43-45 (1991-93), 82-83.

Two of the atypical entries occur in fragment LBAT 1634 (I D), where the two extra lines

59a (-19, -10) 130252050 394847135512
59b (14, -1) 1310120 3933024845
are inserted between the following lines from Table R (line numbers as in the reconstruction below):
59 (-1, 1) 130 40
60 (-3, 6) 1310730 39302213 20.

Note that the mentioned extra lines do not occur between lines 59 and 60 in the fragments of tables of
reciprocals [ A and I J, and that the corresponding extra lines do not occur in the table of squares fragment I C.
Similarly, the extra lines are not present in Tables U and S.

Other atypical entries of a similar kind can be observed in five extra lines in the two fragments LBAT 1636
and LBAT 1638, both probably parts of the same large tablet with a table of squares (Il F). The five extra lines
in these two fragments are inserted between lines 52 and 53, between lines 54 and 55, and between lines 64 and
65, respectively, in the reconstructed Table R. They are

52a (-9, 6) 12525465230 420823421320

52b (10, -12) 12544015831 0640 4159252624 pt+qg=8+5=13))
52¢ (23,-3) 1261809 11 06 40 414249222112392230 p+tg=7+9=16!
54a (21,2) 127225248 41 115525465230

64a (8, 14) 13428421424 380614 12 40 29 37 46 40 PpP+tg=6+9=15

These lines are missing in fragments I E, and 1 J, in fragments Il A, I C, and II D, and in Tables U and S.

Note that four of the mentioned extra lines are among only seven lines preserved on the fragment LBAT
1636. The remaining extra line is among only four preserved lines on the fragment LBAT 1638. What this
implies is that there must have been a large amount of such extra lines in the table text (Il F) of which LBAT
1636 and 1638 are very small parts. Obviously, that table text, for which a suitable name may be “the table of
squares related to an enlarged Table B*”, must have been constructed by use of imposed constraints that
differed considerably from the restraints imposed on the arithmetical algorithms used to produce Table B and
the related table of squares!

According to a reconstruction first made by Vaiman in SVM (1961), 225, and then confirmed by Britton in
JCS 43-45 (1991-93), 83 and fn. 32, the mentioned large clay tablet, of which now only the two fragments
LBAT 1636 and 1638 (Il F) remain, was inscribed on the obverse with three columns of many-place regular
square numbers. The number inscribed in the first line of the third column, still partly preserved, is

225070745 3[8 18 14 24] (=sq. 1 33 18 43 12) (line 63 in Table R).
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From this observation it is possible to draw the tentative conclusion that the three columns on the obverse
contained considerably more than 100 entries, and that they comprised squares of many-place numbers # from
1 to 2. If that is so, then the reverse of that tablet can be assumed to have comprised about equally many squares
of many-place numbers 7 from 2 to 4.

1.2.3 Table R: A Reconstructed Common Ancestor to Tables B, U, and S

In the reconstructed many-place Table R of reciprocals (Table 1.3 below) all those many-place regular
sexagesimal numbers 7 are arranged together which occur in at least one of the fragments of many-place tables
of reciprocals (category I above), or, indirectly, in one of the fragments of the related lists of squares or squares
of squares (categories II-11I), or in the many-place tables of reciprocals on tablets S and U (categories VIII-IX).
The tabulated numbers n are written in sexagesimal relative place value notation, and are ordered
lexicographically. (Alternatively, they can be thought of as sexagesimal numbers in absolute place value
notation, arranged in ascending order, from 1 and 1;00 16 53 53 20 to 3;57 02 13 20 and 4.) The ordering is
indicated by line numbers in col. i.

Lines that are present in Table V (Sec. 1.5) but not in the reconstructed Table R are also included in the
table, indicated not by line numbers but by a v or a V in col. i, where v refers to an at most total 12-place pair of
reciprocals, while V refers to a more than total 12-place pair.

The two extra lines from fragment I D, between lines 59 and 60 in Table R, are included in the table, too,
indicated not by line numbers but by a z in col. i. Similarly, pairs of reciprocals corresponding to the five extra
lines from the atypical table of squares fragment I F are also included, indicated not by line numbers but by an
x in col. 7 if the pairs are at most total 12-place, and by an X otherwise.

The numbers 7 attested, directly or indirectly, in at least one of the fragments of categories I-1II include
together all the entries provided with line numbers from 0 to 101 in the reconstructed Table R below (Table
1.3), except lines 0 and 42 (which, on the other hand, are present in Table S). This should be clear from the
following survey:

Table 1.2. Attested line numbers from Table B in the fragments

fragment ## preserved lines on obv./rev. missing lines extra lines
IA BM 34577 32-48, 57-66 42
IB BM 34596 —,76-101, 102a
IC BM 34612 27-36,— 59a-b
ID BM 34635 23-36, 58-68 30
IE BM 34762 29-41,43-57 30,42
IF BM 76984 33-40, 63-80 42
I1G BM 77051 —,77-87
IH BM 78079 26-31, 60-73
11 MMA 86.11.407+ |8-26,—
1J MMA 86.11.410+ | 49-73,83-89, —
IITA BM 32178 33-55,56-80 42
IIB BM 33567 5-11, 14-19
nc BM 34578 52-54,55-66
oD BM 34714 39-59, 60-79 42,67,69
IE BM 34764 [1]-8,7100-101, 102a
IF BM 34875 22-28,32-35, 52a-55, 63-65, — 52a-c, 54a, 64a
oG BM 99633 14-18, 85-90
oH BM 35568 1-29,97-101, 102a
rA BM 32584 8-19, 76-88 16,79, 86
I B BM 55557 2-28, 100-101 0,1,7,10,22,25
IVA BM 41101 208-217, — 209
VA BM 34601 102a
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VIA BM 46550 2

VIB W 23021 20-31 21,25,28,30

VIC W 23016 6

Table U | W 23283+ 0-47,58-106, 111-204 16,23,79,86,99, 118, 67a
125,149, 150, 178, 181, 188

Actually, the lines preserved in just four of the fragments are sufficient to cover the whole range of lines from
0 to 101, with the mentioned exceptions (lines 0 and 42), as shown by the following diagram:

10 20 30 40 50 60 70 80 90 100

I1H . EB . 1B ;
L J L IIA J

L

Fig. 1.2.2. Lines from Table R attested in at least one of the fragments.

As mentioned, the part of the reconstructed Table R below with n from 1 to 2 is identical with Britton’s
“Double 6-place table of regular numbers” in JCS 43-45 (1991-93), 76-77, with the following exceptions: The
four lines that are present in Table U but not, directly or indirectly, in any of the fragments of categories -1,
are tentatively included in Table R but with question marks after the line numbers 0, 1, 42, and 67a. (The line
given the line number 67a is problematic. It should almost certainly not be included in Table R. More about
that below, in Sec. 1.3.5.)

The part of Table R below with n from 2 to 4 was tentatively constructed here through doubling and
halving of each pair of reciprocals from the part of Table R with n from 1 to 2. That this is a reasonable
procedure will be clear from the discussion in Sec. 1.5 below. Besides, all the pairs obtained in this way
through doubling and halving are present in either Table S or Table U with only a few exceptions, namely that
lines 118 and 125 are missing in both Table S and Table U, that lines 141 and 142 are missing in Table S and
lost in Table U, and that lines 178, 181, 188, and 203a are missing in Table U and outside the range of Table S.

Here is the reason why it seems reasonable to let also the lines 0,1, and 42 be included in Table R. As
mentioned, Britton’s “double 6-place table” (or more correctly “total 12-place table™), Table B, is composed of
all pairs of reciprocals n, rec. n attested, directly or indirectly, in at least one of the fragments of categories I-111
(except the atypical fragments I D and II F). Importantly, the following similarities between Table B and Table
U can be observed:

1. Apparently, about 100 total 12-place pairs with n from 1 to 2 were originally recorded in both Table B and Table U.

2. Of all the existing total 12-place pairs with n from 1 to 2, about 30 are missing simultaneously in both tables.

3. For n from 1 to 2 only five pairs in Table U are missing in Table B; four pairs in Table B are missing in Table U.

4. There are only two more than total 12-place pairs with n from 1 to 2 in Table B, namely
(-4, 10) 101303345 583139351831 0640 1.4
(5,-10) 15703191037021320 3045165230 1.98

The first of these pairs is attested, indirectly, in fragment III B, where the square of the square of 1 01 30 33 45 is recorded.
Besides, the pair obtained from this pair by doubling and halving, twice, is recorded in fragment IV A. The second pair is attested
in fragment I B. Both pairs are also attested in Table U, and there are no other more than 12-place pairs with n from 1 to 2 in Table U.

The noted similarities prove unequivocally that Table U and Britton’s reconstructed Table B must have had a
common ancestor. This common ancestor can be assumed to have contained, at least, all the pairs of
reciprocals with z from 1 to 2 recorded in Table R below.

There are equally great similarities between Table B and Table S, obscured only by the fact that the
obverse of Table S is quite poorly preserved. Thus, for instance, the first of the two mentioned more than total
12-place pairs with n from 1 to 2 in Tables B and U is not among the preserved pairs in Table S. Luckily, the
second more than 12-place pair with n from 1 to 2 is present in Table U and well preserved. In addition the total
13-place pair in line 132 of Table R with index (1, -11), the only more than 12-place pair in Table R with n
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from 2 to 4, is present in both Table U and Table S. Therefore the conclusion must be that also Table S must
have had a common ancestor with Table U!

Note that even if Table S may be older than Table U and Table B, it is not itself a direct ancestor of either
one of them. This is clear because there are more “missing” pairs in Table S than in Table U and Table B.
(Besides, only one pair that is missing in Table U is present in Table S.) In the following, it will be assumed that
the common ancestor to Tables S, U, and B is the reconstructed Table R in Table 1.3 below.

In Table 1.3, errors in lines of Table U =W 23283+ or Table S = Sippar 2175/12 are indicated in cols. iii -iv
by an underlining of the correct sexagesimal places in the lines in question, and by specifying the incorrect
sexagesimal places in the columns headed Table U and Table S, respectively.

Errors in lines of Table V = AO 6456 are indicated by a double underlining of the correct sexagesimal
places in the lines in question, and by specifying the incorrect sexagesimal places in the column headed Table V.

Lines that are present in Table U but not present, directly or indirectly, in any one of the fragments of
categories I-11I are indicated by a u (for total 12-place pairs) or a U (for a more than total 12-place pair), in the
column headed Table U. As mentioned, there are only 4 such lines, namely lines 0, 1, 42, and 67a.

Table 1.3. The reconstructed Table R, with » from 1 to 4 (Tables R; and R)

line r s n rec.n Table U  Table S Table V
02,v| 0 0 |1 1 u lost

v | -18 -11 10016535320 59431050 52 48 — —

v 15 2 | 100405320 59193413 07 30 — —

12 | 2 5 (10045 59153320 u lost

2 | 20 6 | 10102063345 58 58 56 38 24 lost 3345

3 13 3 1012624 58353730 lost

4 | 4 10 | 101303345 583139 35 18 31 06 40 lost

5 5 8 10143421320 581912 lost

6 11 8 |102122848 57521320 lost

7 73 110230 5736 lost

8 8 -5 | 10312353320 56571115 lost

9 9 2 103165230 565320 lost

10 6 0 |104 5615 lost

\% -12 -11 104 1801 28 5320 5559135512 - — 17

11| 45 |10448 553320 lost 4

12 -14 -6 1050615 55174536 lost

\% 19 3 1105320936 54 5553542230 T —

13 2 10 1053636 54 52 1051 51 06 40 lost

14 1 -8 1055037021320 5440 30 lost

15 -16 -1 10555044115 54 36 48 .06. lost o

16 | 17 8 | 10621184312 54151230 MISSIG | o fissing

17 -1 -3 110640 54 404 damaged

\ 0 15 | 106254827 54 11321241352823421320 - —

18 302 10730 5320 damaged

19 | 12 10816 52 4403 45 07

20 S07 1 0820 37 30 524029 37 46 40

21 | 10 5 11090712 3205 >

22 8 -6 1092640 515024 L

— | — — | (1090713) (52) co,m,lp ' -

23 18 10 109590224 5126 25 11 06 40 mlslssmg missing | ing
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24 -10 -1 |1 10 18 45 5112

25 5 3 11106 40 50 37 30

26 124 111111290345 50 34 04 26 40

27 3 2 112 50

28 18 0 11124904 49261830 56 15 17
29 1 7 11254 49 22 57 46 40 27 49

30 | 0 -11 | 11309342908085320 |491227

31 -17 4 111314315230 490907 12

32 | 16 5 | 113434048 48494115 missing

33 | 2 6 | 114042640 48 36 missing

34| 14 1011438583336 4813 3106 40 MISSIE | issing
35 | 4 -1 |115 48

36 | 11 -3 | 115510640 47273922 30 missing

37 | 6 4 1155615 47 24 46 40

38 9 11648 46 52 30

\% 8 9 11653121115 46 49 19 40 14 48 53 20 — — 54 58
39 | -9 9 | 11709374640 46 39 21 36

V | 24 0 |117402016 4620 54 51 30 14 03 45 — — 54
40 7 7 |1174536 46 17 46 40 missing missing
41 | -11 4 1180730 46 04 48
427 | 22 5 | 11838353112 4546 34 55 18 45 u missing missing
43 | 4 6 | 11900442640 453345 corrupt

v | <13 1 | 11906053730 45 30 40 — —

44 | 2 -1 |120 45

V | -16 -12| 1202231510640 44 472308 09 36 — lost

V | 17 -3 | 12054310640 4429 40 39 50 37 30 — —

45 0 4 |121 4426 40 —

v | <18 -7 | 121224845 44141228 48 - lost

46 | 15 2 1215512 4356 43 07 30 lost 45
47 | 2 9 1220045 4353 44 41 28 53 20 lost

48 | -3 9 | 1221816174640 43 44 24 lost lost

v | 20 2 | 1222350513345 43412624 — lost

49 13 7 | 122563824 432410 lost lost 51
50 | 5 4 12320 4312 lost lost

V| 11 12 | 12358505248 42520059 15 33 20 - lost

51 | 7 1 |1242230 42 40 lost lost

V| 10 6 | 1241647242640 4242532615 - lost

52 | 8 -1 12520 421115 lost — 13
X 9 6 | 12525465230 420823421320 - lost

X | -10 -12 | 1254401 583106 40 4159 2526 24 — lost 31
X | 23 -3 [1261809110640 414249222112392230 - — -
53 | 6 4 |12624 4140 lost lost -
54 | 12 7 1264820 412819 12 lost lost

X 21 2 1127225248 4111 55 25 46 52 30 - lost

55 4 9 |1272848 4109 08 08 53 20 lost lost —
56 | 3 9 | 1274729225746 40 410022 30 lost | damaged 43
57 | 14 2127532615 40 57 36 lost — 47
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58

67a?
68
69
70

71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90

19 7

-7 -10

9 -5
6 -7

4 2

-16 -8

-1 -10

15 6
2 13

12828245736
1285320
1285921194115
12912192634231949 -

38 08 36 52 20 44 26 40

129 40 50 24 27
130
13025 20 50
1310120
1310730
1320936
132155037 30

1 32 41 49 43 00 28 07 30
132353320
133184312
13345
13428421424
134 48 5320
134551845
136

136 06 30 14 03 45
13627021320
13712
1373922 30

1 37 3245 58 50 51 51 06 40
138 18 14 24
13824 54

1 38 45 5533 20
138523701 52 30
140

14108 08 53 20
14115

14224
1425250221320
1434048

14410
14520591533 20
145280730

146 40

148

1483025
1491336
14921
1494421 43421320
150353112
150 43 00 45

40 41242230
4030
4027153320
4021 22 41 00 09

40 08 32 44 57 28 29-

552009 52 353320
40

394847 13 55 12
393302 48 45
393022 1320

3903 45

3901 06 23 32 20 44 26 40
3850 1008

385248

38 34 48 53 20

38 24

3806 14 12 40 29 37 46 40
37 58 07 30
37553320

3730

3727274411 51 06 40
371929 16 48
37021320

36 51 50 24

365420 15

3637 1556 15

36 34 47 14 34 04 26 40
3627

362432

36

353544315230
353320

3509 22 30
34593112

344320

343336

3410 18 45

3408

3345

3320

331039 21 36
32573220 37 30

32 55 18 31 06 40
324818

32330730

32305519365717021320

lost

lost
lost
lost
lost
lost

lost

missing

missing

damaged

missing

missing
missing

missing

missing

missing

missing

lost
lost
lost
lost
lost
lost
lost
lost
damaged
damaged
5147

42, 0
43201220 34
19, 00
45

36, 45

3727,09

29

missing

27
26

43

31,45
missing
32

13
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91

92
93
94
95
96
97
98
99
100
101

102

102a

103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131

-3

-5

20 2

5
10
-7

14

-11

0
2

-6
3

-6
10

-3

15106 40
15114113936 3345
15230

15346 40
153542230
15512
1554426 40
156 38 24
1570319103702 1320
1571115
15757531648
158 31 06 40
158390826 15

2
20025 38 14 52 25 29 46 -
0029 37 46 40
201 0408 03 00 27
20130
202041307 30
2025248
203010730
2032724 26 40
204245736

205

20625 1106 40
2063345

208

20936
2101230
2111312

21141 14 04 26 40
2115009 22 30
21242372624
21320

215

21632
21641_15

218 1424
2185320
219 58 04 48
2203730
2221320
222225807 30
224

2253808

22548

3224
32214826 40

32

31382615

3136 17 46 40
3115

3106 1424

30 51 51 06 40
304516 5230
3043 12
30310316 52 30
3022 30

3020 26 40

30

29 53 36 48 09

29 44 06 28 51 27 46 36 -
32 42 52 1726 54 48 53 20
29 37 46 40
29292819 12
291748 45

29 1549 47 39 15 33 20
2909 36

28 56 06 40

28 48
2828353730

28 26 40

2807 30

27 46 40
27385248

2726 05 25 55 33 20
272015

27 18 24

270736 15

27

26 40

26220152 30
2620 14 48 53 20
2602 30

255512
254312353320
2536

2518 45
2517021320

25

244309 152807 30
244128 5320

missing

lost
lost
lost
lost
lost

lost

59

missing

missing

18 5538

59

missing

missing

correct!
missing

missing

25

57,06 13
32
36,29

04

[%]

29 5126 44 06

missing

missing

32

missing

missing
00

missing

missing
24

21
00,00 18
missing

missing

missing
48

missing
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132
133
134

135
136
137
138
139
140
V)
141

142
143
144

145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174

-14
19
2

-10

-5
4
11

2261908 58 16 17 46 40
226290345
227272136
2273721
228085320
22917570712
230
231421320
2315230
23336

(2 33 46 24 22 30)
23419153320
235204032
2353112
23615
23801285320
238121115
240

242
2435024
24401 30
2443632353320
245531648
246 40

24845

25040

25248
2533640
2545736
255345845553320
255465230
25746 40

3

30215
30306194115
3041912
305110640
306372624
30730
309 37 46 40
3095037 30
312
3125404 26 40
31424
3151845
3163628 48
31649 48

2436 1330
24343336
24245037 30
2423 1129 42 42 57 46 40
2418

2406 453320

24

2343454115
23421320
232615

(23 24 39 50 07 24 26 40)
2319 40 48
231027254507 01 52 30
2308 53 20
230224

2246 52 30
224520

2230

221320

215821 33 45
2156 52 20 44 26 40
215212

214205

2136

2120

21053730

20 50

20 44 09 36

20 34 34 04 26 40
20301115

2028 48

20,15

20

1945 11 06 40
1939 38 5248
19315230

1926 24

1917 24 26 40

1912

18 59 03 45

18 57 46 40

18 45

18 39 44 38 24

18 31 06 40
18255512

18 18 37 58 07 30
18172337 17021320

lost

lost

lost
lost
lost
lost
lost

lost

missing

missing

26
57, 30

lost

lost

27
21 [57)]

missing

missing

missing

missing

missing

missing

damaged
damaged
damaged
damaged
damaged
damaged
lost
lost
lost
lost
lost
lost
lost
lost
lost

end lost

missing
missing

missing
27

missing

missing

missing
36
(57)

5200

missing

missing

missing
missing
missing
missing

missing

missing
missing
missing
missing

missing

00

end
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175 | 1 -7 | 31731510640 18 13 30

176 | -16 0 | 31745140345 181216

177 | -1 22 320 18 20

178 | 14 4 | 32216174640 1747521556 15

179 | 3 3 32230 17 46 40

180 | 12 1 |32448 17 3441 15

181 | -6 -10 | 3254540442640 17 29 45 36 missing
182 | 10 6 |3272136 17 21 40

183 | 8 -5 32820 17 16 48

184 | 7 7 |3304158310640 17 05 09 22 30

185 | -10 0 |3305615 17 04

186 | 5 2 33320 16 52 30

187 | 3 3 |336 16 40

188 | -15 -8 | 3370050 16 3519 40 48

189 | 18 1 |3382712 16 28 46 10 18 45

190 | 1 8 |33842 16 27 35 15 33 20

191 | 0 -10 | 33928 4327242640 16 24 09

192 | 16 6 |341110224 16 16 33 45

193 | 2 -5 3421320 16 12 392230
194 | 4 0 |345 16 2121
195 | 11 2 | 3473320 15491307 30 0128
196 | -6 34748 45 15 48 08 53 20 .

197 | 9 3 |35024 153730 fissing
198 | -9 -8 |351285320 153307 12 424

199 | 7 8 13531648 1525553320

200 | 6 -10 | 354063821 14 04 26 40 1522382615

201 | -11 -3 | 3542230 152136

202 | 22 6 | 35555463336 151531 3826 15

203 | 4 5 357021320 151115

203a | -13 2 |35718165230 1510 13 20

204 | 2 0 |4 15

A reasonable conjecture seems to be that, originally, Table R was written on three clay tablets, each
containing about 100 entries. If that is so, then n proceeded from 1 to 2 on the first of the three tablets, from 2
to 4 on the second tablet, and from 4 to 8 on the third tablet.

Indeed, it is important to notice that if n, rec. n is a given pair of reciprocals with n from 1 to 2, then 2 n, 1/2
rec. n is a pair of reciprocals with n from 2 to 4, while 4 n, 1/4 rec. n is a pair of reciprocals with n from 4 to 8.
Therefore, the table with n from 2 to 4 can be constructed with departure from the table with n from 1 to 2
simply through the process of doubling and halving applied to all the pairs of reciprocals in that table. (For well
known Old Babylonian examples of the application of the process of doubling and halving, see Friberg, MSCT
1 (2007), App. 3.) The table with n from 4 to 8 can be constructed in a similar way with departure from the
table with » from 2 to 4.

If n is greater than 8, then the inverse pair rec. #, n is a pair of reciprocals with rec. n smaller than 8, which,
therefore, is an already recorded pair. Hence it would make no sense to continue the many-place table of
reciprocals beyond the range of the pairs #, rec. n with n from 1 to 8, or even beyond the pair

(-8,-8) 742574640 746 33 36.
This is the last (at most) total 12-place pair n, rec. n with n smaller than rec. n. Between this pair and
(3,0) 8 730
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there are only the following four (at most) total 12-place pairs, all with n greater than rec. :

(-10,-3) 74845 74048
(5,-5) 7 54 04 26 40 7353730
(-12,2) 754363345 7 3506 40.

Note, by the way, that since 7 42 57 46 is approximately equal to its reciprocal, it follows that 7;42 57 46 40
is an approximate square root of ‘1’ (in this case by necessity meaning 60, not 1)!

The conjecture that the original Table R of many-place pairs of reciprocals may have been written on three
tablets, one for # from 1 to 2 (R,), another for n from 2 to 4 (R,), and a third for » from 4 to 8 (R3), is supported
by the following series of observations:

1. Innearly all the Seleucid fragments of many-place tables of reciprocals n, rec. n (I A-11J), fragments of many-place tables
of squares sq. n (Il A -11 H), and fragments of many-place tables of squares of squares sq. sq. n (IIl A -1II B), n goes from 1 to
2. Hence these LB fragments may be excerpts from the hypothetical tablet R, or from closely related tables of squares or
squares of squares.

2. Inthe fragment I B (see the hand copy in Sachs, LBAT 1633), the end of tablet R, is reached, with the last entry being
3,-5) [158]310640 302230 1. 101

This entry is followed by a ruled line, and beneath it what appears to be a catch line, the number
(0,23) [2 01 04] 08 03 0027 . 102a

The reciprocal of this number is not given, probably for the following reason: The number itself is 7-place, and its reciprocal is
17-place, which means that the pair of reciprocals is total 24-place and certainly not the first entry of the total 12-place table of
reciprocals R,. (See Table 1.3 above.) Therefore, it is possible that fragment [ B is part of (a copy of) a copy of tablet R; made
by someone who did not own a copy of tablet R,, but who knew that the 23rd power of 3 is only slightly greater than 2 (in the
lexicographical sense used for the sorting of the entries of Table R).

The end of Table R; is reached also in fragment III B, Britton’s fragment of a table of squares of squares, which ends with the
square of the square of the number # in line 101 of Table Ry, followed by a ruled line.

Fragment II H, the new fragment of a table of squares (Sec. 1.2.1 above) ends with the square of the number # in line 101,
followed by a ruled line and the square of the number 7 in line 102a. The small and badly preserved fragment II E (LBAT
1640) apparently ends, similarly, with traces of the squares of the numbers 7 in lines 100-101, followed by traces of the square
of the number # in line 102a.

Note that the appearance of the number # in line 102a, or its square, or the square of its square, at the ends of the tables on so
many fragments clearly indicates that this number must have been part of the Seleucid Table B itself, as a kind of catch line.

3. Fragment IV A contains part of the first column of a two-column tablet, with only traces remaining of the inscription in
the second column. It contains pairs of reciprocals that can be obtained by doubling and halving of the pairs in lines 106 to 115
of Table R above, with the pair corresponding to line 107 missing. It is reasonable to assume that the fragment is part of a copy
of the hypothetical tablet R ;. (Note by the way, that the total 12-place pair with » =4 06 02 15, which is the first preserved pair
in fragment IV A, is obtained by doubling and halving the more than total 12-place pair with » =2 03 01 07 30 (Table R, line
106), which itself is obtained by doubling and halving the more than 12-place pair with n =1 01 30 33 45 (Table R, line 4).

4. Table U, which is written on a relatively well preserved clay tablet, is an Achaemenid many-place table of reciprocals,
with n from 1 to 4, while Table S, written on a much less well preserved clay tablet, apparently is a Neo-Babylonian
many-place table of reciprocals with n from 1 to 3. Presumably, Table U, with about 200 pairs of reciprocals, is a copy of the
tables of reciprocals on tablets R; and R,. Table S, on the other hand, with originally perhaps 160 pairs of reciprocals, is,
presumably, the first of two consecutive tables, on two clay tablets, together forming a complete copy of Tables R;, R, and
Rs.

Note, by the way that the number 9 is written in Tables U and S, and also in the table of squares VII A, in the traditional form
with three times three upright wedges, while it is written in all the fragments (categories I-V) in the simplified form with three
diagonally placed oblique wedges. What this implies is, presumably, that the fragments are of a younger date than Tables U
and S, probably Seleucid. In the Seleucid Table V, the number 9 is, of course, written in the simplified form.

5. Itis, evidently, no accident that in Table U there are 102 pairs of reciprocals with n from 1 to 2, presumably copied from
Table Ry, and also 102 pairs of reciprocals with n from 2 to 4, presumably copied from Table R,. As mentioned, the most
logical explanation appears to be that each pair of reciprocals with n from 2 to 4 was constructed with departure from a
corresponding pair of reciprocals with n from 1 to 2 through the already mentioned process of doubling and halving.

That this explanation is almost certainly correct is demonstrated by the following comparison of the beginnings of Tables R
and R, as they are preserved in Table R and the beginning of Table R in fragment IV A. Note that each time that a total
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12-place number is missing in Table R, the corresponding pairs are also missing in table R,, and in fragment IV A, a part of
Table R;.

Table 1.4. A comparison of the beginnings of Tables R;, R;, and R;

R, R, R; (IV A)

line rs n line rs n r s n

0 00 1 102 10 2

- 18 -11 | — — | 17 -1 —

- 15 2 | — - 16 -2 —

1 25 | 10045 103 15 20130

2 20 -6 | 10102063345 104 | -19 -6 20204130730

3 13 3 | 1012624 105 14 3 2025248 .

4 4 10 | 101303345 106 | -3 10 203010730 2 10 4060215

5 5 -8 | 10143421320 107 4 8 20327242640 3-8 missing

- 22 -1 | — - 21 -1 — 20 -1 —

6 11 8 | 102122848 108 12 8 20424 57 36 13 8 408495512
73110230 109 6 -3 205 53 410
8 -5 | 10312353320 110 9 -5 20625 11 06 40 10 -5 | 41250221320

9 9 2 1103165230 111 8 2 206 33 45 72 4130730

10 6 0 104 112 70 208 8 0 416

- -2 -11 | — - -1 -11 — -10 -11 —

11 45 104 48 113 55 209 36 6 5 41912

12 -14 6 | 1050615 114 | -13 -6 2101230 -12 -6 42025

- 19 3 | — - 20 3 — 213 —

13 2 10 | 1053636 115 310 2111312 4 10 4222624

14 1 8 | 1055037021320 116 2 -8 | 2114114042640 T

15 216 -1 | 10555044115 117 | -15 -1 21150092230

16 17 8 | 10621184312 118 18 8 21242372624

17 -1 -3 [ 10640 119 0 -3 21320

18 32 10730 120 22 215

- 21 9 | — - 20 9 —

19 12 0 | 10816 121 13 0 21632

20 57 | 108203730 122 47 2164115

- 6- 11 | — - 511 —

21 10 5 | 1090712 123 115 2181424

22 8 -6 | 1092640 124 76 2185320

efc. etc.

1.2.4  The Numerical Algorithms Used for the Construction of Table R

As will be shown below, in Sec. 1.3.4, numerical errors in Table U suggest that the lexicographically ordered
list of (at most) total 12-place pairs of reciprocals in Table U, as well as in the hypothesized Table R, were
computed by way of the following series of numerical algorithms:

1. First a table was constructed of 12 successive powers of 3, and their reciprocals, (Table 1.5 below in Sec. 1.5.3) continued
for as long as the pair of reciprocals 3", rec. 3" stayed at most total 12-place.

2a. Next, for each pair of reciprocals 3", rec. 3" computed in step 1, a corresponding “preliminary algorithm table” was
constructed, where a series of new pairs of reciprocals were computed by repeated use of a doubling and halving algorithm.
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The table was (in principle) continued for as long as the calculated pairs of reciprocals stayed at most total 12-place (or until
there was no more space available on the clay tablet on which the preliminary algorithm table was inscribed).

2b. Similarly, for each pair of reciprocals computed in step 1, a new table was produced, where a series of new pairs of
reciprocals were computed by repeated use of the doubling and halving algorithm, with departure from the inverse pair rec. 3",
3". The table was continued for as long as the calculated pairs of reciprocals stayed at most total 12-place.

3. All the pairs of reciprocals n, rec. n produced in steps 2a-b with n smaller than rec. » (in the lexicographic sense), together
with all inverse pairs of reciprocals rec. n, n with rec. n smaller than » (in the lexicographic sense), were collected together in
one great table and ordered lexicographically with respect to the numbers # in the first column of the table.

To compute in this way the about 300 many-place pairs of reciprocals in Table R must have been a truly formidable task. The
last of the pairs of reciprocals calculated in step 1 of the outlined algorithmic procedure was

3" rec. 3''=491227,1 13093429 08 08 53 20 (total 12-place) (line 30 in Table R)

Consequently, there were 12 preliminary algorithm tables of many-place pairs of reciprocals (Ay-A;;) produced in step 2a of
the procedure, and 11 more preliminary algorithm tables with many-place pairs of reciprocals (B;-B;;) produced in step 2b.
Together, there were 23 preliminary algorithm tables produced in steps 2a-b.

To rearrange and copy more than 300 pairs of many-place sexagesimal numbers from so many subtables in order to get a
combined table where » was made to ascend lexicographically from 1 to about 8§ must have been an even more formidable
task. Remember that when the medium was clay inscribed with cuneiform number signs there was no easy way of repairing a
mistake, for instance by inserting a missed line or moving a misplaced line. It is likely that this is the explanation for some of the
missing total 12-place pairs in Tables R, U, and S.

The first of the 23 preliminary algorithm tables is shown below. For the readers’ convenience, a bold » indicates that
smaller than rec. n. Similarly, a bold rec. n indicates that rec. # is smaller than n. Expressed differently, the bold numbers are all
smaller than 7 42 57 46 40, and the remaining numbers are all greater than 7 42 57 46 40.

Table A . At most total 12-place pairs produced with departure from the pair 1, 1

r s lines n=2"-3" rec. n ptyq
0 0] 0 1 1 2
1 0 102 2 30 2
2 01204 4 15 2
3 0/ 29 8 730 3
4 0] 194 16 345 3
5 0] 92 32 15230 4
6 0| 10 104 5615 4
7 0] 112 208 2807 30 5
8 0214 416 14 03 45 5
9 0] 287 832 7015230 6
10 0| 185 17 04 3305615 6
11 0] 83 3408 145280730 7
12 01 19 10816 524403 45 7
13 0 121 21632 2622015230 8
14 0] 223 43304 13110056 15 8
15 0| 278 906 08 63530280730 9
16 01176 181216 31745140345 9
17 ol 74 | 362432 1385237015230 10
18 0ol 28 1124904 | 49261830 56 15 10
19 0 130 2253808 | 244309 152807 30 11
20 0| 232 4511616 | 12213437440345 11
o0l — 9423232 | 610471852015230 12
2 0| — 19250504 3052339260056 15 12
23 0 — | |38501008 | 610471852015230 12

19
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The line numbers in col. ii of the table above that are between 0 and 204 are identical with the line numbers
in the reconstructed part of Table R, with n from 1 to 4. The numbers greater than 204 are conjectured line
numbers for the essentially non-documented part of Table R with n from 4 to 8. Missing (at most) total
12-place pairs in Table R are indicated by dashes (—) in col. ii.

The 2nd and 3rd of the 23 tables produced in steps 2 a-b of the algorithmic procedure mentioned above are
reproduced below. Note that in the 3rd table the first line, the one for (0, -1), is missing, since it would be a
duplicate (although with the numbers in inverse order) of the first line in the 2nd table.

Table A;. At most total 12-place pairs produced with departure from the pair 3, rec. 3' = 3,20

0 1| 160 3 20 2
1 1] 262 6 10 2
2 1 239 12 5 2
3 11 137 24 230 3
4 1 35 48 115 3
51 67 136 3730 4
6 1| 169 312 18 45 4
7 1] 271 624 92230 5
8 1 | 228 12 48 44115 5
9 1] 1206 2536 2203730 6
10 1| 24 5112 1101845 6
11 1| 78 14224 3509 22 30 7
12 1| 180 32448 173441 15 7
13 1| 282 649 36 847203730 8
14 1| 219 133912 423401845 8
15 1] 117 2718 24 2115009 22 30 9
16 1 15 54 36 48 10555044115 9
17 1| 87 1491336 | 325732203730 10
18 1 | 189 3382712 | 162846101845 10
19 1| 291 7165424 | 8142305092230 11
20 1| — 1433 48 48 4071132344115 11
21 1| — 2907 37 36 2033546172037 30 12
22 1| — 58151512 1014753084018 45 12

Table B;. At most total 12-place pairs produced with departure from the pair rec. 3, 3' =20, 3

1 -1 59 40 130 3
2 -1 44 120 45 3
3 -1 145 240 22 30 4
4 -1 248 520 1115 4
5 -1 255 10 40 53730 5
6 -1 152 2120 24845 5
7 -1 51 4240 1242230 6
8 -1 52 12520 421115 6
9 -1 153 25040 21053730 7
10 -1 | 255 54120 103248 45 7
11 -1 | =2 112240 516242230 8
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12 -1 |v 224520 238121115 8
13 -1 | v 4530 40 11906 0537 30 9
14 -1 | ID 1310120 3933024845 9
15 -1 | — 3020240 1946 31 2422 30 10
16 -1 | — 6 04 0520 95315421115 10
17 -1 | — 1208 10 40 456 37 51 05 37 30 11
18 -1 | — 2416 21 20 2281855324845 11
19 -1 | — 48 3242 40 11409 27 46 24 22 30 12
20 -1 | — 137052520 | 37044353121115 12

It is possible to draw an important conclusion already from these first three examples of the preliminary
algorithm tables produced in steps 2 a-b of the algorithmic procedure. Namely, if there is a missing pair of
reciprocals in one of the preliminary algorithm tables, indicated by dashes (—) in col. /, then also all the
ensuing pairs are missing. Thus, in table A, the last two pairs are missing, in table A; the last three pairs, and in
table B, the last ten pairs. This conclusion is important because it implies that missing pairs in Table R are
mostly due only to incomplete, prematurely ended, preliminary algorithm tables Ay or By, not to errors in the
sorting process in step 3 of the mentioned algorithmic procedure.

Note, in the case of the preliminary table B, that it is not clear that the pair of reciprocals with the index
(14, -1), which appears only in the “atypical” fragment I D, should be included at all in Table R. In Britton’s
version of Table R; (Table B), in JCS 43-45 (1991-93), 76-77, this pair is not included. For this reason, no line
number in Table R is associated with this pair of reciprocals.

There would be no point in reproducing all the 23 tables of many-place pairs of reciprocals computed in
steps 2a-b of the algorithmic procedure. However, two further examples are shown below.

Table Ajo. At most total 12-place pairs produced with departure from the pair 3'°, rec. 3!

0 10 191 16 24 09 339284327242640 | 11
1 10 89 324818 149 442143421320 11
2 10 13 10536 36 545210 51 51 06 40 11
3 10 115 2111312 2726 0525553320 11
4 10 217 4222624 1343024257 46 40 11
5 10 283 8445248 6513121285320 11
6 10 181 1729 45 36 32545404426 40 11
7 10 79 34593112 1425250221320 11
8 10 23 1095902 24 512625110640 11
9 10 125 21958 04 48 254312353320 11
10 10 | 227 43956 09 36 12513617 46 40 11
11 10 | 272 919521912 6254808 5320 11
12 10 | 170 18 39 44 38 24 31254042640 11
13 10 | 68 37192916 48 13627021320 11
14 10 | 34 11438583336 48 133106 40 11
15 10 | 136 22917570712 2406 4533 20 11
16 10 | 238 45835541424 120322 46 40 11
17 10 | — 95711482848 601412320 11
18 10 | — 19 54 23 36 57 36 300504140 11
19 10 | ID 394847135512 130252050 11
20 10 | — 1193734275024 | 45124025 11
21 10 | — 2391508554048 | 2236201230 12
22 10 | — 5183017512136 | 1118100615 12
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Table By. Up to 14-place pairs produced with departure from the pair rec. 31, 31

1 -10 | 293 718 57 26 54 48 53 20 81204 30 12
2 -10 | 208 14 37 54 53 49 37 46 40 40602 15 12
3 -10 | 106 2915494739153320 203010730 | 13
4 -10 | 4 58 31 39 35 18 31 06 40 101303345 | 13
5 -10 | 98 15703191037021320 | 3045165230 | 14
6 -10 | 200 35406382114041640 | 1522382615 14

In the preliminary algorithm table A, it is not clear that the pair of reciprocals with the index (19, 10),
which appears only in the atypical fragment I D, should be included at all in Table R. In Britton’s version of
Table R, (Table B), in JCS 43-45 (1991-93), 76-77, this pair is not included. No line number in Table R is
associated with this pair of reciprocals.

Also the preliminary algorithm table By is interesting, but for a different reason. Only the first two pairs of
reciprocals in the table are 12-place, the four other pairs are more than 12-place, yet they are present in Table
R! Perhaps the one who computed the six pairs of reciprocals thought that a preliminary algorithm table with
only two pairs would be too brief?

1.2.5  The Double 6-Place Hexagon and the 12-Place Flower in the Index Grid

What follows here is an elaboration of a similar discussion in Friberg CTMMA 11 (2005).

As is well known, regular sexagesimal numbers are sexagesimal numbers that can be thought of as integers
with no other prime factors than 2, 3, or 5. Consequently, in modern notations, every regular sexagesimal
number # can be written in the form

n=2"-3%-5"with a corresponding “triple index” (7, s, 7).

To every such point corresponds a uniquely determined point with the coordinates (7, s, ) in a certain “triaxial
index grid”, originally introduced by Neugebauer. However, as mentioned above, 5 =rec. 12 in the Babylonian
relative (or floating) place value notation for sexagesimal numbers, so that any power of 5 can be replaced by
a corresponding negative power of 12, that is, by a (negative) mixed power of 2 and 3. Therefore, every regular
sexagesimal number in relative place value notation can also be written in the simplified form

n=2"-3* with a corresponding “double index” (7, s).

Consequently, Neugebauer’s triaxial index grid can, with advantage, be replaced by an equivalent “biaxial
index grid”, which is somewhat easier to understand. See Fig. 1.2.3 below.

Now, it can be shown (counting with logarithms) that all points in the index grid representing (at most)
6-place regular sexagesimal numbers n from 1 to 4 lie within a certain “6-place index triangle”, which has its
vertices roughly at the index points representing the three 6-place numbers

231'=24542 03 14 08, 320=429023113 21, 2-53=30822482410.

The index points representing regular numbers such that their reciprocals are (at most) 6-place numbers lie
within an inverse 6-place index triangle. Therefore, double 6-place pairs of reciprocals (where both the
number and its reciprocal are 6-place) with n from 1 to 4 are represented by points in the index grid situated
simultaneously in both 6-place index triangles. This means that the points common to the two triangles lie in a
certain 6-sided figure, which may be called the “double 6-place index hexagon”, colored white in Fig. 1.2.3
below.

A refined analysis shows that index points representing regular numbers 7 such that #, rec. n is (at most) a
total 12-place pair can lie either in a “double 6-place index hexagon”, or in a “5+7-place index hexagon”, a
“7+5-place index hexagon”, etc. Taking all possible cases when p + ¢ = 12 into consideration, one finds that all
total twelve-place pairs with n from 1 to 4 must lie within a certain “total 12-place index flower”. In Fig. 1.2.3,
this complicated figure is divided into the white “double 6-place index hexagon™ and the hatched areas which
contain index points representing total twelve-place pairs which are outside the double 6-place hexagon.
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Furthermore, in Fig. 1.2.3, n tags show the locations of all index points representing regular numbers n
from 1 to 4 (in some cases 8) corresponding to (at most) total 12-place pairs of reciprocals n, rec. n in the
reconstructed Table R of many-place pairs of reciprocals. More than total 12-place pairs of reciprocals n, rec, n
in Table R with n from 1 to 4 are indicated by N tags. Question marks after n or N tags indicates the four cases
when a pair of reciprocals is present in Table U but absent in the reconstructed Table R.

Note that if n is from 1 to 2, then 2 - n is from 2 to 4, and the point in the index grid representing 2 - 7 is one
step to the right of the point representing n. Similarly, if z is from 1 to 2, then 4 - n is from 4 to 8, and the point
in the index grid representing 4 - n is two steps to the right of the point representing #. That is the reason why in
Fig. 1.2.3 the n tags usually occur in pairs, but occasionally also in triplets, with the third » tags representing
pairs of reciprocals with # from 4 to 8 in fragment [V A =BM 41101.

Missing total (at most) 12-place pairs of reciprocals n, rec, n in Table R with n from 1 to 4 are indicated by
o tags.

Index points representing total 12-place pairs missing in Table R but present in the atypical fragment [ D =
LBAT 1634 are indicated by z tags. Similarly, index points representing pairs 7, rec. n missing in Table R but
with sq. n present in the table of squares fragment II F = LBAT 1638 are indicated by x fags if the pair n, rec. n
is at most total 12-place and by X fags if the pair is more than total 12-place.
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Fig. 1.2.3. Documented pairs of reciprocals in Table R. Representation in the index grid.
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It is illuminating to consider how the n (and N) tags are distributed inside (and outside) the total

twelve-place index flower. The following interesting patterns can be observed:

a) In each horizontal line of index points, the set of n tags is almost never interrupted by o tags. The only two exceptions are

the o tags in the index points (-13, 2) and (21, 5) which both lie between an n tag and an n’ tag.

b) No o tags are close to the 3-axis (representing positive powers of 3) or to the opposite, negative 3-axis (representing powers

of rec. 3 =20).

¢) Thirteen of the o tags, those at the upper and lower borders of the index flower (s = 11), cannot be reached from the positive

or negative 3-axis by a line in the direction of the 2-axis staying all the time inside the index flower.

d) Four N tags outside the index flower are closely related (s = 10 or -10).

These observed patterns agree perfectly with what could be observed above in connection with the
explicitly exhibited preliminary algorithm tables Ao, Aj, By, and Ay, Bio.

The atypicality of the table of squares fragment I F is really obvious, in view of the three X tags far outside
the total 12-place index flower. Note also that two x tags are separated from the n tags by o tags.

1.2.6  An Errorin a Table of Squares Related to the Enlarged Table B*

In his discussion in SVM (1961) of fragments I A - 1 E and II C - I F, all first published in Sachs LBAT (1955),
Vaiman mentions 17 single-place errors, probably simple copying errors. In Aaboe’s discussion in JCS 19
(1965) of fragments II A-F, only two single-place errors are mentioned, and in Britton’s paper about fragments
I F-H, II G, and III B only one single-place error is explicitly mentioned.

More interesting than these reported single-place errors in the fragments of many-place table texts is a
double-place error in the atypical table of squares fragment LBAT 1636 (II F). Vaiman’s explanation in SVM,
224 of that error is so ingenious that it deserves to be repeated here. The error in question is

sq. 1254401 58310640=20230170511[0225131821 140426 40],
with 05 11 instead of 54 42. Vaiman considered the actual multiplication of the 8-place number 1 25 44 01 58
31 06 40 with itself, presuming that the operation was carried out on clay in the same way as we do
multiplications on paper. That Vaiman’s presumption was correct is known today, after the explanation in
Friberg MSCT 1 (2007), 459 of the explicit squaring on LBAT 1644 = BM 34601 of a 13-place regular
sexagesimal number.
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It is shown below what the multiplication may have looked like (with a slight modification of Vaiman’s
suggested layout of the multiplication to fit the layout of the multiplication in the case of LBAT 1644).

1254401 58 31 06 40 8-place

1 1254401 58 31 06 40
25 354320492257 46 40

44 1025217265448 5320
01 1254401 58 31 06 40
58 1225233 5434042640
31 44174501 14 04 26 40
06 83424 1151064000
40 + 5709 21 19 00 44 26 40

20230175442022513 182114042640 15-place (the correct result)

- 49 31
20230170511 022513 1821 14 04 26 40 (the result recorded in the text)

Vaiman observed that the difference between the correct and the erroneous double-place is 54 42 -5 11 =
49 31. He could then explain the error in the recorded number by assuming that in the final step of the explicit
multiplication algorithm, when the partial products were added together, two single-place numbers were
overlooked, 49 in one of the partial products, and 13 in another one.

This visualization of how the ones who constructed the tables of squares and squares of squares related to
Table B actually may have performed their calculations of squares of many-place sexagesimal numbers is
quite astonishing. Not only was it extremely laborious to compute all the pairs of reciprocals in the mentioned
preliminary algorithm tables and to order lexicographically the about 300 resulting (at most) total 12-place
pairs of reciprocals. It must, in addition to all this, have been exceedingly laborious to compute, by use of the
same kind of multiplication algorithm as in the example above, the squares and the squares of squares of about
300 (at most) 9-place sexagesimal numbers!

(Note, for instance, that in the two known fragments of the many-place table of squares of squares, III A -
III B, there are five partially preserved 21-place numbers, squares of squares of 6-place numbers, and one
partially preserved 25-place number, the square of the square of the 7-place regular sexagesimal number 1 05
503702 13 20 or, alternatively, the square of the 13-place number 1 12 1522 56 5527 17 51 36 17 46 40.)
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1.3 Table U=W 23283+22905 (Uruk). An Achaemenid Many-Place Table
of Reciprocals, with n from 1 to 4

1.3.1  Mathematical and Metrological Tablets from a House in Achaemenid Uruk
The following informative passage is borrowed from Robson, MA7 (2008), Sec. 8.3:

“Between 1969 and 1972 the German excavators of Uruk uncovered a house to the east of the city dating to the fifth and
fourth centuries BC. Two different scribal families, the descendants of Sangﬁ—Ninurta and Ekur-zakir, had successively
occupied it, both maintaining scholarly libraries there. Some 500 tablets and fragments were found in the house, around 180
of which can be associated with the Sangti-Ninurta family and 240 with the Ekur-zakirs. The eighteen dateable legal and
scholarly tablets belonging to the Sangdi-Ninurtas span the sixth and fifth centuries BC, the latest nine of which are from
early in the reign of the Persian king Darius IT (r. 423-405). They suggest that the Sang{i-Ninurtas left the house some time
after 412 BC. Some time later, perhaps immediately afterwards, the Ekur-zakirs moved in. . . .

Three rooms and a courtyard have survived of the Sangfi-Ninurtas house. Before they left, they carefully buried much of
their household library, and whatever archival tablets they did not want to take with them, in clay jars in a rather strange
room (locus 4) . . . . Excavators found other tablets scattered over the rooms . ..”

The contents of twelve percent of the scholarly tablets in the library of the Sang@-Ninurtas are
astronomy, astrology, or mathematics (Robson, op. cit., 229). The contents of the remainder are medical
omens, prescriptions, and incantations; other incantations, rituals, and magic; hymns, literature, and lexical
lists; omens; etc. The library includes, in particular, forty tablets which according to their colophons
belonged to three generations of the Sangii-Ninurta family: one Samas-iddin; his sons Rimiit-Anu and Anu-
iksur; and the latter’s son Anu-usallim, all describing themselves as incantation priests.

One of the tablets owned by Samas-iddin, namely W 2391-x (Friberg, et al., BaM 21 (1990); Robson, op.
cit., Table 8.2.9) is a “metro-mathematical recombination text” (meaning simultaneously mathematical and
metrological, with more or less closely related exercises borrowed from several older texts). Two tablets
owned by Rimiit-Anu are mathematical and metrological, respectively, namely W 23283+ (Robson, op. cit.,
Table 8.2.11; below, in this section), and W 23273 (Friberg, GMS 3 (1993), no. 11; Robson, Table 8.2.10). W
23273 and W 23283+ were both found in room 4 of the house of the Sangfi-Ninurtas. W 23291-x may very
well be from the same find spot, but in this case the records are unreliable.

Also from room 4, but without colophons, are W 23281= IM 76283 (Robson, op. cit., Table B.20; Sec.
1.6 below), inscribed on the obverse with a metrological recombination text and on the reverse with a many-
place table of reciprocals of an unusual kind, and the metro-mathematical recombination text W 23291
(Friberg, BaM 28 (1997); Robson, op. cit., Table B.20).

From the fill of the same level of the house of the Sangi-Ninurtas as the one on which room 4 is situated
(Uruk UE XVIII/1, level 4) come two further mathematical texts, without colophons. They are W 23021
(Friberg, BaM 30 (1999)) and W 23016 (Friberg, MSCT 1 (2007), 453), containing examples of factorization
algorithms for many-place regular sexagesimal numbers (both in Robson, op. cit., Table B.20). For a
thorough discussion of such factorization algorithms, see Ch. 2 below.

Somewhat surprisingly, the only astronomical texts from the scholarly library in the house of the Sangii-
Ninurtas are three fragments of astronomical diaries, dating from the reigns of Nabonidus to Darius I (late
sixth century) and Artaxerxes I (mid-fifth century). There is no evidence of any interest in theoretical or
mathematical astronomy (Robson, op. cit., 237). This is an important observation, because it may imply that
elaborate many-place tables of reciprocals like Tables S and U antedate Late Babylonian mathematical
astronomy. Thus, it is possibly not correct to assume that many-place arithmetical tables were constructed
for the use of those who worked with mathematical astronomy. It is likely that the truth is instead that the
previously acquired ability to construct and work with many-place arithmetical tables came in very handy
for those who developed Late Babylonian mathematical astronomy, computing and constructing various
kinds of astronomical many-place tables.
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Excellent hand copies of W 23283+ = Uruk 4, text 174, were published by von Weiher in 1993. The photos
of the tablet in Figs. 1.3.1 and 1.3.3 below were generously presented to the author by von Weiher even before
the publication of the hand copy, but are published here for the first time. The conform transliterations of the
text in Figs. 1.3.2 and 1.3.4 are based on the photos but include also reconstructions of the lost or damaged
parts of the text, based on the discussion of Table R in Sec. 1.2 above.

1.3.2 A Curious Incipit, and a Colophon

Table U = W 23283+ is inscribed with two columns of pairs of reciprocals on the obverse, and two further
columns of pairs of reciprocals on the reverse. The total number of pairs of reciprocals is about 200. See col. v
of the reconstructed Table R in Table 1.3, Sec. 1.2.3 above. Actually, W 23283+ is the most extensive of the
known Late Babylonian many-place tables of reciprocals, extending as it is from 1 to 4.

The text of Table U begins with a kind of incipit, as follows:

Table U = W 23283+, incipit (col. i, 1-6)

1 | [x] maidru ?
11 ib.si 1is 1 squared
laralara 1 times 1 times

2 | [50]ara 150 [50] times 1 is 50
40 a.ra 140 40 times 1 is 40

3 | [30]aral30 [30] times 1 is 30
20a.ra 120 20 times 1 is 20

4 | 10aral10 10 times 1 is 10
10ara61 a'ra'l [10] times 6 is 1 times 1
x nam dub.sar ana ka-su 6-it ?

5 | 1%4.bi40 1, its 2/3 is 40

6 | Su.ri.a.bi 30.am its half is 30

The meaning of this incipit is quite obscure. In particular, the meaning of the phrase
x ma id ru

is not at all clear. The phrase

11 ib.si
may be a reference to a preceding table of square roots. Similarly, the ensuing phrases,
from 1 a.rd 1 a.ra (obviously corrupt) to 10aral 10

may be a reference to a preceding series of multiplication tables, clearly of an Achaemenid type quite different
from the well known Old Babylonian series of multiplication tables.
The meaning of the next phrase,

10 ara 6 1 a.rd 1 (partly corrupt)
is also somewhat obscure, and so is the meaning of the phrase
x nam dub.sar ana KA-su 6-it.
The final two phrases of the incipit,
1%3.bi 40 $u.ria.bi 30-am

are, of course, identical with a form of the well known incipit of Old Babylonian tables of reciprocals. It is
possible that it refers to an Old Babylonian standard table of reciprocals on a preceding tablet. Compare the
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way in which the (at most) 3-place table of squares on BM 34592 (VII A in the survey in Sec. 1.1 above) is
preceded by a Seleucid table of reciprocals resembling a standard Old Babylonian table of reciprocals.
At the end of W 23283+, there is the following three-line colophon:

Table U =W 23283+, colophon (col. iv, 36-38)

36 | [nu]altil [un]finished
ki-i KA sumun-§u according to an old original
¥Ri-[mut-2Ani] Ri[mut-Anu]
37 | dumu 34 "“GIS.SIR-id-di-nu son of Samas-iddin
dumu "“E.BA[R-Ninurta] descendant of Sangii-[Ninurta]
38 | ana na 4b mu di-su ?
in.sar-ma ib.ri x wrote and checked it x

The table is correctly labeled as “unfinished” since it does not go all the way from 1 to 8 (or at least 7 42 57
46 40). It is, also labelled “according to an old original” possibly since it is a copy of Tables R; and R; of the
original Table R of many-place pairs of reciprocals. As for the reference to the Sangdi-Ninurta family and
Rimiit-Anu, son of Samag-iddin, see Sec. 1.3.1 above. The meaning of the phrase

ana na ab mu di-Su,

on the other hand, is not at all clear.

1.3.3 A Curious Use of the Technical Term ib.s1 in Table U

A curious use of the technical term ib.si can be observed in three preserved instances in Table U, namely in the
following lines:

igi 1 1 ib.si
igi 112 50 ib.si
igi  [3] 20 ib.[si]

Compare with Old Babylonian arithmetical table texts, where the term ib.si or ib.sa appears only in tables of
squares and tables of cubes, or in more sophisticated but much more rarely occurring kinds of arithmetical
tables, while lines in Old Babylonian tables of reciprocals usually are of one of the following two forms:
igi n gal.bi rec.n
n rec. n
The mentioned curious use of the technical term ib.si in Table U can be compared with the following
examples of a more understandable apparent use of the term am (= it is) in the Neo-Babylonian Table S from
Sippar (Sec. 1.4 below):
igi 130 [40] am’
igi 2 30 am’
The curious use of the technical term ib.si in Table U can also be compared with many examples of a
straightforward use of the term gal.bi in the Seleucid Table V (Sec. 1.5 below), such as

[igi] 1 gal.bi 1 am
[igi] 104 gal.bi 56 15
[igi] 10640 gal.bi 54

etc.

1.3.4  Numerical Errors in Table U

The numerical errors in the table of reciprocals on W 23283+ (Table U) are indicated in col. v of the
reconstructed Table R in Sec. 1.2.3 above, Table 1.3. Nine of the errors are simple and uninteresting 1-place
errors, probably copying errors.

There is no obvious explanation for a curious error at the end of Table U,

(2,0) 424 instead of 4 1. 204
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The following errors are much more interesting:

(0,-11) 113092749 08 08 53 20 instead of 113 09 3429 08 08 53 20 1.30
(1,-11) 226185538 16 1[7 46 40] instead of 22619 08 58 16 17 46 40 1132
(-1,-11)  [36 34 43 54 34 04 26 40] instead of 36 34 47 14 34 04 26 40 [ 72]
(-2,-11) 181721 [57] 1702 13 20 instead of 181723371702 13 20 1174
(-6,10) 1522392230 instead of 1522382615 1. 200

The error in line 30 can be explained as follows: Note that
3429-2749=640=20-20(=1/3 - 20).
Note also the entry
(0,-10)  339284327242640=20" 1191

Evidently, the value of # in line 30 should have been constructed as follows, with departure from the value of n
in line 191:

0, -11) 20-339284327242640=1 1309 3429 08 08 53 20 =20"
Instead, it was constructed in the following way:

0, -11) 20-339282327242640=1 1309 2749 08 08 53 20 .30
Thus, the 2-place error in line 30 seems to be due to a simple miscalculation.

The error in line 132 is a typical “propagated error”, being a direct consequence of the error in line 30.
Indeed, the value of n in line 132 should have been calculated as

(1,-11) 2-11309342908085320=22619 0858 16 17 46 40.

Instead, it was calculated as
2-11309274908085320=226185538 16174640 Il. 30 and 132

Also the error in line 174 is a propagated error. It, too, is a consequence of the mentioned error in line 30.
Indeed, the error in line 30 gave rise to the following error in line 72, a line which is lost in Table U:

(-1,-11) 30-11309274908085320=363443 5434042640 instead of 363447 1434042640 [L. 72]

The suggested reconstruction of the entry in line 72 is certain, because the propagated error in line 72, in its
turn, gave rise to the following propagated error in line 174:

(-2,-11) 30-3634435434042640=181721[57]17021320 insteadof 181723371702 1320 1174

Thus, it has now been shown that the errors in lines 30, [72], 132, and 174 of Table U all must be due to a
single incorrect computation of the 11th power of rec. 3 = 20, which occasioned corresponding errors in all
entries of the two preliminary algorithm tables A, and By;!

There is no equally simple and obvious explanation for the error in line 200 of Table U. However, if it is
assumed, somewhat arbitrarily, that 39 is a simple copying error for 38, then the incorrect value 15 22 38 22 30
can possibly(?) be explained as follows. The correct computation of the value in line 200 should have
proceeded in the following way (cf. the preliminary algorithm table B):

(-4, 10) 101303345 1.4

(-5, 10) 3045165230 1.98

(-6, 10) 1522382615 1.200
In other words, the value in line 200 should have been computed as

(-6, 10) 30-3045165230=1522382615.

Instead, it may have been computed, mistakenly, as
30-30451645=1522382230.
This means that instead of halving the final places 52 30 of the number with the index (-5, 10), the one who
calculated the value in line 200, exhausted after performing a very long previous series of laborious
computations, may have halved the final place 45 of the number with the index (-4, 10).



30 1.3 Table U = W 23283+22905 (Uruk). An Achaemenid Many-Place Table of Reciprocals, with # from 1 to 4

Of the mentioned lines with interesting errors in Table U, only lines 30 and 72 are within the range of Table
B. The first of these lines, line 30, is within the range of the four fragments [ C, I D, I E, and I H. However, line
30 is missing in the two fragments I D and I E. In the other two fragments, it is not possible to discern if the
error of Table U was repeated or not, namely

0,-11) 11309274908 0853 20 instead of 113 09 34 29 08 08 53 20 .30
The reason is that what is preserved of the number in the two fragments is only
[, 15320 in  1C=LBAT1631
and
Lo 1320 in IH=JCS 43-45 C.

Line 72 is within the range of the three fragments [ F, I H, and I J. Interestingly, the error in line 72 of Table
U is not repeated in I F and I H=JCS 43-45 A and C. The line is not preserved in fragment I J.

In the case of Table S, line 30 is present but is badly damaged, so that only the last two places of the
reciprocal 49 12 27 are preserved, and line 72 is not preserved at all. Therefore it is impossible to know if the
errors in those two lines were repeated or not in Table S.

Of the other two lines with interesting errors in Table S, line 200 is outside the range of both Table B and
Table S. Line 132, on the other hand, which is outside the range of Table B, is within the range of Table S,
where it is perfectly preserved. Surprisingly, the error in line 132 of Table U is not repeated in line 132 of
Table S!

It is hard to understand the reason for these differences between Table U on one hand and Tables B and S
on the other. As mentioned, the errors in lines [72], 132, and 174 of Table U are propagated errors, and cannot
be explained as simple copying errors. That these errors of a non-trivial nature are not repeated in Table B
(represented by fragments I C, F, and H), or in Table S, seems to contradict the seemingly reasonable
assumption that Tables B, U, and S all have a common ancestor in the hypothetical Table R.

If Table U is the oldest of the three Late Babylonian many-place tables of reciprocals, or, at least, a copy of
some many-place table of reciprocals, older than Table S and, of course, Table B, then the existence of certain
propagation errors in Table U but not in Tables S and B can be explained as follows. In the large fragment VI
B =W 23021 (Friberg, BaM 39; Sec. 2.1.7 below; Fig. 2.1.6), an ingenious factorization method is used to
compute the reciprocals of eight more or less consecutive reciprocals from a many-place table of reciprocals
(eight of the lines between lines 20 and 31). The purpose of the computations can be assumed to have been to
check that if a pair #n, rec. n is listed in a many-place table of reciprocals, then rec. rec. n is equal to n, as it
should be. In other words, a Babylonian school teacher may have given as a connected series of exercises to his
students the task to check the correctness of various lines in some available copy of a many-place table of
reciprocals with the mentioned non-trivial errors. In the course of those exercises one or several of the errors
might have been discovered. The teacher then took upon himself to write a new copy of the table of reciprocals,
with the discovered errors corrected. Over time, the episode may have been repeated, until all the errors were
weeded out.

1.3.5 A Curious Extra Line in Table U

In the index grid in Fig. 1.2.3 in Sec. 1.2.5 above, the only index point with the N tag represents a quite
exceptional pair of reciprocals in Table U, the “extra line”
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(-12,8) 136063014 03 45 372727441151 06 40 l. 67a

This line does not appear in Tables B and S, and the index point for its total 15-place pair is far outside the total
12-place index flower, to which all other index points representing pairs of reciprocals in Tables B, U and S
belong, except the previously mentioned four total 13- and 14-place pairs from the preliminary algorithm table
B'” and the single total 13-place pair from the preliminary algorithm table B''. (See Secs. 1.2.4 and 1.2.5
above.)

The presence of this interpolated extra line in Table U (line 67a) is very hard to explain, but a clue to where
the extra line comes from may be the observation that (-12, 8) = 2 - (-6, 4). This means that there may be some
curious kind of connection between the mentioned extra line in Table U and the following regular line in Table U:

(-6,4) 11556154724 46 40 137

In particular, the pairs of reciprocals in the extra line can be written in the following form:
(-12,8) sq. 1 1556 15 sq. 47 24 46 40,

This way of writing the extra line in Table U can be taken as an excuse to consider again the Seleucid
many-place table of squares derived from Table B (attested in fragments I A-II E, II G), and to ask how that
table may have been constructed. It is, of course, possible that that table of squares, which may be called Table
sq. B, was constructed simply by squaring separately all the numbers 7 in the first column of Table B, listing all
those squares together in the same lexical order as the numbers n themselves. Apparently, this is how Vaiman
believed that the many-place table of squares was constructed. See the reference in Sec. 1.2.6 above to
Vaiman’s explanation of an error in the (atypical) table of squares fragment I1 F.

However, that way of constructing the many-place table of squares would have been unnecessarily
laborious and, by far, not as elegant as the algorithmic construction of the many-place table of reciprocals
itself. Actually, however, also the many-place table of squares may have been constructed by use of an elegant
algorithmic procedure, as will be shown below.

Recall that the many-place table of reciprocals R, a supposed common ancestor to Tables S, U, and B, was
constructed in three major steps: first a total 12-place table of powers of 3 and their reciprocals was constructed
(Table 1.5 below in Sec. 1.5.3). Then, for each of the computed powers of 3, the doubling and halving
algorithm was used to produce a total 12-place preliminary algorithm table with pairs of reciprocals, and
finally all computed numbers from 1 to 7 42 57 46 (the approximate square root of ‘1’ = 60) were ordered
lexicographically. The highest power of 3 computed was the 11th power and, consequently, there were
altogether 23 computed preliminary algorithm tables. The preliminary algorithm tables were often incomplete,
with several lines missing at the ends of the tables.

Now, a related table of squares can be constructed in three related steps, as well: first a table of powers of
sq. 3 = 9 and their reciprocals is computed, up to the 11th power, then for each computed power of 9 an
algorithm with multiplications and divisions by 4 (= sq. 2) is used to produce 23 preliminary algorithm tables
with square pairs of reciprocals, and then the computed numbers are ordered lexicographically.

Each preliminary algorithm table with square pairs of reciprocals is allowed to proceed just as far as the
corresponding preliminary algorithm table with pairs of reciprocals that it is related to, and only the numbers
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that are actually squares of numbers in Table R are ordered lexicographically. This somewhat vague
description of the procedure is best explained by considering an explicit example of the computation of a
preliminary algorithm table with square numbers.

Take, for instance the preliminary algorithm table A, (see above, Sec. 1.2.4). It proceeds from the pair of
reciprocals with the index (0, 1) to the pair with the index (19, 1), where it stops prematurely. The related new
preliminary algorithm table with square numbers, which may be called sq. Ay, is then allowed to proceed, in a
corresponding way, from 2 - (0, 1) =(0,2) to 2 - (19, 1) = (38, 2). The numbers in sq. A; corresponding to the
numbers in A; from 1 to 7 42 57 46, which are bold in A, are bold also in sq. A,. Note that if #n goes from 1 to
2, then sq. n goes from 1 to 4, if n goes from 2 to 4, then sq. n goes from 4 to 16, and if n goes from 4 to 7 42 57
46, then sq. n goes from 16 to ‘1’ (= 60). Therefore the bold numbers come in groups of three, alternately in the
left and in the right column of the table.

Only the bold numbers are ordered lexicographically in the resulting table of squares, with sq. # getting the
same line number as the corresponding number 7.

Table sq. A,. Square pairs of reciprocals produced with departure from the pair 3%, rec. 3>=9, 6 40

0 2 | 160 9 640

2 2| 262 36 140

4 2 | 239 224 25

6 2 | 137 936 615

8 2 35 3824 13345

10 2| 67 23336 232615

12 2] 169 10 14 24 5513345

14 2 271 40 57 36 127532615

16 2| 228 2435024 2158213345

18 2] 126 10 5521 36 52708232615

20 2| 24 43412624 1222350513345

22 2| 78 254454536 20355742532615

24 2| 180 1139 03 02 24 50859 2543213345

26 2| 282 46 36 12 09 36 11714 512550232615

28 2| 219 30624483824 19 18 42 51 27 3551 33 45

30 2 117 122539143336 449 4042515357532615

32 2] 15 494236 58 14 24 1122510425829 28213345
34 2| 87 3185027525736 1806 17 40 44 37220523 26 15

36 2| 189 13 1521 51 31 50 24 43134251109 203120513345
38 2] 291 53 01272607 21 36 107 533417472007 5012532615

The following six numbers in the many-place table of squares from, for instance, sq. 1 to sq. 2 can be
obtained from Table sq. A;:

(-32,-2) 112251042 582928213345 I 15
(-20, -2) 1222350513345 .24
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(-8,-2) 13345 1.35
(10,2) 23336 167
(22,2) 254454536 178
(34,2) 3185027525736 1.87

Cf. Britton, JCS 43-45, 76-77.

Evidently, a similar algorithmic procedure can have been used for the production of a related table of
squares of squares, as in the fragments III A-B. In that case the first step would have been the production of a
table of powers of sq. sq. 3 =1 21 and their reciprocals, up to the 11th power of 1 21, and the preliminary
algorithm tables would have been obtained through multiplication and division by 16.

Now, return to the question about the origin of the curious “extra line” in Table U, which can be written in
the following form:

(-12, 8) 13606301403 45 (=sq. 1 1556 15) 37272744 11 51 06 40 (= sq. 47 24 46 40) l.67a

A possible explanation for the interpolation of this extra line in a many-place table of reciprocals may be that,
in the production of Table U, the one who was responsible for the procedure of sorting lexicographically the
lines on the 23 preliminary algorithm tables A-A; and B;-By;, in some way happened to include also a line
from the related algorithm table sq. Ay,

Later, this extra line was eliminated in some way, since it is not present in Tables S and B. The elimination
of the extra line may have been accidental, or it may have been caused by an observation that the pair of
(square) reciprocals in line 67a is total 15-place, more than the preferred total 12-place. Note that the presence
of the extra line 67a in Table U but not in Table S strengthens the assumption made above (in Sec. 1.3.4) that
Table U is a copy of a table older than Table S.

The assumption that the (Seleucid) many-place table of squares, Table sq. B, was constructed by the
method outlined above seems to be contradicted by Vaiman’s explanation of an error in the table of squares
fragment II F, an explanation based on the assumption that the entries in the many-place table of squares were
constructed by squaring separately each number 7 in the left column of Table B. On the other hand, fragment I1
F is an atypical table of squares fragment, and nothing is known about any connection between fragment II F
and Table B. Moreover, it is likely that Table sq. B was used by teachers as a source of exercises in squaring
assigned to students, in the same way as Table B itself, and other many-place tables of reciprocals, are known
to have been used as sources of exercises in computing reciprocals of given regular many-place numbers by
use of the factorization method. (See the reference to W 23021 in Sec.1. 3.4 above.) It may have happened that
an erroneous result of such a squaring exercise was incorporated into a many-place table of squares, of which
fragment II F is an excerpt.
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Table U. New Photos and Conform Transliterations

1.3.6
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Fig. 1.3.1. W 23283+, obv. An Achaemenid many-place table of reciprocals, for n from 1 to 4.

Photo by courtesy of E. von Weiher.
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1.4  Table S = Sippar 2175/12. A Neo-Babylonian Many-Place Table of Reciprocals,
with n from 1 to 3

In the 8th campaign of the Archeological Institute of Baghdad in 1985-86, an intact library with hundreds of
cuneiform tablets was found in room 355 of a Neo-Babylonian temple in Sippar, possibly devoted to the
goddess Aya. Some of the floor slabs in the library are inscribed with the names of Nebuchadnezzar 11
(604-562 BC) and Nabonidus (555-539 BC), the last indigenous ruler of Babylonia before the Achaemenid
conquest of Babylon.

One of the tablets found in this library is Sippar 2175/12 = Table S, a many-place table of reciprocals, with
n from 1 to 3. There is no way of knowing if the tablet is Neo-Babylonian or Achaemenid. Physically, the tablet
has a badly preserved obverse but a much better preserved reverse. See col. vi of the reconstructed Table R in
Sec. 1.2.3 above. A photo of the reverse of the tablet, minus a large fragment on its lower left, was published by
Al-Jadir in Archeologia 224 (1987). New hand copies and conform transliterations of both sides of the tablet
are presented below, in Figs. 1.4.1-1.4.2.

1.4.1  Numerical Errors and Missing Pairs in Table S

Apparently there are very few numerical errors in the table text on Sippar 2175/12, although the reason for the
absence of visible errors may be that so many of the pairs of reciprocals in the table are either lost or severely
damaged. The only potentially interesting error that is clearly to be seen is

(-1,-10) 149 514743421320 instead of 14944 2143421320 1. 89

Unfortunately, there is no obvious explanation to be offered for this error. Interestingly, the error does not
appear in Table U, or in the only fragment where the number in question is preserved (I B).

With only one possible exception, all the reciprocals pairs present in Table S, even if only in damaged
form, are also present in Table U or at least in the reconstructed Table R. The possible exception is the
following: Between the partly preserved pairs

(-10, 3) [134 5518 45] 37553320 1. 66
(-13,-10)  [13627021320] 3[7 1929 16 48] 1. 68

there seems to be a corrupt but only partly preserved form of the total 13-place pair
(23,12) [135330521242848] 3740 33 40 50.

Quite a few pairs of reciprocals that are present in the reconstructed Table R are missing in Table S. Indices
for such pairs are indicated by small black arrows, pointing upwards to the left, in the index flower in Fig. 1.2.3
in Sec. 1.2.5 above. (Indices for pairs from Table R missing in Table U are similarly indicated by small black
arrows pointing upwards to the right.) Some of these missing pairs are, like the missing pairs in Table R, from
the end of one or another of the preliminary algorithm tables.

Thus, the following pairs are missing in Table S, but not missing in Table R,

(14, 10) 1143858333648 1331 06 40 134
(15, 10) 22917570712 24064533 20 1. 136

They are from the end of the preliminary algorithm table Ao, explicitly exhibited in Sec. 1.2.4 above.
Similarly,

(11,-3) 115510640 4727392230 1.36
(12,-3) 231421320 2343454115 1. 138

are pairs from the end of the preliminary algorithm table B;, missing in Table S but not in Table R What this
means is not clear, the omissions in questions may or may not be significant. There are also other omissions of
pairs from Table R in Table S, but those omissions are almost certainly due to simple copying errors.
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1.4.2  Table S. Hand Copies and Conform Transliterations

Fig. 1.4.1. Sippar 2175/12, obv. Hand copy.
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1.5 Table V= A0 6456 (Uruk). A Seleucid Many-Place Table of Reciprocals,
with n from 1 to 3

1.5.1  An Invocation, a Many-Place Table of Reciprocals, a Description, and a Colophon

Table V = AO 6456 is a Seleucid many-place table of reciprocals, with » from 1 to 3. It is inscribed in two
columns on the obverse and two columns on the reverse of an excellently preserved clay tablet in landscape
orientation. There is an invocation on the upper edge of the tablet, a description of the content of the table text
below col. iv, and a colophon beginning under col. #ii but continuing under part of col. iv.

The photos of the clay tablet, in Fig. 1.5.2 below, are new, but hand copies of the four columns of the tablet
were published already by Thureau-Dangin in 7CL 6 (1922), no. 31. A transliteration of the whole text was
published by Neugebauer in MCT I (1935), 14-22, together with a brief discussion of the text and the pointing
out of surprisingly many numerical errors. Neugebauer characterized the text as an “essentially 6-place” table
of reciprocals, in the sense that in each pair n, rec. n in the table either n or rec. n is at most 6-place. He
indicated with a * the pairs that did not satisfy this condition. He also explicitly indicated all the essentially
6-place pairs with n from 1 to 3 that are missing in the table.

The text of AO 6456 begins with an invocation, directed to two tutelary gods of the city Uruk:

Table V = AO 6456, invocation (in one line on the upper edge)

i-na a-mat *Anu u An-tum By the word (= command) of Anu and Antu,

mim-ma ma-la epus (DU=u3) ina qati(SUM-ia lis-lim whatever I do with my hands, may it fare well.

A discussion of invocations of this kind can be found in Roth, JSS 33 (1988).

In Table 1.3 in Sec. 1.2.3 above, Table V = the many-place table of reciprocals on the Seleucid tablet AO
6456 is compared with Table B = the reconstructed many-place table of reciprocals on Seleucid fragments
from Babylon, as well as with the Achaemenid and Neo-Babylonian many-place tables of reciprocals from
Uruk and Sippar, Table U =W 23283+ and Table S = Sippar 2175/12. What appears is that many of the pairs of
reciprocals in Tables B, U, and S are missing in Table V and that, conversely, many of the pairs in Table V are
missing in Tables B, U, and S. Therefore, it is clear that Table V was constructed independently of its
predecessors. Moreover, for some reason, there are many more errors in Table V than in the other many-place
tables of reciprocals. More about all this below.

The text ends, before the colophon, with a description of the content of the table:

Table V = AO 6456, description (in one line below col. iv)

pir-su ris-tu-u > 1 : a-mu-u : 2 : a-mu-u First part, 1-x 2-x.
ul qati (NU AL.TIL) Not finished.

What this means is clear, although the exact meaning of the term a-mu-u is unknown: Table V= AO 6456 is a
many-place table of reciprocals , rec. n ordered lexicographically, with the leading place of n equal to either 1
or 2. It was (probably) the first of two consecutive tables, together covering the whole range from 1 to 8 (or at
least 7 42 57 46 40). The phrase ‘Not finished’ probably refers to the fact that more pairs of reciprocals will
follow on the second tablet, rather than to the fact that there are missing pairs in the table.
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The colophon, finally, contains information about the owner of the tablet and about who wrote it:

AQ 6456, colophon (in one line below col. iii)

tuppi([IIM) 'Nidinti(NI G.SUM.MU)-*4nu Tablet of Nidinti-Anu,

mari(A) $a 'Ina-qi-bit-*Anu son of Ina-qibit-Anu,

mar(A) "Hun-zu-u descendant of Hunz{l,

Ymas-mas *Anu u An-tum Uruk® -u incantation priest of Anu and Antu, Uruk.
qat ‘Ina-qi-bit- “Anu mari(TUR.A NI)-su Hand of Ina-qibit-Anu, his son.

Robson, MAI (2008) Sec. 8.4 contains a very informative discussion of what is known about two scholarly
families in Uruk in the Seleucid period, in particular that the owner of AO 6456 belonged to the Hunzl family
and that the text can be dated to around the 90s SE, or 225-215 BC.

1.5.2  Numerical Errors and Missing Pairs in Table V

There are numerous numerical errors in the many-place table of reciprocals on AO 6456, all of them explicitly
mentioned in Neugebauer, MKT I, 22. The errors are also mentioned in the last column of the reconstructed
Table R in Sec. 1.2.3 above. As will be shown in some detail below, there are 61 such numerical errors, of
various kinds. Some of them yield information about how the table was constructed.

1. Simple 1-place errors (miscopied single places?). There are 38 errors of this kind, such as

17 instead of 18, 45 instead of 55 or 48, 51 instead of 50, 13 instead of 16, etc.

2. Other kinds of easily understood copying errors. There are 3 errors of this kind, namely

3345 instead of 3824 probably because the number in col. 7 ends with 33 45 l.2,rec.n
57 instead of 5757 1100, n
0613 instead of 03 16 1. 100, rec. n

3. Extra separation signs (or double zeros), written as a pair of diagonally placed oblique wedges, and below transliterated as
«. In most cases, the extra separation has been inserted intentionally, in order to avoid ambiguities and possible misreadings.
There are 5 “errors” of this kind, namely

40 « 08 instead of 40 08 probably to avoid misreading as 48 [ 58+++, rec. n
10 « 08 instead of 10 08 probably to avoid misreading as 18 [ 61++ rec. n
20« 15 instead of 2015 probably to avoid misreading as 35 [. 116, rec. n
20«15 instead of 2015 probably to avoid misreading as 35 . 159, rec. n
41 « 15 instead of 41 15 reason unknown L 122,n
4. Missing separation signs. There are 3 errors of this kind, namely
43 28 instead of 43 « 28 in the number with the index (-23, 0) L 6l++,n
41 09 instead of 41 « 09 in the number with the index (0, 22) L 58++,rec. n
46 29 instead of 46 « 29 in the number with the index (0, -18) 1102+, n
5. Propagated errors (telescoping errors). There are 3 errors of this kind, namely
54 instead of 30 14 in the number with the index (-24, 0) [ 39+, rec. n
52 « instead of 4507 in the number with the index (-25, 0) L 141+, rec. n
54 instead of 40 14 in the number with the index (8, -9) . 38+, rec. n

6. Misplaced lines (incorrect sorting). There are 3 errors of this kind.

7. Unexplained errors (incorrect computations?). There are 6 errors of this kind, namely

31 instead of 08 23 (looks like a telescoping error) [ 52+, rec. n
59 43 20 12 20 34 instead of 38 08 36 52 20 44 [ 58++,n
3727 instead of 362702 168, n
29 instead of 30 1. 101+, rec. n
29 51 26 44 06 instead of 3242521726 1 102++, rec. n
« 18 instead of 14 48 [ 122, rec. n

In two of the enumerated cases, the propagated errors are particularly easy to explain. Indeed, compare the
following three errors, here given in full detail:
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(-23,0) 1324149432807 30 instead of 132414943 «2807 30 [ 61++
(-24,0) 46 20 54 51 54 03 45 instead of 4620 54 51 30 1403 45 . 39+
(-25,0) 2310272552 «015230 instead of 23102725450701 5230 [ 141+

(The points with the indices (-23, 0), (24, 0), (25, 0) are indicated with small black arrows in Fig. 1.5.2 below.)
Without doubt the incorrect number with the index (-24, 0) was computed in the following way, with departure
from the incorrect number with the index (-23, 0):

30-132414943280730=46205451 44 03 45, with the single place 44 at some later time miscopied as 54!

In other words, in the preliminary algorithm table A, (see the discussion of “preliminary algorithm tables” in
Sec. 1.2.5 above), the missing zero-place in one number gave rise to a telescoping error (30 + 14 = 44 instead
of 30 14) in the next number.
In a similar way, the incorrect number with the index (-25, 0) was computed in the following way, with
departure from the incorrect number with the index (-24, 0) (without the erroneous 54!):
30462054 51440345=23102725520152 30, with an extra separation sign inserted after 52.
In other words, in the preliminary algorithm table A,, the telescoping error in one number gave rise to a new
telescoping error (45 + 07 = 52 instead of 45 07) in the next number. Since the juxtaposition of the erroneous
52 and the ensuing 01 could give rise to a possible misreading, 53 instead of 52 01, an extra separation sign was
inserted between 52 and 01.
Another error of the telescoping type is
(-8,9) 46 49 19 54 58 53 20 instead of 4649 19 40 14 48 53 20 [ 38+
(See the small black arrow at the index point (-8, 9) in Fig. 1.5.1 below.) Here 58 instead of 48 is almost
certainly a copying error, so that the error in the original text can be assumed to have been simply
(-8,9) 4649 19 54 48 53 20 instead of 4649 19 40 14 48 53 20 [. 38+

It is likely that this is a propagated error, caused by the following error in a preceding number:
(-7,9) 2324 3957242640 instead of 23243950 « 07242640

(That number appears to have been lost in the sorting procedure.) Indeed,

2-23243950«07242640=4649 1940 14 48 53 20,
but

2-23243957242640=4649 19 54 48 53 20.
Thus, also the telescoping error in the number with the index (8, -9) can be explained as caused by a missing
separation sign in a preceding line of the corresponding preliminary algorithm table.

In an alternative, more precise, transliteration, the cuneiform signs for the tens 10, 20, etc., are

transliterated as, for instance, 1°, 2°, etc. With this kind of transliteration, the error (in a lost number)
mentioned above may be better understood as 5°7 instead of 5° « 7. Moreover, with this kind of more precise

transliteration, also the nature of most of the “errors” of type 3 in the enumeration of errors in AO 6456 can be
better understood. These “errors” can then be explained as

4«8 to avoid misreading as 4°8 1. 58+++, col. ii
1"« 8 to avoid misreading as 1°8 L 61++, col. ii
2°«1°5 to avoid misreading as 3°5 [ 116, col. ii
2°«1°5 to avoid misreading as 3°5 1. 159, col. ii

Note that a difficulty for the proposed explanations of the error in the number with the index (8, -9) is that
the “preceding” number with the index (7, -9) is missing in AO 6456. However, this is not surprising, since it is
clear that Table V = AO 6456 was constructed in a much less systematic way than, for instance, Table U =W
23283+. In particular, there is only one observable sorting error in the construction of Table U, but many
sorting errors (mostly omissions but also incorrect sorting) in the construction of Table V. Clearly, the two
table texts were constructed independently of each other.
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1.5.3  Representation in the Index Grid, Inside a 6-place Double Triangle

In Fig. 1.2.3 above in Sec. 1.2.5 was shown the locations of all points in a biaxial index grid representing
regular numbers n from 1 to 4 corresponding to many-place pairs of reciprocals n, rec. n in the reconstructed
Table R. It was noted that if n is from 1 to 2, then 2 - n is from 2 to 4, and the point in the index grid representing
2 - n is one step to the right of the point representing n. Similarly, if z is from 1 to 2, then 4 - n is from 4 to 8, and
the point in the index grid representing 4 - # is two steps to the right of the point representing n. That is the
reason why in Fig. 1.2.3 the n tags usually occur in pairs, but occasionally also in triplets (with the third » tags
representing pairs of reciprocals with #n from 4 to 8 in fragment IV A = BM 41101). It was also shown that
almost all points n representing pairs n, rec. n in the reconstructed Table R lie inside the total 12-place index
flower, indicating that most pairs of reciprocals in Table R are (at most) fotal 12-place.

In Fig. 1.5.1 below are considered, similarly, points representing regular numbers n from 1 to 3
corresponding to many-place pairs of reciprocals n, rec. n in the Seleucid Table V. In Fig. 1.5.1, v tags show the
locations of all index points representing regular numbers # from 1 to 3 corresponding to af most total 12-place
pairs of reciprocals 7, rec. n in Table V. On the other hand, V' tags represent regular numbers 7 from 1 to 3
corresponding to more than total 12-place pairs of reciprocals n, rec. n in Table V. Finally, o fags represent
regular numbers 7 from 1 to 3 corresponding to missing at most total 12-place pairs of reciprocals #, rec. n in
Table V.

The following observations can be made:

a) All the v tags stay, by definition, inside the 12-place index flower. Almost all the V tags, on the other hand, are located
outside the 12-place flower but inside the “6-place double triangle”, which indicates that in pairs n, rec. n represented by V tags
either n or rec. n is at most 6-place. The only exception is the V tag at the index point (0, 23), which represents the extreme pair
of reciprocals 3%, rec. 3%

b) If nis from 1 to 1 30, then 2 - n is from 1 to 3, but if n is from 1 30 to 2, then 2 - n is not from 1 to 3. Therefore, some of the
v tags occur in pairs, while other v tags are single.

¢) The V tags that are not located on the s axis, which they are only when # is a positive or negative power of 3, have indices
with s between -12 and 13.

d) With only one exception, the s coordinates of successive V tags on the s axis differ by either 4 or 3.

e) With only one exception, all o tags occur in pairs or alone or are located to the right of a v tag.

These observations allow the following conclusions to be drawn about the construction of the table of
many-place pairs of reciprocals on the Seleucid tablet AO 6456:
1. First a table was constructed of the first 23 successive powers of 3, and their reciprocals (see below).

2. Next, a number of preliminary algorithm tables were constructed by the method of doubling and halving, with departure
from the individual pairs of reciprocals in the table of powers of 3 and their reciprocals. The preliminary algorithm tables
extended from (at least) s =-12 to s = 13. Almost exclusively, only pairs of reciprocals 7, rec. n with either » or rec. n at most
6-place were considered.

3. The pairs of reciprocals , rec. n produced in steps 1-2 with n smaller than rec. n (in the lexicographic sense), together with all
inverse pairs of reciprocals rec. n, n with rec. n smaller than n (in the lexicographic sense), were collected together in one great
table and ordered lexicographically with respect to the numbers # in the first column of the table. The person responsible for
the sorting procedures made a great number of copying errors, many omission errors, and a few sorting errors. In particular,
after a relatively successfully sorting of the pairs with n from 1 to 2 he got tired and missed many of the pairs with n from 2 to
3. The pairs with n greater than 3 were, presumably, recorded on a second tablet.
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Fig. 1.5.1. Table V = AO 6456. Representation in the index grid of numbers » from 1 to 3.

A final interesting observation in this connection is that the number (3” =) 2 01 04 08 03 00 27 appears not
only in Table V but also in a catch line at the end of the table of reciprocals on fragment I B (BM 34596 = LBAT
1633; see Sec. 1.1 above), that is, in a fragment of a copy of the first part of the reconstructed Table R. The
square of the number appears in a catch line at the end of the fragment of a table of squares II G (Sec. 1.1
above). The number itself appears again in fragment V A (BM 34601 = LBAT 1644; see Friberg, MSCT 1, App.
A9.2), which contains a detailed computation of (3°* =) the square of the 13- place regular sexagesimal number
40417404513 174552 1442 12 09, about which it is explicitly mentioned that it is the square of 2 01 04 08
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03 00 27. A possible explanation for this apparent popularity of the number 2 01 04 08 03 00 27 is that it is a
“funny number” with many internal vacant places (zeros). For the same reason, the 7-place number 2 01 04 08
03 00 27 is an “essentially” 6-place number!

In Table 1.5 below, a table of powers of 3 and their reciprocals is continued until it reaches the 23d power
of 3, which is the mentioned funny number 2 01 04 08 03 00 27.

Numbers from 1 to 7 42 57 46 are marked as bold.

Table 1.5. The first 23 powers of 3, and their reciprocals.

ros n rec. n p q ptq
0 0 1 1 1 2
0 1 20 1 1 2
0 2 6 40 1 2 3
0o 3 27 21320 1 3 4
0 4 121 44 26 40 2 3 5
0 5 403 14 48 53 20 2 4 6
0 6 1209 4561746 40 2 5 7
0o 7 36 27 13845553320 2 6 8
0 8 14921 325518 31 06 40 3 6 9
0 9 5 2803 105826102213 20 37 10
0 10 16 24 09 339284327242640 3 8 11
0 11 491227 11309342908085320 39 12
0 12 2273721 2423 11294242 57 46 40 4 9 13
0 13 7225203 8074349541419153320 4 10 14
0 14 22 08 36 09 24234 3638044625110640 4 11 15
0 15 106254827 5411321241352823421320 5 11 16
0 16 319172521 18 03 50 44 13 51 49 27 54 04 26 40 5 12 17
0 17 957521603 60116544437162918 01285320 5 13 18
0 18 29 53 36 48 09 200253814522529460029 374640 5 14 19
0 19 12940502427 40 08 32 44 57 28 29 5520 09 52 35 33 20 6 14 20
0 20 42902311321 132250 54 59 09 29 58 26 43 17 31 51 06 40 6 15 21
0 21 132707 33 40 03 427365819 430959 2854255037021320 6 16 22
0 22 40 21 22 41 00 09 129121926 342319493808 365220442640 6 17 23
0 23 2010408030027 |2944062851274636324252172654485320 7 17 24
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1.5.4 Table V. New Photos

Fig. 1.5.2. Photos of AO 6456. Scale 3:4. Published with the kind permission of Béatrice André-Salvini, the Louvre.
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1.6  Table W =W 23281, rev. (Uruk). An Atypical Achaemenid Many-Place Table
of Reciprocals

1.6.1  An Atypical Many-Place Table of Reciprocals

W 23281 = IM 76283 (photos in Figs. 3.1.12-13) was found in the ruins of the same Achaemenid house in
Uruk as Table U =W 23283. See the discussion in Sec. 1.3.1 above. The tablet is inscribed on the obverse with
a metrological table (for details, see Sec. 3.1 below), and on the reverse with an atypical many-place table of
reciprocals (Table W).

Excellent hand copies of W 23281 = Uruk 4 (1993), text 173 were published by von Weiher in 1993. As is
clear from these copies, the uppermost part of the reverse is lost, and with it several lines of text. The conform
transliteration of the reverse of the text in Fig. 1.6.1 below is based on von Weiher’s hand copy of the reverse
but includes also reasonable reconstructions of lost or damaged parts of the text.

All available space on the reverse of W 23281 is occupied by a single mathematical table, with no relation
to the metrological tables on the obverse. The table is divided into two columns, with the first column (col. i)
to the right and the second (col. iv) to the left, as is customary for columns on the reverse of a Babylonian clay
tablet. Col. iv is continued onto the lower edge, and the two final lines of the table are inscribed on the left edge,
together with the partly preserved colophon (the subscript). The whole text of the table is presented in a
conventional transliteration in Table 1.6 below, with the lost lines reconstructed, and with errors in the original
text corrected.

The many-place table of reciprocals on the reverse of Table W = W 23 281 has a couple of unusual
properties, as the ensuing analysis of the table will show. This analysis is based on the easily understood
assumption that exactly six whole lines are lost at the top of col. iii and five at the top of col. iv.

With suitably reconstructed lines inserted at the top of each column and with the line numbers expressly
indicated, one of the unusual features of Table W becomes clearly visible. Indeed, consider the following lines
of Table W, with their line numbers, and with the pairs of reciprocals written as if their numerical values were

6 6;24 9;22 30

7 7;12 8;20

8 8;40 50 6;54 43 12
9 9;36 6;15

57 57:36 1;02 30

58 58:;35 37 30 1;01 26 24
59 59;15 3320 1;00 45

1(00) 1;0143421320 58;1912

This juxtaposition makes it easy to see that Table W was constructed so that for the first 60 pairs (n, rec. n)
of the table, the leading sexagesimal places of the regular numbers n were advanced by 1 at each count, with
the result that those leading places of n were the same as the line numbers.

A similar observation shows that the next 30 pairs of Table W proceed in the same way, except that they
start over again from 1, in the following way:

101 1;36 37;30

102 2;18 53 20 25;55 12

129 29;09 36 2;03 27 24 26 40
130 30;22 30 1;58 31 06 40

It is interesting to note the following apparent restrictions on the construction of of Table W:

a) If a pair of reciprocals (n, rec. n) = (n, m) is present in Table W, then the pair in its inverse form (m, ) is not present there.
b) Although the counting starts over again at 1 in line 1 01 = 61, there are no duplicates in Table W!
¢) Reciprocal pairs appearing in the Old Babylonian standard table of reciprocals are (almost) never present in Table W.
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Fig. 1.6.1. Table W =W 23281, rev. A conform transliteration within an outline of the tablet.
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10

15

20

25

30

35

40

Table 1.6. Table W = W 23281, rev., transliteration, with indications of errors

(the corrected numbers are underlined, the incorrect numbers are noted to the right of the table)

iii

iv

[148] [33 20] [41 40] (126 24]
[208] [28 07 30] Eg 411% H §§ %]30]
S §3]48] EZ ;3]41 Bl [44 294039 50 37 30] | [120 54 31 06 40]
45 | [45 33 45] [1 19 00 44 26 40]
[5 20] [1115]
o [9 22 30 [46 04 48] [11807 30]
4[7 24 26 40] 1155615
712 820 4836 1 14 04 26 40
84050 6544312 49 22 57 46 40 11254
936 615 50 | 503730 11106 40
10 40 53730 5112 11018 45
11 06 40 5 2[4] 5205 10907 12
12 48 44115 5320 10730
13 30 426 40 54 40 30 1055037021320
1424 410 55 | 553320 10448
153730 35024 56 53 20 103165230
5736 [1]02 30
16 40 336 58353730 [101] 26 24
1746 40 32230 59153320 [100] 45
18 45 312 100 | 1014342 [1]3 [20] 581912
19 12 30730 136 3730
2015 2 5[7] 46 40 2185320 255512
2120 24845 32820 1716 48
2230 240 403 1448 53 20
23421320 2315230 105 | 53320 10 48
2418 228 08 53 20 645 85320
2536 2203730 706 40 826 1[5]
56 40 515 [8] 32 7015230
[9 15 33] 20 628 48
2746 40 20936 110 | [1025] 54536
28 48 205 11131 12 [5]12 30
29 37 46 40 201 30 12 30 4 48]
3043 12 1571115 135320 41912
3115 15512 [1]4 03 45 416
3224 1510640 115 Hg 1]1; ;(5) gg;%wﬂ
3345 146 40 S
[3]4 33 36 14410 [17] 04 33056 15
[18 31 0]6 40 31424
[3]153320 14115
[19 31 5]2 30 3041912
[36] 27 1 38 45 55 3[3 20] 120 | 20150 5 5248
3[8] 24 13345 [22 13] 20 242
3[9 03] 45 1320936 [23 02 214 23615
[40] 30 1285320 [24 41] 28 53 20 22548
125 | [251845] 22[2 13 20]
[26 02] 30 2 1[8 14 24]
[2]7 [20 15] 21141 14 04 26 40]
[28 26 40] 206 [33 45]
2909 36 [2 03 27] 24 26 [40]
130 | 302230 [158 3]1 06 40

164213
26

03

43,18

30

54

25

25
40 06
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For the readers’ convenience, the OB standard table of reciprocals is reproduced here:

2 |30 16 | 345 45 120

3 120 18 | 320 48 115

4 15 20 3 50 112

5 12 24 | 230 54 106 40
6 10 25 1 224 1 1

8 | 730 27 1 21320 104 | 5615

9 | 640 30 | 2 112 | 50

10 | 6 32 | 15230 115 48

12 | 5 36 | 140 120 | 45

15 | 4 40 | 130 121 | 442640

This OB standard table of reciprocals comprises all reciprocal pairs (n, m) where n is a one-place regular
sexagesimal number. In addition, it contains four reciprocal pairs where # is a two-place regular sexagesimal
number. Three of these additional pairs, namely (1 12, 50), (1 15, 48), and (1 20, 45), are often omitted from
copies of the standard table, probably because they are superfluous, being inverse copies of the pairs (50, 1 12),
(48, 1 15), and (45, 1 20).

As mentioned, pairs of reciprocals appearing in the OB standard table of reciprocals almost never appear in
Table W. A possible exception is the pair (44 26 40, 1 21), which is the inverse form of the last pair (1 21, 44 26
40) of the OB standard table, and which (as will be shown below) may be assumed to have been present in one
of the lost lines of the text.

1.6.2  The Numerical Algorithms Used for the Construction of Table W

How was it possible for a Late Babylonian scribe to construct a table of reciprocals with the described
properties? One possibility is, of course, that the author of Table W simply picked his entries from a complete
many-place table of reciprocals with n from 1 to 1 (00) that happened to be available to him. A clue to a
different and more likely answer to this question is provided by an analysis of the errors in Table W.

Those errors are indicated in Table 1.6 above by writing the incorrect digits of an entry in the margin of
Table 1.6 and by simultaneously underlining the correct digits in the entry. In eight cases, the errors are simple
writing errors, 26 instead of 16, 03 instead of 06, and so on. In one case the mistake is a simple transposition,
40 06 instead of 06 40. However, the remaining error is much more interesting. Indeed, in line 1 02 of Table W,
the correct number 2 18 53 20 is replaced by the incorrect number 2 16 42 13 20. This is a telescoping error of
a familiar type, due to insufficient attention to the difficulties of calculating with numbers in relative place
value notation. It can be explained as follows: A quick look in Table R (Sec. 1.2.3 above) shows that the
regular sexagesimal number 2 18 53 20 has the index -7, -6. In other words, 2 18 53 20 can be explained as 30’
- 20°. There are two possible ways in which this number can have been calculated. One way is as 30 times (or
1/2 of) 4 37 46 40 = 30° - 20°. The other way is as 20 times (or 1/3 of) 6 56 40 = 30" - 20°. The former way of
calculating 307 - 20° cannot lead to a telescoping error of the observed type. However, in the other case, the
telescoping error can have arisen as follows: Correctly,

20-65640=20-(65000+640)=2164000+21320=2 1853 20.

Without the benefit of a notation for zero, and with a faulty understanding of relative place value notation and
orders of magnitude, the one who computed the incorrect number may have proceeded as follows:

20-65640=20-(650+640)=21640+21320=21642 13 20.

This is the incorrect number displayed in the text.

This explanation of the telescoping error in line 102 of Table W immediately suggests the following
detailed conclusion about how Table W may have been constructed. (Note that the method probably used for
the construction of Table W was similar to, but different from, the method apparently used for the construction
of the much bigger and more complete Table R. See the discussion in Secs. 1.2.4-5 above.)
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1. First a table was constructed of 14 successive powers of 2, and their reciprocals, all pairs at most total 8-place.

2. Next, 14 + 13 =27 preliminary algorithm tables were constructed by the method of #riplicating and trisecting, with departure
from the individual pairs of reciprocals in the table of powers of 2 and the corresponding inverse pairs. Initially, only total
8-place pairs of reciprocals n, rec. n were considered. When this turned out to be insufficient, 4 total 9-place pairs were added
to Table W.

3. From the pairs of reciprocals 7, rec. n produced in steps 1-2, pairs were selected, one at a time, with either » or rec. n having

the leading places 1, 2, 3, etc., up to 59 and 1 (00). All the time, pairs appearing in the OB standard table of reciprocals were

avoided. Also repeated use of individual pairs was avoided. The selected pairs were immediately recorded as entries in Table

W. Then the process was repeated until there was no more space available for the recording of any more entries.

It may be of interest to see how much work the implementation of the steps listed above actually required.
In step 1 of the procedure, a table of the first 14 powers of 2 like the one below may have been calculated and
inscribed on a small tablet. Proceeding beyond the 14th power would have given pairs of reciprocals with more
than 8 sexagesimal places together, which clearly was not desirable in view of the limited widths of the
columns on the reverse of W 23281.

Table 1.7. The first 14 powers of 2, and their reciprocals.

ros n rec. n P q ptq
0 0 1 1 1 1 2
1 0 2 30 I 1 2
2 0 4 15 I 1 2
30 8 730 1 2 3
4 0 16 345 1 2 3
5 0 32 15230 1 3 4
6 0 104 56 15 2 2 4
7 0 208 28 07 30 2 3 5
8 0 416 14 03 45 2 3 5
9 0 832 7015230 2 4 6
10 0 17 04 3305615 2 4 6
11 0 3408 145280730 2 5 7
12 0 10816 | 52440345 3 4 7
13 0 21632 | 2622015230 3 5 8
14 0 43304 | 1311005615 3 5 8

In the outlined step 2 of the procedure, a number of preliminary algorithm tables were probably inscribed
on a series of small clay tablets. The first of these algorithm tables may have been of the following form:

Table A,
0 0 1 1
0 1 3 20
0 2 9 640
0 3 27 21320
0 4 121 | [A]! 442640
0 5 B 403 14 48 53 20
0 6 12 09 45617 46 40
0 7 A 3627 13845553320

This algorithm table, Table 4, proceeds with triplings and trisections until in the last line a total 8-place
pair of reciprocals is reached. (The next pair would have been total 9-place.) The last pair, tagged with the
letter A, is one of the 60 first pairs recorded in Table W. The pair tagged with the letter B is one of the pairs in
the second round of pairs on Table W, recorded in line 1 04 of the reverse of W 23281. The pair tagged with an
[A], namely the pair 44 26 40, 1 21, is a suggested reconstruction of the pair in line 44 of Table W. The reason
for the use of an exclamation mark here will be mentioned later.
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Table 4, below starts with the pair 2, 30 and proceeds with triplings and trisections until a total 8-place pair
isreached. The two pairs tagged with an A are recorded in lines 24 and 49 of Table W, while the pair tagged
with a B is recorded in line 1 22.

Table B, starts with the inverse pair 30, 20 and proceeds with triplings and trisections. Unexpectedly, it
continues until it ends with the last pair recorded as line 54 in Table W. This is a total 10-place pair. It is not
difficult to understand why this particular total 10-place pair was picked from Table B;. In Table 1.3 (Sec.
1.2.3 above), there are five many-place pairs of reciprocals (with line numbers between 12 and 18) from which
line 54 in Table W could have been picked. Three of these would have required an excessive amount of
calculations, those with the indices (19, 3), (-16, -1), and (17, 8). The remaining two, with the indices (1, -8)
and (2, 10), are both more than total 8-place. Anyway, since three triplings is the same as multiplication by 27,
it was obvious that a number with the leading place 54 could be found by three ctbtbbds of the pair (2 01 30, 29
37 46 40) in Table B, with the index (-1, 5).

Table A, Table B,
1 0 2 30 -0 30 2
1 1 6 10 -1 1 130 40
1 2 18 320 -1 2 [A] 430 13 20
1 3 54 106 40 -3 A 1330 42640
1 4 242 B 221320 -1 4 A 4030 1285320
15 8 06 7242640 -1 5 20130 A 29374640
1 6 | A 2418 228085320 -1 6 604 30 952353320
17 11254 | A 4922574640 -7 181320 31731510640

-1 8% A 544030 1055037021320

The procedure continues in the same way on the remaining preliminary algorithm tables, ending with
Tables 4,4 and B, 4. The pairs calculated and recorded on these preliminary algorithm tables are (in principle) at
most total 8-place. However, in four cases, it was necessary to allow also total 9-place pairs in order to find
numbers n or rec. n  with the leading places 29, 45, 54, and 1 (01). (See the asterisk-marked pairs below with
the indices (-1, 8), (4, 8), (-4, 6), and (5, 8).)

Table A, Table B,
2 0 4 15 2 0 15 4
2 1 12 5 2 1 45 120
2 2 36 140 2 2 215 A 2640
2 3 |[A] 148 3320 2 3 B 645 85320
2 4 524 A 110640 2 4 | A 20 15 2574640
2 5 16 12 3421320 2 5 10045 A 59153320
2 6 | A 4836 114 04 26 40 2 6 30215 194511 06 40
2 7 22548 | B 2441285320

Table A5 Table B;
30 8 730 30 730 8
3 1 24 230 3001 A 22 30 240
32 112 50 3002 10730 A 5320
3 3 336 A 1640 303 32230 A 174640
3 4 10 48 B 53320 3 4 1017 30 5553320
3 5| A 3224 15106 40 3 5 | B 302230 158310640
3 6 13712 | A 37021320
3 7 45136 12 20 44 26 40
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Table 4,
16 345
48 115
224 25
A 712 820
2136 246 40
10448 | A 553320
31424 | B 18310640
94312 610221320
B 290936 20327242640
Table A5
32 15230
B 136 3730
448 B 1230
A 1424 410
[A] 4312 12320
209 36 A 274640
628 48 B 9153320
19 26 24 3051106 40
581912 A 10143421320
Table A,
104 56 15
312 A 1845
A 936 615
A 2848 205
12624 [A] 4140
41912 B 135320
12 57 36 437 46 40
385248 132353320
Table A,
[A] 208 2807 30
A 624 92230
A 1912 30730
A 5736 10230
25248 B 2050
83824 656 40
255512 B 2185320
1174536 46 17 46 40
Table Ag
416 B 140345
A 1248 44115
A 3824 13345
15512 A 3115
54536 B 1025
17 16 48 B 32820
5150 24 1092640
2353112 23085320

N O N S

5
5

-5
-5

-7

-7
-7

-8
-8

8
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Table B,
0 345 16
1 1115 [A] 520
2| A 3345 14640
3 14115 A 353320
4 50345 11 51 06 40
5 B 151115 357021320
6* | [A] 453345 1 19 00 44 26 40
Table BS
0 15230 32
1 53730 A 1040
2| B 16 52 30 33320
3 1A 5037 30 1110640
4 2315230 A 23421320
Table By
0 56 15 104
1 24845 A 2120
2 82615 B 7 06 40
3 |[B] 251845 2221320
4 1155615 A 47242640
Table B,
0 28 07 30 208
1 1242230 [A] 4240
2 4130730 1413 29
3 12392230 44429 40
Table By
0 14 03 45 416
1 421115 12520
2 2063345 [B] 282640
3 6194115 9285320
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Table 4, Table By
0| B 832 7015230 9 0 7015230 48 32
1| A 2536 2203730 -9 1| B 21053730 25040
2 11648 46 52 30 9 2 103165230 | A 565320
3 35024 A 153730
4 | B 113112 51230
5 | A 343336 14410
6 1434048 344320
7 5113224 113426 40
Table Ay Table B,y
10 0| B 1704 3305615 .10 0 3305615 17 04
10 1A 5112 11018 45 -10 1 10 32 48 45 54140
10 2 23336 232615 -10 2 31382615 1535320
10 3 7 40 48 748 45
10 4| B 230224 23615
10 5 10907 12 A 5205
10 6 3272136 1721 40
10 7 102204 18 5471320
Table A, Table By,
0 34 08 1452807 30 -11 0 145280730 3408
1 14224 35092230 -11 1 516242230 1122 40
2 50712 114307 30
3 1521 36 3542230
4 |[A] 460448 1180730
5 2181424 | [B] 260230
6 6544312 | A 840 50
7 20 14 09 36 2533640
Table A, Table B,
0 10816 52 44 03 45 120 524403 45 10816
1] [A] 32448 1734 41 15 -12 1 238121115 224520
2 10 14 24 5513345
3] A 304312 1571115
4 1320936 | A 390345
5 4362848 130115
6 13 49 26 24 42025
7 41282812 1264820
Table A3 Table B3
0 21632 2622 0152 30 -13 0 26220152 30 21632
1 649 36 847203730
2 20 28 48 255465230
3 1012624 | A 58353730
4 3041912 | B 19315230
5 4362848 130115
6 |[B] 27385248 2101230
Table 44 Table B4
0 43304 1311 00 56 15 -14 0 13110056 15 43304

133912

423401845

57
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In the preliminary algorithm tables above, pairs of reciprocals selected as entries in Table W are tagged
with either A or B, while unselected pairs are marked with bold type. Altogether, there are 47 unselected pairs,
to be compared with 90 selected pairs. Among those 47 unselected pairs, only 9 have a leading place in either
n or rec. n greater than 30. More precisely, among the 47 unselected pairs the only available leading places
beyond 30 in either n or rec. n are 31, 34 (twice), 35, 41, 42, 46, 51, and 52. Hence, it would not have been
possible to continue Table W beyond line 1 30 without a heavy use of duplicates or a substantial extension of
the total number of sexagesimal places allowed in the pairs of reciprocals! Talking about duplicates, it is
interesting to note that there is no unselected pair with the leading place 44 in either n or rec. n. This
observation explains why a pair of reciprocals from the OB standard table of reciprocals, otherwise avoided,
had to be used in line 44 of Table W! (See Table 1.3 above, in Sec. 1.2.3, which shows that in the
Achaemenid Table U = W 23283+, the only occurrence of the leading place 44 is in the pair 1 21, 44 26 40
from the OB standard table of reciprocals. Note, by the way, that according to Table 1.3 there is no telescoping
error in the pair 2 18 53 20, 2 55 12. Therefore, Table W with its telescoping error in line 102 cannot have been
constructed by selecting pairs from the contemporary Table U!)

In the index diagram below, gray tags A or B stand for lost but reconstructed entries in Table W.
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1.6.2. Points representing Table W in the total 8-place index flower.
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1.6.3 A Partly Preserved Colophon

On the left edge of W 23281 the final lines of W 23281, lines 1 29 and 1 30, are followed by the word al.t[il]
‘finished’. This means that Table W ends with line 1 30 not because there was no more space for additional
lines but because the author of Table W realized that he could not continue further without wasting much
more time calculating additional or extended preliminary algorithm tables.

The first part of the colophon, inscribed in the left third of the left edge, is almost completely destroyed.
What remains can be tentatively restored as

[dub.x].kam the xth tablet
[Uruk]¥-2 the Urukian

Then follows a last line of the colophon, inscribed along the whole length of the edge:

[x x x x x]%nsngur a personal name
ki-i pi(ka) dub.gal.[mes libir.ra].mes according to the wording of big [and old] tablets
sar.sar-ma igi.kar wrote and wrote and checked

The double sar is seen here for the first time in a colophon but it may mean simply that the scribe felt
overwhelmed by his laborious work with first a complicated metrological table on the obverse, and then a
complex mathematical table on the reverse.



2. Direct and Inverse Factorization Algorithms for
Many-Place Regular Sexagesimal Numbers

BM 46550 is a small Neo-Babylonian clay tablet, published for the first time in Sec. 2.1 below. On the obverse
of the tablet is a teacher’s model text, showing that the reciprocal of the 6-place regular sexagesimal number 7
=101 02 06 33 45 is the 5-place sexagesimal number rec. n =2%- 12° = 58 58 56 38 24. The method used for
the computation is a “direct and inverse algorithm”: First n is factorized into the product of 14 single-place
numbers, and then rec.  is computed as the product of the reciprocals of those numbers. On the obverse of the
tablet, a student somewhat awkwardly tries to show by the same method that, conversely, the reciprocal of rec.
n=5858563824isn=30"5°=10102063345.

In Sec. 2.2, it is shown that the well known Old Babylonian arithmetical algorithm text CBS 12115 is
closely related to BM 46550. Indeed, in each one of the 21 sub-algorithms on CBS 1215, the same method as
the one applied on BM 46550 is used to compute first the reciprocal rec. n of a given number n and then its
reciprocal rec. rec. n, which is always equal to the given number 7.

In Sec. 2.3, the three small Late Babylonian tablet fragments BM 34517, BM 34958, and BM 34907,
originally published by Sachs in LBAT (1955), are explained for the first time. It is shown, by use of a
technically complicated reconstruction and representation in an index grid of the damaged regular sexagesimal
numbers on the fragments, how the original texts of which the fragments are small parts may have been
organized. In each case, the progressions of numbers in the original texts seems to have been computed by
means of direct or inverse factorization algorithms. (For the meaning of the term “index grid”, see Sec. 1.2.5
above)

In Sec. 2.4, it is argued that several earlier published Old Babylonian tables of powers can be viewed as
progressions of numbers constructed by means of inverse factorization algorithms. IM 630174, previously
presented in Arabic by Basima Jalil 'Abid in Sumer 53 (2005-6) is a new example of such an Old Babylonian
table of powers. The text contains a number of interesting errors.

© Springer International Publishing Switzerland 2016 61
J. Friberg, F.N.H. Al-Rawi, New Mathematical Cuneiform Texts, Sources and Studies in the History
of Mathematics and Physical Sciences, DOI 10.1007/978-3-319-44597-7 2
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2.1  BM 46550. A Neo-Babylonian Tablet with Direct and Inverse Factorization
Algorithms

2.1.1  Description of the Tablet and New Photos

BM 46550 (Fig. 2.1.1 below; acquisition number 1881-08-30, 16) is a relatively well preserved clay tablet. The
shape of the tablet and the form of the script firmly suggest that it is Neo-Babylonian. (The term refers to
Babylonia under the rule of the 11th “Chaldean” dynasty, from the revolt of in 626 BC until the invasion of
Cyrus the Great in 539 BC.) According to BM records, BM 46550 comes from a collection of Neo-Babylonian
clay tablets excavated by Rassam at Babylon and Borsippa.

Fig. 2.1.1. BM 46550, photo. Published with the permission of the Trustees of the British Museum.

The tablet is inscribed on both sides with pairs of sequences of many-place sexagesimal numbers with
successively decreasing numbers of sexagesimal places (tens and units together). Near the right edges of both
the obverse and the reverse there are associated sequences of single-place sexagesimal numbers. The detailed
explanation below of the arithmetical algorithms used for the construction of the sequences of many-place
numbers on BM 46550 will be preceded by an introductory discussion of Babylonian many-place regular
sexagesimal numbers and their reciprocals, and it will be followed by discussions of other known examples of
both older and younger Babylonian arithmetical algorithm texts of related kinds.
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Fig. 2.1.2. BM 46550. Factorization algorithms for n = 1 01 02 063345 = 30 5
and for rec. n =58 58 56 38 24 = 2 12

2.1.2 A Spectacular Old Babylonian Example of a Many-Place Pair of Reciprocals

Recall that a “regular sexagesimal number” is a sexagesimal number that is contained as a factor in some
power of the sexagesimal base 60. In other words, a sexagesimal number 7 is regular if, and only if, there exists
a “reciprocal” sexagesimal number, suitably called rec. n such that

n - rec. n = some power of 60.

Obviously, the reciprocal of a regular sexagesimal number is also regular, and it is always true that rec. rec.
n =n. Moreover, since 60 =3 - 4 - 5, a sexagesimal number is regular if, and only if, it contains no other prime
factors than 2, 3, and 5. In view of the symmetry of the relation between the two numbers # and rec. n, it is,
perhaps, more correct to talk about “reciprocal pairs” of regular sexagesimal numbers than to talk about
numbers and their reciprocals. (The Sumerian terms are igi and igi.bi, possibly meaning ‘opponent’ and ‘its
opponent’.)

In the Babylonian sexagesimal positional notation without zeros, where numbers have only “relative” (or
floating) values, every power of 60 is written as ‘1°. Therefore, if n and rec. n are reciprocal sexagesimal
numbers, then
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n-rec.n="°1".

Examples of hand copies of (probably) Old Babylonian clay tablets inscribed with reciprocal pairs of
many-place regular sexagesimal numbers can be found in Friberg, MSCT I (2007), Sec. 1.5 b. In one
spectacular example (MS 3264 #2; op. cit., Fig. 1.4.5; with a corrected error op. cit., 35), the “8-place” regular
sexagesimal number

n=130480602 152015
has the “18-place” reciprocal (called igi.bi)
rec. n =39 384838 28 37 02 08 43 27 09 43 15 53 05 11 06 40.

The following questions immediately arise: How was it possible for an Old Babylonian student of
mathematics (in a wide sense of the word) to find such an 8-place (15-digit) regular sexagesimal number? Even
more, how was it possible for him (or her?) to find its 18-place (36-digit) reciprocal?

The answer to the first question is easy and obvious. Since a regular sexagesimal number can have no other
prime factors than 2, 3, and 5, every such number can be constructed by multiplication together a suitable
number of 2s, 3s, and Ss. Thus, for instance, the regular number

25
n=130480602152015=3 -5

can be computed by first computing the 25th power of 3 and then multiplying the result by 5.
Secondly, as soon as the factorization of n is known, it is easy, at least theoretically, to find a corresponding

factorization of its reciprocal rec. n. With n as above, for instance, it is easy to see that
50 24
rec.n=2 - %5 S be%\us%then s

25 25 25
norec.n=(3 52 -5)=2 3 -5 =(4-3-5) =60 =‘I".

2.1.3  An Application of a Last Place Factorization Algorithm

After these introductory remarks it is time to look at a transliteration of the cuneiform number signs on BM
46550 into modern number signs. For the moment, it will be enough to consider only the inscription on the
obverse of the tablet. The inscription on the reverse is similar and will be considered later.

BM 46550, obv. (corrected)

1 10102063345 58758563824" 2
20204130730 297292819'12 2 error: 04 instead of 07
404082615 1444 44 09 36 2
808 16 52 30 7222204 48 2 error: a partly erased 1 after 30
5 16 16 33 45 341110224 2
323307 30 150353112 2
105 06!15 551745 36 2
2101230 27! 38 52 48 ) error: 3 instead of 2
42025 13492624 12
10 | 5205 10907128 12
1025 54536 12
205 28 48 12
25 224 12
5 [12] 12
15 1 1]

It is easy enough to see what is happening in the left column of numbers on the obverse. To begin with, it is
clear that (after the indicated corrections) each number in the eight lines 2-9 of the left column is precisely
double the number in the preceding line, which explains the eight times repeated number 2 in the right margin.
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However, it is important to note the use here of sexagesimal numbers in Babylonian relative place value
notation without final double zeros. (The suppression of all final double zeros explains how a column of
numbers with a decreasing number of places can be the result of a repeated doubling of the numbers!)

Subsequently, each number in the six lines 10-15 is 12 times as large as the immediately preceding
number, which explains the six times repeated number 12 in the right margin.

Thus, in the left column on the obverse of BM 46550, the initial 6-place number n =1 01 02 06 33 45 is
multiplied eight times by 2 and six times by 12, and the result is simply ‘1’ (in Babylonian relative place value
notation). However, since 30 is the reciprocal of 2, and since 5 is the reciprocal of 12, it is also true that if the
initial number 7 is divided 8 times by 30 and six times by 5, the result is ‘1°. Therefore, it is shown quite clearly
by the left column of many-place numbers on the obverse of M 46550, together with the column of
single-place numbers in the right margin, that

6

8
n=10102063345=30 -5.

(This expression of 7 as the product of the 8th power of 30 and the 6th power of 5 is, of course, anachronistic.
Less anachronistically, it can be understood as something like “z is the product of 8 copies of 30 and 6 copies
of 57.) The result implies, clearly, that » =1 01 02 06 33 45 is a regular many-place sexagesimal number.
The kind of factorization of the given number » = 1 01 02 06 33 45 achieved in the first column on the
obverse of BM 46550 through repeated multiplications by 2 and 12 is, apparently, based on the following
important insights:
a) every power of 5 is a sexagesimal number with the last place 05 or 25;
b) every power of 3 is a sexagesimal number with the last place 03, 09, 27, or 21;
¢) every power of 3 or 5 (or, less specifically, every odd number) times a power of 30 is a sexagesimal number with the last
place 30, 15, or 45.
and, conversely,
a) every sexagesimal number with the last place 5 or 25 has 5 as a factor, and a factor 5 can be removed from any such
number through multiplication by 12;
b) every sexagesimal number with the last place 03, 09, 27, or 21 has 3 as a factor, and a factor 3 can be removed from any
such number through multiplication by 20;
¢) every sexagesimal number with the last place 15, 30, or 45 has 15 as a factor, and a factor 15 can be removed from any
such number by means of two doublings (multiplications by 2).
For these reasons, it is clear, in particular, that every regular sexagesimal number that can be constructed as
a power of 5 multiplied by a power of 30 (“a mixed power of 5 and 30”) can be factorized by use of the same
kind of “last place factorization algorithm” as the one used on the obverse of BM 46550 for the factorization of
n=101 0206 33 45.

2.1.4  An Application of an Inverse Last Place Factorization Algorithm

Now consider the middle column of numbers on the obverse of BM 46550. While the numbers in the left
column were written in a motion downwards from the first line, the numbers in the middle column were almost
certainly written in a motion upwards from the last line. (Otherwise it would be difficult to explain why the top
line of the middle column is not in line with the top line of the left column.) Thus, in lines 14-9, thg
sexggesimal numbers proceed from 12 to 12, and in lines 8-1, the sexagesimal numbers proceed from 12 to 2
- 12 . The number in each line of the middle column will automatically be the reciprocal of the number in the
corresponding line of the left column. In particular, the number in the first line of the middle column will be the
reciprocal of the initial number, so that

8 6 8 6
n=10102063345=30 -5, rec.n=5858563824=2 -12.

Evidently, this construction of the reciprocal was based on the following clever observation:

After any factorization of a regular sexagesimal number, the reciprocal of that number can be computed through “inverse
factorization”, as the product of the reciprocals of all the obtained factors.
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2.1.5 Last Place Traces in a Triaxial Index Grid
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Fig. 2.1.3. Last places of regular sexagesimal numbers in a triaxial index grid.

In the left column of numbers on the obverse of BM 46550, all the numbers are what may be called “mixed
powers” of 5 and 30. In the middle column of numbers, which are reciprocals of the numbers in the left
column, all the numbers are correspondingly mixed powers of 2 and 12. This observation can be taken as an
indication that the person who devised the exercise on BM 46550 may have been aware of the possibility to
divide all regular sexagesimal numbers (in Babylonian relative place value notation without final double
zeros) into six classes, namely those that can be written as

I: mixed powers of 2 and 12,

1L: mixed powers of 3 and 12, or 2 times such mixed powers
III: mixed powers of 3 and 30,
Iv: mixed powers of 5 and 30,

V: mixed powers of 5 and 20, or 2 times such mixed powers
VI mixed powers of 2 and 20.

It is, indeed, easy to see that if the last place of a given regular sexagesimal number # is a multiple of 15
(thus, 15, 30, or 45), then n belongs to class II1 or IV and can be reduced to either a power of 3 or a power of 5
through multiplication by a power of 2. Similarly, if the last place of a given regular sexagesimal number 7 is a
multiple of 6, other than 30 (thus, 06, 12, 18, 24, 36, 42, or 48), then n belongs to class I or class Il and can be
reduced to either a power of 2, or a power of 3, or 2 times a power of 3, through multiplication by a power of 5.
Finally, if the last place of a given regular sexagesimal number # is a multiple of 10, other than 30 (thus, 10, 20,
40, or 50), then n belongs to class V or VI and can be reduced to either a power of 2 or a power of 5, or 2 times
a power of 5, through multiplication by a power of 3. All this is visually demonstrated in Fig. 2.1.3 above. As
a matter of fact, it was shown , in Friberg, BaM 30 (1999), following an idea due to O. Neugebauer, how
regularly spaced points in a “triaxial index grid” can uniquely represent all regular sexagesimal numbers
(without final double zeros). See Sec. 1.2.5 above, in particular Fig. 1.2.3.

In the example in Fig. 2.1.4 below it is shown how, for instance, points representing regular sexagesimal
numbers belonging to class I (mixed powers of 2 and 12), marked by their last places, can be reached by
proceeding first up along the “12 axis” (the inverse “5 axis”), then right parallel to the “2 axis”. Thus, all last
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places representing regular sexagesimal numbers belonging to class I lie in the sector of the index grid
bounded by the 2 and 12 axes. All last places representing regular sexagesimal numbers belonging to class 11
lie in the sector of the index grid bounded by the 12 and 3 axes. And so on, for classes III-VI.

Note that the successive powers of 12, namely 12, 2 24, 28 48, 5 45 36, 1 09 07 12, etc., belong
simultaneously to class I and class II. In the index grid in Fig. 2.1.3 above, they are marked along the “12 axis”
(the inverse 5 axis) by their last places 12, 24, 48, 36, 12, etc. Similarly, the successive powers of 20, namely
20, 6 40, 2 13 20, 44 26 40, etc., belong simultaneously to class V and class VI. In the index grid in Fig. 2.1.3
above, they are marked along the “20 axis” (the inverse 3 axis) by their last places 20, 40, 20, efc.
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Fig. 2.1.4. The last place trace in the index grid of the algorithmic sequences on BM 46550, oby.

In the triaxial index grid in Fig. 2.1.4 above, the locations of the points representing the regular
sexagesimal numbers of class IV in the left column on BM 46550, obv. are marked with the last places of those
numbers, beginning with the last place 45 of n =1 01 02 06 33 45 = 30® - 56. It is easy to see in the index grid
how points representing the first nine numbers of the left column proceed in the direction of the 2 axis, and
how the points representing the six last numbers of the column proceed in the direction of the 12 axis. The
procedure stops when the point at the center of the index grid has been reached. It represents the number “1°.

The last places in the index grid representing the reciprocals in the middle column on BM 46550, obv.,
which are regular sexagesimal numbers of class I, proceed in a similar way, first along the 12 axis, then in the
direction of the 2 axis. Note that the locations of the last places representing regular sexagesimal numbers and
their reciprocals, respectively, are mirror images of each other with respect to the central point of the index grid.

Taken together, all the last places in the index grid for the numbers in algorithmic sequences of regular
sexagesimal numbers, like the numbers in the left and middle columns on BM 46550, obv., will be called the
“last place trace” in the index grid of those sequences.

2.1.6 A Faulty Application of the Last Place Factorization Algorithm

The columns of numbers on the obverse of BM 46550 are neatly written, probably copied from a teacher’s
model text, while the text on the reverse is much messier, obviously computed and written without a model
text, by a rather inept student.
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Consider the transliteration below of the text on the reverse of BM 46550. Remember that on the obverse
the given number and its computed reciprocal were
8 6

n=10102063345=30 -5 rec.n=>5858563824.
On the reverse, the given number and its computed reciprocal are instead
8 6
rec. n=5858563824=2 -12 rec. rec. n =101 02 06 33 45.

BM 46550, rev. (corrected)

1 58 [58 563824] [10102]063345
30
292902819 12] [202]04 130730
5 error: 13 instead of 03
5 2272721 36— 24 24 50 37 30—— 10!
243433 36——-—226290345—10
40545 36— 14 38 54 22 30 -— 10
40 57 36———1275326 15 — 10
649 36————84720 37 30— 10 error: 37 instead of 3
10 10816 —524403 45 —30
3408 -—1452807 30—————30
17 04 —33056 15——30
832—————7015230————30
416 1403 45—————130
15| 208 28073030
104—5615 - 30
32 15230 30
16 345 30
8! 730 30
20 4 15 30
2 30 30
1 1-30

This is, obviously, an example of the easily observed rule, mentioned above, that
The reciprocal of the reciprocal of a regular sexagesimal number is that number.

Clearly, the left column of numbers on BM 46550, rev., can be explained as a factorization algorithm for
rec. n = 58 58 56 38 24, while the middle column of numbers can be explained as a corresponding inverse
factorization algorithm, used for the construction of rec. rec. n, the reciprocal of the reciprocal of =101 02 06
33 45.

Surprisingly, however, the factorization in the left column of numbers on the reverse proceeds in a quite
unsystematic way. This is obvious already from the column of single-place multipliers listed close to the right
edge. There are three different multipliers, first 30 and 5, then 10, five times, and then 30, 13 times.
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Note that the last notation of 30 is a mistake. In the last line of the inscription on the reverse there should
only be a number 1, finishing the left column of numbers, and a second number 1, starting the middle column
of numbers (going upwards), but no number 30.

The factorization of rec. n in the left column on the reverse, in 19 steps, can be understood as follows:

5012 8 6
rec.n=5858563824=2-12-6 -2 . (Cf. the simpler factorization rec. n =2 - 12 on the obverse.)
Similarly, the factorization of rec. rec. n in the middle column can be understood as
512 8 6
rec. rec.n=10102063345=30-5-10 -30 . (Cf. The simpler factorization n =30 -5 on the obverse.)

The unsystematic procedure on the reverse is clearly visible in the corresponding last place trace in the triaxial
index grid (Fig. 2.1.5 below). The correct way to proceed in this situation would have been to factorize rec. n =
58 58 56 38 24 through a series of six multiplications by 5, followed by eight multiplications by 30. The
corresponding last place trace in the index grid (in gray in Fig. 2.1.5) would have proceeded first in the
direction of the 5-axis, then of the 30-axis, in only 14 steps altogether instead of 19!

Fig. 2.1.5. The last place trace in the index grid of the algorithmic computations on BM 46550, rev.

2.1.7  Onthe Choice of the Initial Number n =1 01 02 06 33 45

It is clear that the choice of n =1 01 02 06 33 45 as the initial regular sexagesimal many-place number on the
reverse of BM 46550 cannot have been accidental. Indeed, this number is closer to 1 than nearly all other
6-place regular sexagesimal numbers (in relative place value notation), since it is the number # in the second
line of the reconstructed Late Babylonian Table R of many-place reciprocal pairs! (Sec. 1.2.3.)
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obv.

rev.

Fig. 2.1.6. W 23021. Conform transliteration, with a plausible reconstruction of lost parts of the text.

In this connection it is natural to mention also W 23021 (Friberg, BaM 30 (1999); Fig. 2.1.6 above) and W
23016 (Friberg, MSCT 1 (2007), 453; Fig. 2.1.8 below). These are two Late Babylonian round tablets from
Uruk, first published by E. von Weiher as Uruk 4, 175 (1993) and Uruk 5, 316 (1998), respectively.

In the original version of the larger text W 23021, there appears to have been eight algorithmic calculations
of reciprocals (of reciprocals) of many-place regular sexagesimal numbers, all of the same carefully
considered kind as the calculation on BM 46550, obv. According to the reconstruction of the text proposed in
Friberg, BaM 30 (1999), the eight pairs of reciprocals computed on W 23021 are, in this order,

524029 37 46 40 108203730 A
515024 (109 26 40) B
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[512625 1106 40 109 59 02 24] [C]
5112 1101845 D
50 34 04 26 40 11111290345 E
50 112 F
49 22 57 47 40 11254 G
49 09 07 12 11314315230 H

These eight pairs of reciprocals (of reciprocals) were almost certainly picked from the mentioned Late
Babylonian Table R of many-place reciprocal pairs. Indeed, consider the following 11 consecutive pairs of
reciprocals near the beginning of Table R (see again Table 1.3 in Sec. 1.2.3 above):

108203730 524029 37 46 40 = 25 : 207 class VI A .20
1090712 5205 =5 v K 121
1092640 515024 -3 124 II B .22
109 59 02 24 512625110640 = 4-206 v C .23
1101845 5112 = 8'121 I D .24
1110640 503730 -3 30S 111 L .25
11111290345 5034 04 26 40 = ]-204 VI E l.26
112 50 :2~52 \% F .27
11249 04 492618305615 =3018 111 M 128
11254 49 22 57 47 40 =2-51~206 v G .29
11309342908 08 53 20 491227 = ;1 A I N 1.30
11314315230 490907 12 =2 -12 I H 131

An explanation of why only the pairs A-H but not the pairs K-N in the list above appear in the calculations
on W 23021 was suggested in Friberg, BaM 30 (1999), 156-157. The explanation is based on the observation
that in all the excluded pairs, the initial number (52 05, etc.) is a power of 3 or 5 multiplied by a power of 30,
hence of class Il or I'V. In other words, only pairs with initial number belonging (exclusively) to the classes I,
II, V, or VI are considered on W 23021. Presumably, the excluded pairs belonging to classes I1I and IV had
already been dealt with in some other way, on other tablets.

Fig. 2.1.7. Last place traces in the triaxial index grid of the eight factorizations on W 23021.
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In Fig. 2.1.7 above are shown the last place traces in the triaxial index grid of the eight factorizations on W
23021 (called A-H), and of the single factorization on W 23016 (called X; see below, Fig. 2.1.8). All these
traces take the best way to the central point in the index grid, the point representing the number ‘1°, with one or
two exceptions: In the trace tagged X, as will be mentioned below, the two steps from 54 =6 - 9 to 9 can be
replaced by a single step (a multiplication by 10), and in the trace tagged F, the four steps from 10 to 1 can be
replaced by a single step (a multiplication by 6), or possibly two steps (multiplications by 12 and 30).

Note: In Robson, MAI (2008), 367, fn. 41, it is groundlessly claimed that the reconstruction of the pair [C]
proposed in Friberg, BaM 30 is incorrect and based on a “much later” table of reciprocals, whatever that is
supposed to mean. Robson’s idea that the reconstructed number [51 26 25 11 06 40] (class V) should be
replaced by the shorter number [52 05] (class IV) violates the explanation given above, namely that numbers
belonging to classes Il and IV were avoided, and does not consider the space available in the upper right
quarter of the obverse of W 23021 for the corresponding reconstructed columns of numbers. Actually (see Fig.
2.1.6 above), the reconstructed columns for the initial number [51 26 25 11 06 40] (pair [C]) fill out the entire
upper right quarter of the obverse of W 23021. The single column for the initial number 51 50 25 (B) was
squeezed in between the columns for pairs A and [C], probably as a correction to an unintended omission. Note
the vertical line pointing down to this brief, squeezed-in, column of numbers, and note that there was no space
available for a second column of numbers, with the computation of rec. 51 50 25!

obv.

g 102122848 .5

( «g 5110224 5

% 4{ «.«?ﬁ* 2555' 12 5

«%% W’é’( 209! 36! 5

ﬁf’«w—«% | 10 48" 5

& v 54 5

r}% 430 , |1

9 (erasure) - [20]
3 20"

1!

5 2
Fig. 2.1.8. W 23016. A Late Babylonian factorization algorithm for » =102 122848=2-125 -3.
Hand copy: von Weiher.

The small Late Babylonian tablet W 23016 (von Weiher, Uruk 5, 316; Fig. 2.1.8 above) is inscribed with a
last place factorization algorithm for the 5-place regular sexagesimal number n =1 02 12 28 48 (Table R, line
6). The multipliers used in the successive steps of the algorithm are not indicated on W 23016, as they were in
the case of the similar factorization algorithms on the obverse and the reverse of BM 46550. (For the readers’
convenience, however, they are indicated in the transliteration to the right in Fig. 2.1.8)
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The steps of the factorization algorithm correspond to the factorizations
6 2 6 2
n=102122848=12 -30-3, rec.n=5 -2-20.

Incidentally, the factorization algorithm in this case is not optimal. The reduction of 54 into 9 could have been
achieved in one step, through multiplication by 10, instead of in two steps through multiplication first by 5 and
then by 2!

Note that the many numerical errors in the text of W 23016 obviously are copying errors, since they do not
influence the course of the computation.

2.1.8  Errorsin BM 46550

Apparently, the student who wrote BM 46550 found the job of copying numbers from the teacher’s model text
so boring that he listlessly drew a doodle at the bottom of the obverse, and also scratched away the smooth
surface of the lower obverse in a bow, obliterating the numbers 12 and 1 at the two bottom lines of the middle
column.

In the first column on the obverse of BM 46550 there are two errors: The number in line 2 ends with 4 30
instead of 7 30, and the number in line 8 begins with 3 instead of 2. The fact that these errors do not give rise to
propagated errors in the following lines implicates that the numbers on the obverse were copied from another
clay tablet, not computed just before they were written down. Similarly, the numerical error in line 9 of the first
column on the reverse does not give rise to a propagated error in line 10 of the first column, and the numerical
error in line 4 of the second column on the reverse does not give rise to a propagated error in line 3 of the
second column. The only conceivable explanation for this phenomenon is that the student had first performed
all the necessary computations on a scratch pad before he copied the result onto the reverse of BM 46550.

The inscription on the obverse of the tablet is clearly much neater than the awkwardly executed inscription
on the reverse. Therefore, as mentioned above, it is likely that while the columns of numbers on the obverse,
with the algorithms for the calculation of rec. n, were copied from the teacher’s model text, the columns on the
reverse with a similar computation of rec. rec. n, were written by the student without any help from the teacher.
Proceeding unsystematically, as mentioned above, the student produced an algorithmic computation of rec.
rec. n in 19 steps on the reverse instead of the 14 steps in the computation of rec. n on the obverse. As a result,
the lines of numbers in the left column on the reverse were written in a cramped and messy fashion. Moreover,
when the student wrote down the numbers in the third column on the reverse, he went one step too far, and
wrote down a superfluous number 30 in the last line of the column. Note, in this connection, that on the lower
edge of the reverse of the tablet, the number 1 which should rightly be written at the bottom of the middle
column is written too far to the right, close to the superfluous number 30.

Finally, realizing that it might be difficult to see which lines of the left and right columns should
correspond to lines of the middle column, the student connected related numbers to each other by awkwardly
drawing lines in the clay with a finger nail.
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2.2 CBS 1215 and the Old Babylonian Trailing Part Factorization Algorithm

The Neo-/Late Babylonian “last place factorization algorithm” discussed above, exemplified by the
computations on BM 46550, is a simplified version of a closely related Old Babylonian “trailing part
factorization algorithm”, used for the same purpose, namely to calculate the reciprocal of a given many-place
regular sexagesimal number as the product of the reciprocals of factors of that number.

The trailing part factorization algorithm is discussed in Friberg, MSCT I (2007), App. A3.3. In Fig. A3.4
there, a transliteration to modern number signs is given of all the 21 sub-algorithms of the Old Babylonian
algorithm table CBS 1215. In CBS 1215 # 1, for instance, the first and simplest of the 21 sub-algorithms, it is
shown in the following concise way that the reciprocal of the regular number 2 05 (= 5°) is 28 48, and that,
conversely, the reciprocal of 28 48 is 2 05.

CBS 1215 #1
205 12 rec. 5=12, 205-12=25
25 224 rec.25=224, 224-12=2848=rec.205
28 48 115 rec48=115 2848 -115=36
36 140 rec.36=140 140-115=205=rec.rec.2 05
205

A “trailing part” of a sexagesimal number in Babylonian relative place value notation consists of the last one or
two sexagesimal places (sometimes more), depending on the circumstances. In the first line of this small
algorithm table, 5 (or, rather, 05) is a “trailing part” (as well as the last sexagesimal place) of the regular
number 5° =2 05, and 12 is the reciprocal of 5. Therefore, in Babylonian sexagesimal notation with relative
values,

205/5=205-12=2(00)-12+5-12=24+1=25.
In the next step of the algorithm, it is noted that rec. 25 =2 24. (This was well known, of course, since it is a line
in the Old Babylonian standard table of reciprocals.) Therefore, as indicated to the left in line 3,

rec. 2 05 =rec. (5-25)=rec. 5 -rec. 25=12-224 =28 48.
To the right in the same line is written the reciprocal 1 15 of the trailing part 48 of 28 48. The next step of the
algorithm is to multiply 28 48 by 1 15. The result is that

2848 -115=28(00)-115+48-115=35+1=36.
In the fourth line of the small algorithm table above, it is noted to the left that 28 48 - 1 15 = 36, and to the left
that the reciprocal of 36 is 1 40. Therefore,

rec. rec. 2 05 =rec. 28 48 =rec. 48 -rec. 36 =1 15-140=2 05.
The reciprocal of 28 48, computed in this way, is written in the final line of the small algorithm table. It is, of
course, equal to the initial number 2 05.

CBS 1215 ## 2-21 are just like CBS 1215 # 1, but with the initial regular sexagesimal number 5° = 2 05

multiplied by increasing powers of 2. In the last of these examples, # 21 (see below), the initial number is

5%-2%=1006 48 53 20.
Through application of the trailing part algorithm, it is shown that this number can be factorized as follows:
5-2=1006485320=320-240-16- 16" 16.

Consequently, since rec. 16 = 3 45 (three times), rec. 2 40 = 22 30, and rec. 3 20 = 18, the reciprocal
number can be computed as follows, in inverse order:

rec. 100648 5320=345-345-345-2230-18=55557251845.

In the second half of CBS 1215 # 21, the reciprocal of the reciprocal is computed in a similar way.
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CBS 1215 # 21

1 1006 48 53 20 18 rec. 320 =18, 18-10 0648 5320=302 0240
2 3020240 22 30 rec. 2 40 =22 30, 2230-3020240=10816

3 10816 345 rec. 16 =345, 345-10816=416

4 416 345 rec. 16 =3 45, 345-416=16

5 |16 345 rec. 16 =345, 345-345=140345

6 14 03 45 345-140345=52440345

7 524403 45 2230-52440345=194631242230

8 19 46 31 24 22 30 18-194631242230=55557251845

9 | 55557251845 16 rec. 345 =16, 16-55557251845=134551845
10 | 134551845 16 rec. 345 =16, 16-134551845=251845
11 | 251845 16 rec. 3 45 =16, 16-251845=645

12 | 645 120 rec. 45 =1 20, 120-645=9

13 19 6 40 rec. 9 =6 40, 640-120=85320

14 85320 16-85320=2221320

15 2221320 16-2221320=37553320

16 37553320 16 -37553320=10 06 48 53 20

17 10 06 48 53 20

An alert reader may notice that in lines 9-11 the indicated multiplier 16 is neither the reciprocal of the
trailing part 18 45, nor the reciprocal of the last place 45. What is going on here is that the author of this text
seems to have noticed that 16 is the reciprocal of 3 45, and that 3 45 is a factor in 18 45. Indeed,

1845=15-60+345=15-15-4+345=345-(4+1)=345"-5.

Therefore, in Babylonian relative place value notation without final zeros, 16 - 18 45 = 5, so that 16 is a
reciprocal of 18 45 in a generalized sense. It follows that, for instance, as in lines 9-10,

16-55557251845=16-5555725(0000)+ 16-1845=134551840+5=134551845.

Note that, despite the different layouts, and despite the difference between the last place algorithm and the
trailing part algorithm, there is still a striking similarity between a combination of the calculations on the
obverse and on the reverse of the Neo-Babylonian text BM 46550 on one hand and in the Old Babylonian
exercise CBS 1215 # 21 on the other hand. In both cases there are similar chains of four successive algorithmic
computations:

1. The successive eliminations of factors in the given number n, with the reciprocals noted in the right margin.

2. The computation of rec. n as the product of the reciprocals of the eliminated factors.

3. The successive eliminations of factors in rec. n, with the reciprocals of the eliminated factors noted in the right margin.

4. The computation of rec. rec. n as the product of the reciprocals of the eliminated factors.

It is tempting to assume that there must have been a historical connection of some kind between the two
algorithmic procedures, which so obviously share a common idea!

Note, by the way, that Robson, in her MAI (2008), 237, is of a diametrically opposite opinion, when she writes as follows, in her
commentary to the Late Babylonian last place factorization algorithm in W 23021: “Thus once again, a favorite Old Babylonian school
problem is solved using a new method: not cut-and-paste procedures but repeated factorization.” However, the alleged cut-and-paste
procedure in question is Robson’s own proposed explanation in geometric terms (op. cit., 109) of the computations in the Old
Babylonian text CBS 1215, an explanation which is totally hypothetical, unwarranted, and unpractical. Besides, since the Neo- or Late
Babylonian last place factorization algorithm is just a simplified variant of the Old Babylonian trailing part factorization algorithm,
Robson’s hypothetical cut-and-paste procedure can in no way make a distinction between Old and Late Babylonian factorization
algorithms.

Note, by the way, that an independent interesting discussion of CBS 1215, BM 46550, and other related texts can be found in

Proust (2012) “Interpretation of reverse algorithms in several Mesopotamian texts”.



76 2.3 Reconstructions of Factorization Algorithms on Three Seleucid Tablet Fragments

2.3 Reconstructions of Factorization Algorithms on Three Seleucid Tablet Fragments

The hand copies in Fig. 2.3.1 below of the three small fragments LBAT 1642, 1643, and 1646 = fragments VI D
- VI F, presumably from some Seleucid site in Babylon or Sippar, were made by Pinches between 1895 and
1900, and were published by Sachs in LBAT (1955). Sachs presumed that the three fragments were
“mathematical” and suspected that LBAT 1642 was an “analysis of reciprocal (factor: 12)”, but had no
explanation to offer for LBAT 1643 and 1646. (The fragment LBAT 1644 = fragment V A, which Sachs also
classified as an “analysis of reciprocal”, was ultimately shown to be an explicit multiplication algorithm for the
computation of the 25-place square of the square of a 7-place regular sexagesimal number. See Friberg, MSCT
1(2007), App. A9.2.)

A necessary prerequisite for any attempted explanation of small fragments with preserved traces of
many-place (presumably) regular sexagesimal numbers is an extensive and systematically constructed table of
many-place regular sexagesimal numbers. Neugebauer produced a table of precisely this kind, namely a table
of 6-place regular numbers between 1 and 2, and their reciprocals, computed by hand, for his study in MKT
(1935) of the Seleucid many-place table of reciprocals AO 6456 = Table V, discussed in Sec. 1.5 above.

BM 34907 = LBAT 1643

Fig. 2.3.1. Three small fragments of Late Babylonian texts with many-place sexagesimal numbers.

Later, an even more extensive lexicographically ordered table of 11-place regular sexagesimal numbers
and their reciprocals, computed electronically (long before the advent of personal computers!), was published
by Gingerich in TAPS 55 (1965). Note, however, that in a large number of cases the reciprocals of the 11-place
regular numbers in Gingerich’s table may be (much) more than 11-place!

It is now, of course, possible for anyone to produce, with some effort, a new extensive table of a similar
kind by use of a suitable computer program, even if a considerable remaining difficulty is to order the very
large number of computed many-place numbers in some convenient way (for instance lexicographically).
However, this added difficulty did not discourage the anonymous Neo- or Late Babylonian student of
mathematics who computed, by hand, the world’s first systematically ordered table of 6- place regular
sexagesimal numbers, and their reciprocals (Table R, discussed in Sec. 1.2.3 above).

2.3.1 BM34517. A Descending Table of Powers of 9

Consider the fragment VI D = BM 34517, shown in Fig. 2.3.1, top left. It is inscribed with parts of 7
many-place sexagesimal numbers. Unfortunately, only 3 places (or less) in the middle of these many-place
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numbers are preserved. Nevertheless, a sensible approach could be to look in an extensive table of many-place
regular sexagesimal numbers, such as Gingerich’s, for many-place regular sexagesimal numbers containing
such 2- or 3-place pieces of many-place sexagesimal numbers as, in this case,

[.]5650[..], [.]939[.], [.131755[.], [.]2838[..], [.]3056[.], and[..]326]..].

Once a list of possible candidates has been found, another task is to find which of these candidates can be
explained as consecutive numbers, in some mathematically appropriate sense.

The reader probably doesn’t want to be bothered with too many details about how the search proceeded.
Instead, here is without delay the result of the analysis of the fragment BM 34517. Thus, for instance, the
number, of which a small piece is preserved in the last line of the fragment, is

[20 06 23 36 04] 03 26 [14 40 13 21] = the 20th power of 9.

This 11-place number is actually present in Gingerich’s table. Its reciprocal is a 30-place number! All the other
numbers of which traces are preserved on BM 34517 are also powers of 9, but are more than 11-place. Indeed,

[49 28 10 48 09 26] 32 [50 19 46 38 45 37 21] =9% 14-pl.
[ 529475201 02] 56 5[8 55 31 50 58 24 09] =9% 14-pl.
[36 38 39 06 46] 59 39 [52 50 12 19 49 21] =9% 13-pl.
[4041740451]3 1845 [52 144212 09] =97 13-pl.
[27 0837 51 41] 28 38 25 [48 18 01 21] =92 12-pl.

[3 0057 3224136 30 56 [12 02 00 09] =9 12-pl.

[20 06 23 36 04] 03 26 [14 40 13 21] =9% 11-pl.

(Note the confirmation of the doubtful reading 32 in line 1.)
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Fig. 2.3.2. Fragment VI D = BM 34517. Proposed reconstruction.

Thus, all the sexagesimal places preserved on the fragment BM 34517 can be explained as traces of a
descending table of powers of 9, from the 26th to the 20th. The 26th power of 9 is a 14-place regular
sexagesimal number. It is, of course, impossible to know if the computation partially preserved on BM 34517
was just a factorization of some very high power of 9, or if it also comprised the computation of the reciprocal
of that power, which can be estimated to be a more than 30-place regular sexagesimal number.

Note, by the way, that a modified version of the “last place factorization algorithm” must be used here,
since the numbers representing the descending table of powers of 9 have alternately the last sexagesimal places
09 and 21, where 21 is a non-regular sexagesimal number! However, any number with its last place equal to 21
and with the sexagesimal place before it equal to 37, 49, 01, or 13, as in lines 1, 3, 5, and 7 on the fragment,
obviously contains 9 as a factor.
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The reason is that

[..]3721=[....]3600+121
[..]4921=1[...]4800+ 121
[..]O121=[....]0000+121
[.]1321=[....]1200+121

where each of the terms into which the numbers are split contains 9 as a factor.

2.3.2  BM 34958. A Last Place Factorization Algorithm for a Large Number of Class I

Apparently, the small fragment VI F = BM 34958 (Fig, 2.3.1, top right) represents the lower right corner of the
obverse(?) of a clay tablet originally inscribed with several many-place, presumably regular, sexagesimal
numbers. Only the trailing parts of 4 sexagesimal numbers are preserved, but since the last places are 36, 48,
24, 12 in this order, a reasonable conjecture is that BM 34958 was inscribed with a last place factorization
algorithm for a regular sexagesimal number of class I or II. Indeed, the last of the 4 partially preserved numbers
is of the form

[....]5[5]7 56 104507 12.
Now, if a number with the trailing part 56 10 45 07 12 is multiplied by 12, the result is
12-[...] 56 104507 12 =1....] 14 09 01 26 24.

This agrees well with the preserved portion of the preceding number on the fragment, which is
[....4]° 09 01 26 24.

Similarly, if a number with the trailing part 14 09 01 26 24 is multiplied by 12, the result is
12-[....] 140901 26 24 =.....] 4948 17 16 48.

This agrees well with the preserved portion of the next preceding number on the fragment, which is
[.... 1717 16 48.

Therefore, as observed already by Sachs, in LBAT (1955), p. xxxviii, the last couple of steps of the algorithmic
computation on the obverse(?) of the fragment clearly were a couple of divisions by 12 (or multiplications by 5).

To proceed with the analysis, a possible approach is to try to find a regular sexagesimal number with the
trailing part 56 10 45 07 12. As it turns out, there are very few such numbers, proportionally, so a better idea is
to start looking for regular sexagesimal numbers with the trailing part 10 45 07 12, or 45 07 12, or even only 07
12. Such numbers are not difficult to find, for instance by looking through Gingerich’s table of 11-place
regular sexagesimal numbers. A result of such a search for numbers with the trailing part 07 12 is the
observation that the points in the index grid representing regular sexagesimal numbers with this trailing part
are distributed evenly across the space between the 2-axis and the 3-axis.

In Fig. 2.3.3 below, all such points that can be found with a reasonable amount of work are represented in
each case by the value of the “preceding place” (the sexagesimal place preceding 07 12). Evidently, all points
representing numbers with the trailing part 07 12 are distributed in a two-dimensional lattice. Moreover, all
such points situated on the line called B, for instance, have their “preceding places” equal to 09 (or in one case
29). Points on the line C have their preceding places equal to 33 (or in one case 53), points on the line D have
their preceding places equal to 57, points on the line E have their preceding places equal to 21, and points on
the line F have their preceding places equal to 45, the desired value. Note the regular increase of the values of the
preceding places: the steps from 09 to 33, from 33 to 57, from 57 to [...] 21, and from 21 to 45 are all equal to 24.

So far, it has been established, in this heuristic way, that points representing regular sexagesimal numbers
with the desired trailing part 45 07 12 are situated along the line F in the index grid, and, presumably, along
other similar lines further out in the index grid. One of the points on the line F, the one with the index (34, 13),
even represents a number with the desired trailing part 10 45 07 12.
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The reasoning can be taken one or two steps further. In order to find more points representing numbers
with the desired trailing part 10 45 07 12, one has to consider the “preceding places” of numbers with the
trailing part 45 07 12, represented by points in the index grid. As shown in Fig. 2.3.4 below, the points
representing numbers with the trailing part 45 07 12 are distributed in a two-dimensional lattice of a kind
similar to the two-dimensional lattice in Fig. 2.3.3. Along the parallel lines called F, K, P in this lattice, the
preceding places take (with a few exceptions) alternatingly the values 46, 34, 22, 10, and 58, each one of these
values exceeding the next one by 12.

].E 27 pb - F |4J [ [lp]': G 091 ——
D.s:j;q | 6]3! | l i i o : | g l | | i ‘._45: i ! | , ] |
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= ep [ | | 5] opt” 1 1 | | 2H
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10 20 30 40 50 - 2
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C 9.8 15330712 21,12 235316202107 12
16, 7 1103330712 28,11 1659.125708 2107 12
23, 6 75151330712 35,10 1204 46.32 3756 21 07 12
30, 5 5353239330712 42, 9 83523455218442107 12
37, 4 358.363327330712
44, 3 249403947 353307 12 F 34,13 24304283032104507 12
51, 2 20039345750365307 12 41,12 155575049.16 12584507 12

Fig. 2.3.3. The lattice of points representing regular sexagesimal numbers with the trailing part 07 12.

It is also clear from Fig. 2.3.4 that points in the index grid representing numbers with the trailing part 10 45
07 12 are distributed in yet another two-dimensional lattice, and that in this case the preceding places
alternatingly take the values 32, 44, 56, 08, 20, each one of these values being 12 less than the following one.
The procedure manages to single out 6 points in the index grid representing regular sexagesimal numbers with
the trailing part 10 45 07 12. In addition, two of these, marked with big black arrows, correspond to the trailing
part 56 10 45 07 12. One of these, finally, with the index (69, 8) corresponds to a trailing part of precisely the
desired form, namely 58' 56 10 45 07 12.

Thus, the procedure has not only produced a regular sexagesimal number of the desired form, it has also
demonstrated (heuristically) that there is no other such number of a reasonable size! Consequently, the
damaged number in the last line of the fragment BM 34958 can with certainty be reconstructed as

[29 39 11 59 28 12 08 12] 5[8] 56 1045 07 12 =2% - 38 =25 . 128 14-pl
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Fig. 2.3.4. The two-dimensional lattice of points representing regular sexagesimal numbers with the trailing part 45 07 12.

Repeatedly multiplying this reconstructed 14-place number by 12, one gets the corresponding
reconstructed numbers in the two preceding lines:

1212939 11 59 28 12 08 12] 5[8] 56 10 45 07 12 =[5 55 50 23 53 38 25 38 3547 1]4 09 01 26 24 = 2% - 12° 15-pl
12-[5555023 533825383547 11409 01 2624 =1 1110 04 46 43 41 07 43 09 26 49 48] 17 16 48 =23 - 121° 16-pl

See the suggested reconstruction in Fig. 2. 3.5 below of the damaged text on the fragment.
If the four preserved trailing parts of many-place numbers on the fragment VI F = BM 34958 originally
were positioned in the lower right corner of the obverse of some intact tablet, then it is possible that there

originally was a continuation of the algorithmic computation on the reverse of the tablet. In that case, the
number in the 8th line on the reverse, for instance, would have been the 53rd power of 2, namely

[53 373532222943 3632]=2" 9-pl
Consequently, the 9th line on the reverse would, presumably, have been
30-[533735322229433632]=[26484746 11 14 51 48 16] =2% 9-pl

And so on.
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Fig. 2.3.5. Fragment VI F = BM 34958. Proposed reconstruction.

2.3.3  BM 34907. A Direct and an Inverse Last Place Factorization Algorithm

The two sides of the small fragment VI E = BM 34907 (Fig, 2.3.1, bottom) apparently represent the upper right
corner of the obverse(?) and the lower right corner of the reverse(?) of a clay tablet originally inscribed with a
long list of many-place sexagesimal numbers. On the side of the fragment which appears to be an upper right
corner, the following brief trailing parts of 3 sexagesimal numbers are preserved:

[....]x 4507 12, [....]6, [ ]x

On the side which appears to be a lower right corner, a single, somewhat longer trailing part is preserved, albeit
only imperfectly:
[..]x4952 1217 [....].

For the moment, nothing more can be said about the number with the trailing part 45 07 12, other than that
it may be one of the numbers represented by their “preceding places” in the two-dimensional lattice in Fig.
2.3.4 above. Fortunately, a lot more can be said about the number with the trailing part 49 52 12 17 [.....].
Indeed, a rapid visual search in Gingerich’s table of 11-place regular sexagesimal numbers yields surprisingly
few examples of such numbers in which the pair 12 17 appears near the end of the number, namely only

1217 16 48 (15, 4, 0) 4-pl.
180823281217 1648 (17,18, 0) 8-pl.

This result immediately suggests that it might be a good idea to search somewhat more carefully in
Gingerich’s table for numbers with the more complete trailing part 12 17 16 48, or at least 17 16 48. The
numbers turning up this time are (see Fig. 2.3.6):

17 16 48 (8,5,0) 3-pl.
1217 16 48 (15, 4,0) 4-pl.
2530330017 16 48 (10, 19, 0) 7-pl.
180823281217 16 48 (17, 18, 0) 8-pl.
125358012324 17 1648 (24,17, 0) 9-pl.
9102235391836 17 16 48 (31, 16, 0) 10-pl.
63122440117 1348 17 1648 (38, 15, 0) 11-pl.
373926 103902210017 16 48 (12, 33,0) 11-pl.

(A look in Gingerich’s table reveals that the last of these numbers has a 23-place reciprocal!) The pattern that
appears in the index grid is quite clear (see again Fig. 2.3.6). Therefore, it is easy to find, through simple
extrapolation, that the points with the indices (19, 32, 0) and (52, 13, 0) must be 12- and 13-place regular
sexagesimal numbers, respectively, with the trailing part 12 17 16 48. A third such number is

4520946002210 13 144133 49521217 16 48 = 12% (54,27,0) 17-pl.
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Thus, the procedure has managed to produce a single regular sexagesimal number with the desired trailing
part 49 52 12 17 [.....]! The number in question is 17-place and not equal to any one of Gingerich’s 11-place
numbers. Incidentally, however, its reciprocal

12 19 18 49 59 29 17 42 10 02 05 = 577 (0,0,27) 11-pl.
is only 11-place. Therefore, the number with the trailing part 49 52 17 16 48 that was found above can also be
found in Gingerich’s table, as the reciprocal of an 11-place number!
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2.3.6. The two-dimensional lattice of points representing regular sexagesimal numbers with the trailing part 17 16 48.

It is now possible to make the following reconstruction of the two sequences of regular sexagesimal
numbers on the obverse and the reverse, respectively, of the tablet of which only the corner piece BM 34907 is
preserved: It was shown above that the number in the last line of the reverse(?) must have been 12*”. Moreover,
it is obvious that there were about the same number of lines on the obverse as on the reverse of the tablet, and
it is reasonable to assume that there was a simple connection between the two sequences of sexagesimal
numbers on the obverse and on the reverse, respectively. Therefore, there can be little doubt that fragment VI E
= BM 34907 is a small fragment of a Late Babylonian tablet which was originally inscribed with an
algorithmic double table similar in some way to the Neo-Babylonian algorithmic double table on both sides of
BM 46550 (Fig. 2.1.2), and also to the Old Babylonian algorithmic double table CBS 1215 # 21 (Sec. 2.2
above). Indeed, the most likely interpretation is that BM 34907 originally was part of a tablet inscribed on the
obverse(!) with a descending table of powers of 12, constituting a last place factorization algorithm for the
regular sexagesimal number

[20144041009 14 153107 19 05464507 12 = 12% (50, 25, 0) 16-pl.
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Furthermore, the reverse(!) of the tablet was inscribed with an ascending table of powers of 12, constituting
what was meant to be an inverse last place factorization algorithm for the same number. However, by mistake,
the table of powers of 12 was not stopped in time, but was allowed to progress two steps too far, ending with
the regular sexagesimal number

[4520946 00221013 1441331495212 17[1648]= 12 (54,27,0) 17-pl.
See the proposed reconstruction in Fig. 2.3.7 below.

Possibly, an even more serious mistake made by the person who wrote the text is that the number computed
on the reverse is not a product of reciprocals of factors in the given number on the obverse. More precisely, it is
possible that the teacher’s intention was that what the student should compute on the reverse was not 12%,
which is what the student actually computed, but instead the reciprocal of the given number on the obverse,
which is

rec. 122 =5%=293421 115846 1829 12 05 10-pl.
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Fig. 2.3.7. Fragment VI E = BM 34907. Proposed reconstruction.
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2.4 Old Babylonian Ascending and Descending Tables of Powers

According to the suggested reconstructions above of the Late Babylonian fragments VI D = BM 34517 (Fig.
2.3.2)and VI E = BM 34907 (Fig. 2.3.7), the former was once part of a descending table of powers of 9, and the
latter was once part of a descending table of powers of 12, followed by an ascending table of powers of 12.

Several Old Babylonian predecessors of such descending or ascending tables of powers are known. Thus,
MS 2242 (Friberg, MSCT 1 (2007), Fig. 1.4.1) is a descending table of powers of 3 45, starting with the 6th
power of 3 45, and MS 3037 (ibid.) is a descending table of powers of 12, starting with the 12th power of 12.

Previously published Old Babylonian ascending tables of powers are listed in Friberg, op. cit., 26, fn. 1,
namely the first 10 powers of 3 45 on four tablets from Kish, namely Ist. O 3816, 3826, 3862, 4583
(Neugebauer MKT I, 77-78), the first 10 powers of 3 45, followed by the first 10 powers of 16 on IM 73355, a
tablet from Larsa (Friberg, op. cit., Fig. A5.7), and the first 10 powers of 1 40, followed by the first 10 powers
of 5 on BM 22706 (Nissen/Damerow/Englund, ABK (1993), 150).

24.1  IM630174. An Ascending Table of Powers from Old Babylonian Bikasi

A new Old Babylonian ascending table of powers is IM 630174, an ascending table of 10 successive powers of
40, from the 2nd to the 11th power. It is from the third stratum of Bikasi, modern Tell Abu Intiek. A hand copy
of the tablet is published here with the kind permission of Basima Jalil 'Abid, who first published the text in
Sumer 53 (2005-6).

7.0x4.5%1.5

e -

Fig. 2.4.1. IM 630174. An ascending table of powers of 40, with numerous errors.
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There are several errors in this text, marked by underlining in the transliteration below.

IM 630174 corrected

1 | [ard] 40 2640 40°= 2640

ard 40 174640 40°= 174640

ard 40 11510640 40*= 11510640

ard 40 7542640 40°= 754042640
5 | ard 40 5160257 [46 40] 40°= 51602574640

ard 40 33041 58 [31 06 40] 407= 33041 58310640

ara 40 220275944° 26 40] 40%= 220275900 44 26 40

ara 40  13338394937[46°40 | 40°= 133 383920293746 40

ara 40 325463305110640 40°= " 1022546133945110640
10 | [a]lra 40 413706441740 40"'= 41371049 063007 24 26 40

644 16 47 24 26 40

The first error is in line 4, where the person who wrote IM 630174 seems to have incorrectly copied the
number 7 54 04 26 40, written on an older tablet serving as a model, not noticing that the 4 in 54 should be
followed by a second 4. The error is not propagated to the number in line 5, which, however, seems to be
missing the last two aces, 46 40, probably because they were written out of sight on the edge of the older tablet.

Similarly, in line 6 the last three places, 31 06 40, seem to be missing, probably for the same reason. Again,
in line 7, the last two places, 26 40, seem to be missing, and possibly the preceding place, 44, is incorrectly
copied as 41. There is no indication, like a special sign or a gap, for the vacant sexagesimal place, transliterated
as 00 in the corrected version above.

The missing indication of the vacant place in line 7 is not due to a miscopying by the one who wrote IM
630174. This is obvious because the error in line 7, the missing indication of the vacant place, gives rise to a
propagated error in line 8, a so called telescoping error. Indeed, the incorrect number in line 8 is

40-2202759442640=133383949 374640,
instead of the correct number
40-220275900442640=13338392029 3746 40.
Note that 49 =20 + 29.
The propagated error in line 8 gives rise to a new propagated error in line 9. Indeed, in line 9,
40-133383949374640=102254633 0511 06 40,
instead of the correct number
40-13338392029374640=102254613 394511 06 40.

This propagated error must have been present already on the older tablet serving as a model for IM 630174.
However, in addition to this propagated error there is also an interesting copying error, namely that the first
two places of the number on line 9 of the older tablet, 1 02, which should be written as a single upright wedge
followed by a pair of upright wedges, was copied in line 9 of IM 630174 as 3, written as a triple of upright
wedges!

It is not clear what is going on in lines 10-11 of IM 630174. One would have expected to see here 40 times
the (incorrect) number in (the original version of) line 9, that is, with a propagated error,
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40-10225463305110640=4137110203 27242640 (9-place)
Instead one sees in line 10 the 6-place number
413706 44 17 40,

followed in line 11 by the 7-place number
644 16 47 24 26 40.

The number in line 10 begins in the expected way, with 41 37, and the number in line 11 ends in the
expected way, with 7 24 26 40, but if the number in line 11 is thought of as a continuation of the number in line
10, the two numbers together would make a 12-place number instead of the expected 9-place number! A
possible clue to what is going on here is that the two places 06 44 in the number in line 10 reappears at the
beginning of the number in line 11. So, maybe, the author of the text discovered that he had made a mistake at
the end of the number in line 10 and continued in line 11 with what he thought was a correction of the mistake.
In that case, the intended number in lines 10-11 could be

41370644 16 47 24 26 40.

This is, as expected, a 9-place number, and it begins, as expected, with 41 37, and ends, as expected, with 7 24
26 40. However, there is no obvious explanation for the four places in the middle of the number, 06 44 16 47,
instead of the expected four places 11 02 03 27.

Added in the proofs:

In JCS 66 (2014), M. Ossendrijver published several new fragments of arithmetical table texts from Late Babylonian Babylon,

namely

Text A: BM 34249 + 32401 + 34517, a factorization table for 9%,

Text B: BM 42744 + 34958, a factorization table for 9'" - 12" (n > 39),

Texts C-H: BM 36065, 37095, 33447, 32681, 42980, 36917, six many-place tables of reciprocals,
Texts I-J, X: BM 37020, 32178, 45884, 37338, four many-place tables of regular square numbers.

The offered reconstructions of Tables A and B were made possible to some extent by recourse to a computer-generated table of all
regular sexagesimal numbers up to thirty digits, as well as a well known table of fourth powers of many-place regular sexagesimal

numbers.

Two of the fragments discussed by Ossendrijver were also, independently, discussed above in the present chapter, namely
fragment A3 = BM 34517 and fragment B2 = BM 34958. Ossendrijver’s results confirm and extend the results obtained in this
chapter.

Indeed, Ossendrijver shows that his three fragments A1-A3 are parts of a single clay tablet with a descending table of powers of
9, starting with the number 9* = sq. sq. 3%, while fragment A3 was discussed above in Sec. 2.3.1 BM 34517. A Descending Table of
Powers of 9. (Recall that it was shown in Friberg, MSCT 1, App. A9.2 that the Seleucid fragment BM 34601 contains an explicit

computation of 9* = sq. sq. 37!)

Similarly, Ossendrijver shows that his two fragments B1-2 are parts of a single clay tablet with a factorization table for a
many-place regular number of the type 9'' - 12" (n > 39). In particular, he is able to show that the last number on the fragment B2 can
be factorized as 9'' - 12'°, while it was shown above in Sec. 2.3.2 BM 34958. A Last Place Factorization Algorithm for a Large

Number of Class I that the same number can be factorized as 2°* - 3*' (=9'' - 12"),



3. Metrological Table Texts from Achaemenid

Uruk

Mathematical and/or Metrological Cuneiform Texts from the 1st Millennium BC
The corpus of published mathematical and/or metrological cuneiform texts from the 1st millennium BC

is only moderately extensive. In Sec. 1.1 above, 34 Late Babylonian (Neo-Babylonian, Achaemenid, or

Seleucid) texts dealing with many-place regular sexagesimal numbers were listed, and 11 of them were
discussed in Chs. 1-2. In addition to those texts, the corpus comprises the following 47 Neo-Assyrian, Neo-
Babylonian, Achaemenid, and Seleucid items, of which 11 will be discussed in Chs. 3-4 below:

I. Five large mathematical recombination texts

A: AO 6484 (Neugebauer, MKT I, 96)

B: BM 34568 (Neugebauer, MKT 111, 14; Hgyrup, LWS, 391)
C: VAT 7848 (Neugebauer and Sachs, MCT Y)

D: W 23291-x (Friberg, et al., BaM 21)

E: W 23291 = IM 75985 (Friberg, BaM 28)

I1. Three small mathematical single problem texts

A:BM 47431 (Robson, F'S Slotsky, 213; Friberg, AfO 52, 125)
B: BM 78084 (Friberg, ToV 4, 4; Nemet-Nejat, NABU 2001:10)
C: BM 78822 (Jursa, AfO 40/41; Sec. 4.1.3 below)

I11. Eleven small fragments or excerpts with mathematical exercises

A: BM 34081+ (Neugebauer, ACT 813:5)

B: BM 324724 (Sachs, LBAT 1648; Muroi, SBM 1)

C: BM 34757 (Neugebauer, ACT 817:4)

D: BM 34800 (Sachs, LBAT 1647; Friberg and George, PGC, 146)
E: BM 34901 (Sachs, LBAT 1645)

F: BM 64696 (Friberg, et al., BaM 21, 502 )

G: BM 67314 (Friberg, BaM 28, 296; Sec. 4.1.3 below)

H: MM 86.11.404 (Neugebauer and Sachs, MCT X; Friberg, CTMMA 11, 306)
I: N 2873 (Robson, Sciamvs 1, no. 20)

J: Sm 162 (King, BBS, pl. 11)

K:Sm 1113 (Weidner, GD, 393)

IV. Nine mathematical table texts

A: Ash. 1924.796+ (Neugebauer, MKT I, 73; Robson, SCIAMVS 5, no. 28)
B: BM 36849+ (Aaboe, AACD, 178)

C: BM 141493 (Nemet-Nejat, BiOr 58; Friberg, MSCT 1, 97)

D: CBS 1535 (Neugebauer and Sachs, MCT 34)

E: Ist U91+ (Aaboe, 4ACD, 178)

F: K 2069 (Neugebauer, MKT I, 30 and /1, pl. 10)

G: SU 52/5 (Hulin, JCS 17)

H: W 22715/2 =1M 76930 (von W eiher, Uruk 4)

V. Two fragmentary texts with “mystical” mathematics

A: BM 47860 (Livingstone, MMEW, 35)
B: BM 64696 (Friberg, et al., BaM 21, 502)
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VI. Four fragmentary texts with tables of constants

A:BM 36776 (Robson, MMTC, 206; Friberg, MSCT 1, 171) Babylon
B: BM 37096 (Robson, MMTC, 206) Babylon
C: BM 47860 (Livingstone, MMEW, 35)

D: CBS 10996 (Kilmer, Or 29; Friberg, Af O 52, 140) Nippur

VII. Six mixed metrological table texts

A: AO 6555 (Scheil, BE 20/1 30; Friberg, BaM 28, 298 and Fig. 3.1.10 below) Neo-Babylonian  Uruk/Borsippa

B: CBS 8539 (Hilprecht, BE 20/1 30; Sec. 4.1 below) Achaemenid Uruk
C: W 22260 =1IM 74428+ 74429+74430 Hunger, Uruk I; Sec. 3.4 below) Achaemenid Uruk
D: W 22309 = IM 74409 (Hunger, Uruk I; Sec. 3.3 below) Achaemenid Uruk
E: W 23273 =1IM 76821 (von Weiher, Uruk 4; Sec. 3.3 below) Achaemenid Uruk
F: W 23281 =1M 76283, obv. (von Weiher, Uruk 4; Sec. 3.2 below) Achaemenid Uruk
VIII. Six single metrological lists or tables

A: Ash. 1924.1278 (Robson, Sciamvs 5, no. 28) Neo-Babylonian ~ Kish
B: Ass. 13956dr (Thureau-Dangin, R4 23; Fig. 3.1.5 below) Neo-Assyrian Assur
C: BM 51077 (Friberg, GMS 3, no. 6) Sippar?
D: CBS 11019 (Sachs, JCS 1; Sec. 3.4 below) Neo-Babylonian  Nippur
E: CBS 11032 (Thureau-Dangin, JCS 1; Sec. 3.4 below) Neo-Babylonian  Nippur
F: VAT 9840+ (Schroeder KAV, no. 184; Friberg, GMS 3, no. 1) Neo-Assyrian Assur

Six fragments/excerpts of Neo-Babylonian metrological tables were published recently in Steele, SCIAMVS 16 (2015).

Additional fragments/excerpts of Neo-Babylonian metrological lists or tables are enumerated in Robson, MAI, Table B.18.

In Leichty’s Catalogue of the Babylonian Tablets in the British Museum, VI-VIII, are listed at least two additional

unpublished mathematical or metrological texts from the Ist millennium BC, namely BM 77951, a standard table of

reciprocals of regular sexagesimal numbers, and BM 65238, a small table of squares

The known metrological tables from the 2nd millennium BC are all of one type: In combined
metrological tables, the sub-tables appear in the order C, M, A, L, SR, CR, and in each (sub-)table units of
measure (placed to the left) are equated with sexagesimal fractions or multiples of some given basic unit
(sila/barig, gin/ma.na, sar, nindan or ku§). All multiples are expressed in terms of sexa-
gesimal numbers. (Even in Nougayrol, Ugaritica 5 no. 144, the lists of measures appear in the order C, M,
Al)

The cuneiform metrological tables from the 1st millennium BC are of various types but have a
pronounced tendency to share some common novel traits: In combined tables, the sub-tables in most cases
appear in the “reverse” order L, (A,) M, C, and in each line of the tables the units of measure and the
multiples of the basic unit appear, again in most cases, in the “reverse” order with the units of measure to the
right. Furthermore, in most cases multiples of units are expressed in terms of decimal numbers. Completely
new features are structure tables for length or area measures, a range table for length measure and area
measure, and equivalence tables for area measure and traditional(!) seed measure. New are also the tables for
common reed measure, for named shekel fractions, and for grain multiples as shekel fractions.

In spite of all those new features and conspicuous deviations from the formerly fixed layout, the
metrological tables from the 1st millennium BC have several traits in common with their counterparts from
the preceding millennium. Noteworthy is, in particular, the strange persistence in the late metrological tables
of the (by then obsolete) grain as a small shekel fraction, of the “traditional” (Kassite) seed measure, and of
the equally “traditional” systems of capacity, area, and length measure.



3. Metrological Table Texts from Achaemenid Uruk

3.1 W 23281, obv. A Metrological Recombination Text from Achaemenid Uruk

(A “recombination text” is a text of mixed content, with its various paragraphs copied from several older
texts.) The many-place table of reciprocals on the reverse of W 23281 (von Weiher, Uruk 4 (1993), 173) was
discussed in Sec. 1.6 above. See also the discussion in Sec. 1.3.1 of the provenance of W 23281 from a house

in Achaemenid Uruk.

A table of contents for W 23281 was exhibited in Friberg, GMS 3 (1993), no. 12. The table of
contents is reproduced below, together with a conform transliteration of the metrological table text on the

obverse, within an outline of the tablet.

i ii obv.

‘100

L am
S

W 23281: Table of contents

Note: All sub-tables except §§ 9, 13, and 14 read from right to left.

§ la

§1b

§ 1c

§1d

§le

§1f

§2

§3

§4

§5

§6

§7

§8

§9

Le(fr.):

Lc:

Lr:

La:

Lp:

A - Ksm:

LM C:

WA:

WB:

Structure table for fractions of the cubit,
from [2]? threads? =1 grain to 30 fingers = 1 cubit

Conversion of large length numbers to multiples of cubits,
from nik-ka-su =3 cubits to  bé-e-ri =21,600 cubits

Conversion of large length numbers to multiples of reeds,
from su-up-pan =10reeds to bé-e-ri=3,600 reeds

Conversion of large length numbers to multiples of ropes,
from ‘sixty’ = 6 ropes to  bé-e-ri =180 ropes

Conversion of large length numbers to multiples of sussan,
from ‘half’ =15 ‘sixties’ to  bé-e-ri = 30 sixties'

Conversion of large length numbers to multiples of puridu,
from su-up-pan =20 legs to  bé-e-ri =7,200 legs

Conversion of area numbers to Kassite seed measure
from 1 iku = si-mi-id (3 ban) to Sd-a-ri =108 gur

and 18 shekels (tsm) = mu-sa-ru

Structure table for area measure
from mu-sa-ru = 18 shekels

and 50 mu-sa-ru = u-bi to  [60 bury = Sd-a-ri (3ar)]

Range table for length and area numbers

from [fingers] to [grain] to from 6 us to Sar
Linear growth of a child,
from 1 day = 1/2 grain to 10 months = 1 cubit

. Star distances(?), weights, time(?)

180 Sar leagues = 1 talent = ...

Parallel descending tables of length, silver, and seed measure;
multiples and fractions of u§, gin and ban

Many-place table of reciprocals
with leading places from 1, 2, 3, ... to 59, and 1

Many-place table of reciprocals
with leading places from 1, 2, 3, ..., to 29, and 30
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Fig. 3.1.1. W 23281 obv. Hand copy by E. von Weiher.
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Fig. 3.1.2. W 23281 obv. Conform transliteration with a partial reconstruction of lost lines.
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3.1.1

W 23281 obv. begins with a progressive series of “structure tables” for the “traditional” (= Old
Babylonian) system of length measure. (A structure table for a system of measure contains information about
the names for the units of the system, and about the relations between successive units of the system.)

§ 1. A Series of Structure Tables for Traditional Length Measure

W 23281 i: 1-34. § 1: Tables Lc(fr.), Le, Lr, etc. (to be read from right to left! The translation in reverse order.)

§la | xxxxxxxxnugal dur/ a knot(?) / = [definition] non-existing
[si-t]a dur Se a grain = [tw]o knots(?)
st Se Su.si a finger = 3 grains
10 Su.si Sizu-1i / a Sizii / = 10 fingers
[1]5 Su.si U-tu a utu = 15 fingers
20 Su.si 2/3 kus a 2/3 cubit = 20 fingers
30 Su.si kus / a cubit / = 30 fingers
§1b 3 kus i-na am-ma-ti nik-ka-su / a nikkas / = 3 cubits in cubits
6 i-na am-ma-ti qa-nu-i / areed/ = 6 in cubits
[145]u i-na am-ma-ti su-up-pan / a suppan / = [six]ty in cubits
[1 me 20] i-na am-ma-ti as-lu/ arope / = [1 hundred 20] in cubits
7 me 20 i-na am-ma-ti Su-us-Sa-an / a sussan / = 7 hundred 20 in cubits
[7] lim2me i-na am-ma-ti 10 Su-us-Sa-a[n] / a 10-sussan/ = [7] thousand 2 hundred in cubits
[10] lim 8 me i-na am-ma-ti zu-u-[zu] / azuzu (1/2)/ = [10] thousand 8 hundred  in cubits
[114 lim 4 me i-na am-ma-ti Si-nli-pi] / a Sinipu (2/3)/ = [1]4 thousand 4 hundred  in cubits
21 lim6me  i-na am-ma-ti  b[é-e-ri]/ a league / = 2I thousand 6 hundred in cubits
§ 1c 10 gi.mes su-[up-pan] / a suppan / = 10 reeds
[20] gi.mes [as-lu]/ a [rope] / = [20] reeds
[1 me 20] [gli.mes [Su-us-sa-an]/ a [Sussan]/ = [1 hundred 20] reeds
[1 lim2me] [gi].mes "10 Su-us-sa*[an] / a 10 sussan / [1 thousand 2 hundred] reeds
[1 lim]8me gime$ zu-u-z[u] / aziuzu (1/2)/ = [l thousand] 8 hundred reeds
[2] lim4 me  gimes Si-ni-pi / aSinipu (2/3)/ = [2] thousand 4 hundred reeds
3 lim 6 me gi.mes§ bé-e-ri / a league / = 3thousand 6 hundred reeds
§1d [6] [a]s-lu Su-us-Sa-an / a sussan / = [6] ropes
[1+su] as-lu 10 Su-us-Sa-an / al10-sussan/ =  sixty ropes
130 as-lu zu-v-zu / aziuzu (12)/ = 130 ropes
1 me 20 as-lu Si-ni-pi | aSinipu (2/3)/ = 4hundred 20 ropes
1 me120 as-lu bé-e-ri / a league / = 1hundred 120 ropes
§ le 15 Su-us-Sd-an zu-u-zu / azizu (1/2)/ = 15 Sussan
20 Su-us-Sa-an Si-ni-pi / a Sinipu (2/3)/ = 20 Sussan
30 Su-us-Sa-an bé-e-ri / a league / = 30 sussan
§1f 20 pu-ri-du su-up-pan / a suppan / = 20 paces
40 pu-ri-du as-lu / arope / = 40 paces
2 me 40 pu-ri-du Su-us-Sa-an / a sussan / = 2hundred 40 paces
2" lim4 me  pu-ri-du 10 Su-us-Sa-an / a 10-sussan / "2" thousand 4 hundred paces
[3] lim6 me  pu-ri-du zu-v-zu / a zizu (1/2)/ [3] thousand 6 hundred paces
4" lim 8 me  pu-ri-du Si-[ni-pi] / aSinipu (2/3)/ = 4thousand 8 hundred paces
7 lim 2 me pu-ri-du bé-le-rli a league = 7 thousand 2 hundred paces
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The metrological table text in § 1 of W 23281 obv. is clearly divided by ruled lines into at least five sub-
tables. (The first of these could have been further divided.) The table text with its sub-tables can be
characterized as a progressive series of structure tables for length measure. Structure tables were an
innovation in metrological texts appearing in texts from the 1st millennium BC. (Three further examples are
studied, in Fig. 3.1.5 below, and in Secs. 3.1.3 and 3.3.1.) There are no known Old Babylonian parallels.

As mentioned, the nature of the structure tables in § 1 can best be understood if it is assumed that the
lines of the tables were intended to be read partly in inverse order, from right to left. Thus, the second line
[Si-t]a dur Se [tw]o knots(?) a grain,
can be understood as an equation defining the length unit ‘grain’ as equal to two ‘knots’(?):
A grain (is equal to) 2 knots(?).
The reading dur = riksu ‘knot’(?) for an obscure term in lines 1 and 2 of § 1 should be compared with the
second line of the parallel text W 22309 = Uruk 1, 102 obv. (below, Sec. 3.3), which clearly says
2 qu-"u' [Se] 2 threads [a grain].
In the second line of the table,
5" Se Su.si "5" grains a finger,
the length unit ‘finger’ is defined as being equal to 5 grains.

At the next hierarchical level, three fractions of the cubit, and the cubit itself, are expressed in terms of
fingers:

10 Su.si Si-zu-tl 10 fingers a Sizii (1/3 cubit)
15 Su.si U-tu 15 fingers an atu (1/2 cubit)
20 su.si 2/3 kus 20 fingers a 2/3 cubit

30 Su.si kus 30 fingers a cubit.

Thus, this brief sub-table defines three small units of length, Siz#i, utu, and kus, as being equal to 10, 15,
and 30 fingers, respectively. Alternatively, of course, the sizii and the ufu can be thought of as 1/3 and 1/2
cubit, respectively. For the third cubit fraction, ‘2/3 cubit’, the table does not have a particular name but
notes, nevertheless, that it is equal to 20 fingers. The origin of the measure names sizii (OB/jB) and ufu (OA,
according to CDA) is unknown.

Note, in particular, the defining equation

A cubit (is equal to) 30 fingers.

It shows that the system of length measure considered here is the “traditional” Sumerian/Old Babylonian
system, which differs from the Late Babylonian system where 1 cubit = 24 fingers.

The first seven lines of the table, here called Lc(fr.), with the defining equations for the the grain, the
finger, and the cubit with its main fractions, is not of the same format as the rest of the table (Lc - Lp), in
which appear units of length larger than the cubit. Indeed, these first six lines form what may be called a
“recursive structure table” for fractions of the cubit, in which successive hierarchical levels are reached
through a recursive procedure. The purpose of this kind of structure table seems to have been to introduce
directly the various “conversion factors” of the system.

The information contained in a basic structure table like Lc(fr.) can be condensed into a factor diagram,
exhibiting typically the names of successive units of a given system of measure, together with the associated
string of conversion factors. The factor diagram for Lc(fr.) is shown below.

Sizil 10

2 .
Le(fry: ... <«— kus§ «<— dtu 15 Su.si se dur
cubit / finger grain knot(?)
2/3 kus 20

Fig. 3.1.3. W 23281, § 1. Factor diagram for fractions of the cubit. Traditional length measure (1 cubit = 30 fingers).
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The information contained in the series of structure tables Lc, Lp, Lr, La, and Lsin § 1 of W 23281 is
exhibited in a condensed but comprehensive form in the expanded factor diagram below. Note, in particular,
that / reed = 6 cubits here, as in the traditional Sumerian/Old Babylonian system, which differs from the
Late Babylonian system, where I reed = 7 cubits.

10 sussan 10 10 gi.me§ ) puridu 3 kus
béru «—— zuzu <«—+5— SusSan <—— aSlu <— suppan <— qanii <— nikkas <— ammatu
league Sinipu A/z() rope reed pace cubit

7,200
Lc: 21,600 10,800 720 120 60 6 3 1
14,400

2,400
Lp: 7,200 3,600 240 40 20 2 1
4,800

1,200
Lr: 3,600 1,800 120 20 10 1
2,400

60
La : 180 90 6 1
120

Fig. 3.1.4 W 23281, § 1. Factor diagram for the larger units of traditional length measure (1 reed = 6 cubits).
A progressive series of cumulative structure tables.

The series of structure tables Lc - Lp in § 1 of W 23281 gives an almost exhaustive account of how all
units of the “traditional” (essentially Old Babylonian) system of length measure can be expressed as
multiples of smaller units of the system. Each one of these sub-tables has a “cumulative” rather than
“recursive” form, with all the units larger than a fixed basic unit expressed as multiples of that unit. Thus, in
the first of the mentioned structure tables, Table Lc, the following units:

nikkas, qanii ‘reed’, suppan, aslu ‘rope’, sussan, beru "league', and three basic fractions of the beru ,

are expressed as decimal multiples of the cubit, referred to both as ammatu (Akkadian) and ku$ (Sumerian).
The equations in Table Lc can be reformulated as follows:

A nikkas (is) 3 cubits,
areed (is) 6 cubits,
a suppan (is) 60 cubits,
a rope (is) 120 cubits,
a sussan (is) 1,200 cubits,
a 10-sussan, (is) 7,200 cubits,

a ziizu (1/2) (is) 10,800 cubits,

a Sinipu (2/3) (is) 14,400 cubits,

a beru (is) 21,600 cubits.
It is interesting to notice that although the metrological table in § 1 of W 23281 deals with traditional, old
Babylonian style length measure, it is distinctly Late Babylonian in character in that it makes use of decimal
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numbers to count multiples of the various units of length measure. Compare with other Achaemenid
metrological tables for traditional length measure, in W 23273 § 2 (Sec. 3.2.2 below) and CBS 8539 § 1
(Sec. 4.1.1 below), which count by use of sexagesimal numbers.

The next larger length unit after the cubit is the nikkas, also called puridu ‘leg, pace?’. For some reason,
the sub-table Lp, in which the basic unit is the puridu, is inserted, out of order, after the other sub-tables, Lr,
La, and Ls, with the basic units gi.me$ ‘reeds’, aslu ‘rope', and sussan, respectively. A sub-table Ls with the
basic unit suppan is missing, probably by mistake.

The term nikkas in this text had a long history. A nikkas equal to 1 1/2 double-cubits or 90 fingers,
written nig.Sid, appeared already in the 2000 years older Early Dynastic metro-mathematical table text
CUNES 50-08-01, a series of tables of square areas. (See Friberg, MSCT 1 (2007), App. 7.)

The meaning of the word suppan is not clear. (There is no known corresponding Sumerian term.)

The length measure sussan is defined here by the phrase

7 me 20 i-na am-ma-ti Su-us-Sa-an a SusSan (equals) 7 hundred 20 in cubits
A parallel phrase in W 2309, obv. (Sec. 3.3.1 below) is
[7 me 20 ta am-mat 1 us.g]i.1.nindan a [sixty]-nindan-[re]ed (equals) 7 hundred 20 of cubit.

Actually, it is true that in traditional length measure 720 cubits = 12 - 60 cubits = 60 nindan. (Compare with
the well known term ginindanakku, ‘a sixty-nindan-measuring-reed’.)

As for the meaning of the word sussan, CDA (Black, George, and Postgate) states that it is the dual of the
Akkadian word sussu ‘one-sixth’, so that the term would mean ‘two-sixths’, that is, ‘one-third’. According to
the Chicago Assyrian Dictionary the term sussan (Sum. SusSana) otherwise occurs only in lexical texts,
always spelled su/su-us-Sa-an, as the Akkadian word for the fraction 1/3. However, this interpretation
cannot be correct here, since the sussan is not one-third of any Babylonian unit of length. The precise
etymology of sussan with the meaning ‘sixty nindan’ is not known, but the most likely interpretation seems
to be that the term is a derivative of sus(i), the Akkadian word for ‘60°. (Cf. the OB/jB term sussar < sus +
sar, Sum. Sar X di$ , meaning 60 $ar = 60 X 3,600 = 21,600.) By the way, it may not be as strange as it
seems that the same term may mean simultaneously ‘one-third’ and ‘sixty’ . Indeed, in the Sumerian/
Babylonian traditional system of weight measure, 1/3 shekel is equal to 60 grains.

Two of the terms used in Table Lc for basic fractions of the beru, sometimes arbitrarily translated as
‘stage’ or ‘league’, are Sinipu (Sum. Sanabi), here and everywhere else in OB/jB texts meaning simply ‘two-
thirds’, and zuzu here and elsewhere in MB/jB texts used with the general meaning ‘half-unit’. For one-third
of the bhéru, no special term seems to have been available, so the surrogate 10 sussan was used instead.

There are two known parallel texts to W 23281 § 1. One of them is the obverse of W 22309 (Hunger,
Uruk 1 (1976), no. 102). W 22309 is a small fragment, found at Uruk in the same excavation square as
W 23281 (Ue XVIII/1) but without any informative context. (For details, see Sec. 3.3 below.) Another
parallel text is Ass. 13956dr (Thureau-Dangin, RA 23 (1926); Fig. 3.1.5 below). It is a small tablet with an
almost perfectly preserved, brief and concise structure table for length measure. It was found in library N4 in
Neo-Assyrian Assur (see Pedersén, ALA (1985-6), II 68 no. 374), and is clearly older than W 23281. Like the
structure tables in § 1 on W 23281, the structure table on Ass. 13956dr is written in reverse order, with the
successive units of length measure to the right and multiples of smaller units to the left. In four lines of the
structure table, Akkadian terms for units of length measure are interpolated as glosses between two parts of
Sumerian terms for the same units.
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Fig. 3.1.5. Ass. 13956dr. A brief structure table for traditional length measure. From a Neo-Assyrian library in Assur.

The first part of the structure table on Ass. 13956dr, for fractions of the cubit, is just like the
corresponding part of W 23281 § 1, except for the omission of the knot = 1/2 grain and of 2/3 cubit.

cubit

30

— ki<

10

rgl

Su.si
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finger  barleycorn

5

1

1

Fig. 3.1.6. Ass. 13956dr. Factor diagram for fractions of the cubit. Traditional length measure (1 cubit = 30 fingers).

The remainder of the structure table, for multiples of the cubit, is of the same form as the corresponding
part of W 23281 § 1, but with different terminology. Most interesting is the omission of the strange and
possibly incorrectly used term sussan in favor of the familiar term 1 u$ for 60 nindan. The fraction 1/3 danna

1s not mentioned.

5 nindan

10 nindan
2 6
danna «— 1/2 danna us aslu
league rope
2/3 danna 20
Lc:
Lr: 20
La: 6 1
15

Lu: 30 20 1

- 10
suppan <———

1/2 nindan
3
qanii <—— nikkas <— kus§ <—
reed cubit
6 3 1

1

Fig. 3.1.7. Ass. 13956dr. Factor diagram for the larger units of traditional length measure (1 reed = 6 cubits).
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3.1.2 §2.A Conversion Table from Area Measure to Kassite Seed Measure

This brief metrological table shows how to convert the various units of traditional Sumerian/Old
Babylonian area measure into the “Kassite seed measure” (Ksm) first used in Kassite kudurrus (boundary
stones). The less suitable term used in Friberg, BaM 28 (1997), § 3, was “traditional seed measure”.

W 23281 § 2: Table A — Ksm

"1(iku)' aSag si-m'i-i'd / "1 iku' (area measure) =a simdu (=3 ban)/
[e]b-lu sa-ma-an-S[e-rli-is / an [e]blu = an eighteenfold(?) /
[blu-ru Lour GUI 4uariga bariga / a biiru =1 gur 4 barig
[sal-a-ri 1 [m]e 8w gur / a saru =1 hundred 8 gur /
mu-sa-ru 18 gin a musaru = 18 shekels

Note that this brief table clearly was intended to be read from left to right, unlike the structure tables in
W 23281 § 1 and Ass 13956dr!

The meaning of W 23281 § 2, Table A — tsm will be explained later, as it can most easily be understood
in view of what is offered in the structure table for units of area measure W 23281 § 3 (Table A below, in
Sec. 3.1.3). Incidentally, unlike W 23281 § 2, W 23281 § 3 was intended to be read from right to left!

The last line of Table A — tsm above seems to be the result of an afterthought, since it appears to be
misplaced. Logically, it should have been placed at the top of the table. However, it is possible that the one
who copied this table from some other clay tablet, on his own made the following little computation:

If 1 iku = 100 musaru and 1 iku = 3 ban = 18 sila (Ksm), then 1 miisaru = 18 100th of a sila = 18 shekels (Ksm).
Note that here was no traditional counterpart to the kind of shekel appearing here, a 100th of a sila. In
Sumerian/Old Babylonian texts a shekel was always ‘a 60th’.

A factor diagram for the system C of capacity measure appearing in Table A — tsm (used to measure
grain and other commodities) is displayed immediately below:

C(LB): gur —— barig 5  ban
kurru parsiktu sutu qu Siqlu
(c. 1 liter)’
Fig. 3.1.8. W 22381, § 2. Factor diagram for the Late Babylonian system of capacity measure (1 ban = 6 sila, 1 sila = 100 gin).

sila

gin

The basic rule for the conversion from area measure to seed measure in Table A - tsm says, in the form in
which it appears repeatedly in Kassite kudurrus (boundary stones):
Se.numun §d 1(iku) aSag 3(ban) ina kus gal-ti
‘seed (measure) such that 1 iku in area (measure) is 3 ban, (with lengths measured) in the great cubit’.
(Here 1 iku = 100 square rods, and the ‘great cubit’ is 1 1/2 ordinary cubits.) The calculations needed to
establish the remaining relations in Table A — zsm are explained below, right after Fig. 3.1.9 in Sec. 3.1.3.
Note the term sa-ma-an-$[e-r|i-is in the second line of Table A - tsm. The term is not in the Assyriological
dictionaries, but it is obviously in some way related to *samanéseret ‘eighteen’ and stands here for ‘18 ban’.

3.1.3 §3.A Structure Table for Area Measure
W 23281 § 3: Table A

[1]8 gin mu-sa-ru / misaru = [1]8 shekels /
50" mu-sa-ru X' u-bi '/ (iku)  nik-ka.sid 2-i / ubii,1/2 iku, nikkas? 2nd = 50"  musaru/

" (k) u-bi 1(iku) asag / 1(iku) = 2" ubi, 1/2(iku) /
6" 1(iku) aSag eb-lu 1(ese)/ eblu, 1(¢se) = 6 1(iku) /

[3] 1(&se) "bu-ru’ 1(buru) buru, 1(bur)y = [3] 1(ese) /

[60] "I(buru),' [sd-a-ri] [1(3ar)] Saru, [1(sar)] = [60 1(bur)]
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In the structure table in W 23281 § 3 (above), five consecutive units of Sumerian/Babylonian area
measure are defined recursively as multiples of smaller units of area measure. The miusaru alone is defined in
a different way, as equal to 18 shekels (Ksm), precisely as in the last line of W 23281 § 2.

In the second line of the structure table, 1/2 iku, with the Akkadian name ubil, is equated with 50 musaru.
The 1/2 iku is written with its own well known cuneiform sign, an oblique wedge, while ubii is written
syllabically. The line ends with a curious phrase, nik-ka, followed by a smaller sign §id and 2-i ‘2nd’. With
some imagination, one may read here nikkas (remember the mentioned Early Dynastic spelling nig.sid). If
nikkas is what is meant, it may be a (previously unknown) second Akkadian name for the unit 1/2 iku.

In the third line of the structure table, 1 iku is equated with 2 times 1/2 iku. The writer of the text seems
to have made a small mistake here, deviating from the chosen format for his structure table. Indeed, the
mention of #-bi seems to be superfluous, while a syllabic spelling of 1 iku is missing. The expected form of
the third line would have been

2 1/2(iku) i-ki 1(iku) aSag.

In the fourth line, 1 eSe, written both with its own cuneiform sign and in syllabic Akkadian as eb-lu, is
equated with 6 times 1 iku.

In the fifth line, 1 bur is written with its own cuneiform sign and syllabically as bu-ru. However, the
cuneiform sign used here for 1 bur was in Old Babylonian metrological texts used for ‘10 bur’. The
explanation for the mixup may be that the Sumerian name for 10 bur was bur’u, pronounced just like bu-ru!

The sixth line of the structure table is almost completely lost, but it is likely that it stated that 1 §ar,
written both with its own cuneiform sign and syllabically as Sd-a-ri was equal to 60 bur.

In the factor diagram below for System A are displayed the Sumerian and Akkadian names and the
special cuneiform signs for the successive units of area measure, as well as the corresponding conversion
factors, and the equivalents in Kassite seed measure. All this corresponds to the information offered by the
structure table in W 23281 § 3, plus additional information provided by the conversion table in W 23281 § 2
above and by a related conversion table inserted in the middle of the colophon of the well known “Esagila
tablet” AO 6455 (Thureau-Dangin, TCL 6 (1922), no. 32), a Neo-Babylonian metro-mathematical text (Fig.

3.1.10 below).
(100)

[
A: 7] 50 bitru 3 eblu D ki <2 ubi 30 musaru

sar
> < 1san) = I(bur) » CI(e8e) P l(iku) < Yo (iku) " ninda «—g

tsm: 108 gur 1 gur 4 barig 3 barig 3 ban 1 ban 3 sila 3 sila 24 gin 18 gin
18 ban simdu

Fig. 3.1.9. W 23281 §§ 2-3 and AO 6555. Factor diagram for System A (in the big cubit), with conversion to Kassite
seed measure.

The capacity numbers in Kassite seed measure corresponding to the successive units of area measure can
be calculated as follows.

1 iku = 3 ban (Ksm) according to the Kassite rule

1 ese = 6 iku = 6 times 3 ban = 18 ban = 3 bariga (Ksm)

1 bur = 3 ¢Se =3 times 3 bariga = 9 bariga = 1 gur 4 barig (Ksm)

1 sar = 60 bur = 60 times 1 gur 4 bariga = 60 gur 240 bariga = 108 gur (Ksm)

1/2 iku = 1/2 times 3 ban = 1 ban 3 sila (Ksm)

Il ninda = 1/100 bur = 1/100 times 1 gur 4 bariga = 1/100 times 324 sila = 3 24/100 sila = 3 sila 24 gin (Ksm)
| musaru = 1/100 iku = 1/100 times 3 ban = 1/100 times 18 sila = 18/100 sila = 18 gin (Ksm)

The use of ninda as a name for 1/100 bur is not known from any other Late Babylonian metrological text.

A parallel to the conversion and structure tables in W 23281 §§ 2-3 is, as mentioned, a brief final table in
the Esagila tablet AO 6555. It has come down to us in the form of a later copy made at Uruk in 229 BC (SE
83), after an original from Borsippa.



3. Metrological Table Texts from Achaemenid Uruk 99

In § 4 of that text, the surface extent of the ki.gal ‘base’ of the ziqurrat Etemenanki is said to be a square
of side 3 - 1+su (= 3 - 60) ‘small’ cubits. Its area is therefore 9 (00 00) square cubits. This area is multiplied
by the constant ‘2’, meaning 2 bdn of seed on 1 (00 00) sq. cubits, in the small cubit. This is the Late
Babylonian common seed measure (csm). See the discussion of § 1 in the Achaemenid mathematical
recombination text W 23291 Friberg, BaM 28 (1997), § 1, where the ‘seed constant’ is ‘20°, meaning ;20
bariga = 2 badn of seed on 1 (00 00) sq. cubits. Consequently, in § 4 of the Esagila tablet, the extent of the
ki.gal is calculated to be 9 - “2° = ‘18, where ‘18’ is explained to be (18 ban =) 3 bariga (csm).

In § 5 of the same text, the (same) ki.gal is described as a square of side 10 rods in the ‘great’ cubit
(equal to 1 1/2 small cubit). Hence, its area is 1 40 musaru. (The text does not mention that this is 1 iku in
the great cubit.) This area is multiplied by the constant ‘18’, meaning /8 shekels (Ksm) on I musaru, where
the shekel is 1/100 sila (as in W 23281 § 2). Thus the extent of the ki.gal is 1 40 - ‘18’ = ‘30°, where ‘30’ is
explained as ‘1 iku 3 béan [in the great cubit]’. Indeed, in Kassite seed measure, 1 40 - 18 shekels (Ksm) =
30 (00) shekels = 18 - 100 shekels = 18 sila = 3 ban (Ksm), or 1 iku in the great cubit.

The final paragraph of AO 6555 is in a strange way inserted in the middle of the colophon. (This may be
an indication that this particular paragraph was not copied from the same older tablet as the main part of the
text of AO 6555.) It is a brief metrological text that has drawn the futile attention of several scholars, like
F. H. Weissbach (1914), F. Thureau-Dangin (1922), and M. Powell (1982). It was first recognized as a
combined structure and conversion table for area measure and Kassite seed measure in Friberg, Survey
(1982), 144 and GMS 3 (1993), 397.
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N\ .
ii&mr Ininda 3sila i 2°-4 4 ninda ¢ 5° mu-sar i-bu 175 iku lban 3 sila
\}1 i-ki 1y aSas 3psy & 6 lage eb-lu aSag 3barlg pi
&se bu-ru 1burulgur gur 4bg DI & 6" 1y sa-ari 1yl me 8gur gur

Fig. 3.1.10. AO 6555. A combined structure table for area measures (in the great cubit) and conversion table A — Ksm
inserted as a subscript in the middle of the colophon.

This brief but puzzling metrological text can be rewritten in the following tabular form:

18 mu-sar 1 ninda 3 sila ¢ 20-u 4 ninda :
50 mu-sar ti-bu y(iku)' 1(ban) 3 sila /

1 [me] <mu-sar> iki 1(iku) asag  3(ban) :

6 <l(iku) asag> 1(¢eSe) eb-lu aSag 3(barig) pi/

3 1(ese) bu-ru 1(buru) 1(gur) gur 4(barig) pi :
60 1(buru) Sa-a-ri 1(3ar) 1 me 8(gur) gur

The organization of the metrological text is now clear: It is a combined structure and conversion table
for the following units of area measure:
1 ninda (= 1/100 bur), 1/2 iku, 1 iku, 1 ¢Se, 1 bur, 1 sar.
With the exception of ‘1 ninda’, these units are written with their own cuneiform number signs.

To the right of these names for the units of area measure are written their equivalents in Kassite seed
measure, as in Fig. 1.3.9 above.
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To the left of the names of the units of area measures, again with the exception of 1 ninda, are written
their syllabic spellings. There is an irregularity in the line for 1 eSe, which will be explained later. Further to
the left are indicated the definitions of the successive units of area measure as multiples of smaller units.

In the line for 1 iku, the word mu-sar is omitted. It is possible that the author of the table was fooled by
the circumstance that the word me (hundred) came to be written in the place meant for mu-sar. In the line for
1 ese, by mistake the the syllabic spelling eb-lu is written to the right instead of to the left of 1(ese).

1 ninda as a name for 1/100 bur probably is not documented elsewhere. The reading of its equivalent in
traditional seed measure as 3 sila i 20-i 4 ninda is conjectural and is based on the mentioned calculation of
1/100 of 1 gur 4 bariga (= 9 bariga = 54 ban = 324 sila) as equal to 3 sila 24 gin. It is likely that ninda here
instead of gin is a mistake, in particular since normally 1 ninda is 1/10 of a sila, not 1/100! (See the
discussion of W 23281 § 7 in Sec. 3.2.7 below.) Instead of 4 ninda one can read sa ninda, in which case 3 sila
and 20 ninda would be an approximation of the correct value. Moreover, it is not clear why 20-i is written
instead of simply 20.

It is interesting to note that in the last line of the table 60 is written with six oblique wedges, which
confirms that the writer counted with decimal numbers.

A striking observation is that if the combined structure and conversion table in the subscript of AO 6555
were to be separated into a conversion table followed by a structure table, the result would automatically be a
conversion table to be read from left to right as the table in W 23281 § 2, followed by a structure table to be
read from right to left as the table in W 23281 § 3!

3.14 §4.A Badly Preserved Range Table for Lengths and Square Areas

Only the last line of this paragraph is preserved:

W 23281 i: 46 - ii: 1. § 4: Table L-A

ta 6 us a-na Sar ta-nam-[din] from 6 rods to §ar you will [give it]

This badly damaged paragraph in W 23281 appears to be a precise parallel to a much better preserved
paragraph in W 23273 (Sec. 3.2.6 below).

3.1.5 §5.The Linear Growth of a Child in its Mother’s Womb

In this text, time measure (counted in days and months) is related to length measure.

W 23281: Table 7-L, linear growth (Hunger, NABU 1994/34)

Ia.tur A child,

us-mu $d ina Sags ama' -$i du-u 1/, Se Su-1i / the day it is created inside its mother, 1/2 grain it is,
i-na 2-i us-mu e Su-i / in the 2nd day, a grain it is, /

i-na Sal-st us-mu $e 1/, Se su-i in the third day, a grain 1/2 grain it is,
ina 4-i us-mu 2 e Su-u / in the 4th day, 2 grains it is, /

i-na 5-Su us-mu 2 1/, Se v in its 5th day, 2 1/2 grains it is,

ina 6" -8u usFmu 3 $e Su-u / in its 6th' day, 3 grains it is, /

i-na 7-i ug-mu 3 1/, Se su-i in the 7th day, 3 1/2 grains it is,

ina 8-i usmu 4 Se Su-u/ in the 8th day, 4 grains it is, /

i-na 9-i u-mu 4 1/, Se Su-i in the 9th day, 4 1/2 grains it is,

ina 10-i us-mu 5 Se $0.s1 Su-1 / in the 10th day, 5 grains, a finger it is, /
i-na iti ud™* 3 Su.si Su-u in a month of days, 3 fingers it is,

i-na 10 iti™* 1 kus su-ii in 10 months, 1 cubit it is. /
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This small metro-mathematical table is, apparently, the answer to an imaginative question of the
following type: If the length of an unborn child is 1/2 grain long on the day of its conception and if the child
increases its length by 1/2 grain each day in the womb, how long will it be when it is born, after 10(!)
months?

According to the table, the length of the child is 5 grains, or 1 finger, on the 10th day. (See line 3 of W
23281 § 1 above, in Sec. 3.1.1.) After a month the length is 3 times more, or 3 fingers, and after 10 months
10 times more, that is 30 fingers or 1 cubit.

There is an interesting spelling error in this text, in the line for the 10th day, with the incorrect spelling
Su.si instead of the otherwise ubiquitous spelling Su.si ‘finger’.

As observed by Hunger in NABU 1996/2, there is another text about the linear growth of a child in one of
the paragraphs of W 22646 (von Weiher, Uruk 2, text 43).

W 2246 § 2 (Uruk 2,43; Hunger, NABU 1996/2)

[0.tur u-mu Sd <ina> Sag, ama'-su du-[i] A child, the day it is created <in>side its mother,
[mi]-sil ut-ta-at / su-u [ha]lf a grain / it is.

10 1/, 8e 10 (is) 1/2 grain.

10 a.ra 3[0 x x] X' tam-ma / 5 10 steps 3[0 x x] "X carry, then /5 (00).
515:38u.si 5 (is) 15 : 3 fingers.

5a.rd 10 X' itu / thm-ma 50 5 steps 10 "x" month(s) / carry, then 50.

50 1 me 50 $e™ 30 Su.si™ 50 (is) 1 hundred 50 grains (is) 30 fingers.

[ina] mub-hi im-mal-lad On account of that, (she) will give birth.

Note the syllabic spelling mi-si/ ut-ta-at in line 1, but the logographic spelling 1/2 $e in line 2.

There is an interesting metrological error in this text, where 1/2 grain is equated with 10’. Since 5 grains
is a finger, 30 fingers a cubit, 6 cubits a reed, and 2 reeds a rod, it is easy to see that

1/2 grain = ;06 finger = ;00 12 cubit = ;00 02 reed = ;00 01 rod.

So, clearly, there is no way in which 1/2 grain could correctly be equated with ‘10°. The explanation for the
error is not difficult to find. Indeed, as a unit of weight measure, a grain is 1/180 shekel, with 1/180 = ;00 20.
Therefore, as a unit of weight measure, 1 grain = ‘20’ and 1/2 grain = ‘10°. This means that the mistake made
by the author of this brief text was to confuse a grain as a unit of length measure with a grain as a unit of
weight measure!
With 1/2 grain mistakenly equated with ‘10’, the text continues, more or less, as follows:

After one month, on the 30th day, the length of the unborn child is ‘10’ times 30 = ‘5.

It is also 1/2 grain times 30 = 15 grains = 3 fingers.

After 10 months, the length of the child is ‘5’ times 10 = *50°.

It is also 15 grains times 10 = 150 grains = 30 fingers.
However, by that time, the child is born.

Apparently, this second text about the growth of a child was written by a more advanced student than the

first one, a student who could find a speedier way towards the final result, and also a student who tried
(unsuccessfully) to count with sexagesimal numbers representing the length measures he encountered.

3.1.6 §6.ACatalog of Equations from the 1st Millennium BC

The text of § 6 is damaged, with the beginning or the end or both of the 7 lines in the paragraph often
missing. This is unfortunate in view of the fact that part of the terminology in the text is unfamiliar and hard
to understand.

One added difficulty is how one should interpret the word spelled a.na which occurs frequently in the
lines of this paragraph. Is it the Akkadian preposition a-na or is it the Sumerian indeterminate pronoun a.na?
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As a matter of fact, this is a difficult question in many known mathematical cuneiform texts, where
frequently the word a.na seems to be used as a Sumerian alternative to the Akkadian words ma-la or ki-ma.

W 23281 ii:10-16. § 6:

[ X] X X ma-sa-ri’ an-e ru-ii-qfu] / x X] x x of the circumference of the distant sky /

[x x x] kis§ mdl-tak-ti an-e / X X X] cubits on the water-clock of the sky /

[x x x] "§¢" .bar a.na 1 danna:/ x x x]of grain  as much as 1 league :/

[1] me 1 20 Se.me$ 1 gin ku.babbar ha-a-tu /

[a].na 1 me 1 20 §4r danna.mes a.na 1 dan[na] / as] much as 1 hundred 1 20 $ar leagues as much as 1 league /

[

[

[

[1] hundred 1 20 grains, 1 shekel silver to weigh out /

[
[x] x 1 me 1 20 §r danna.mes a.na 1 danna 20 x x x x / [x] x 1 hundred 1 20 $ar leagues as much as 1 league 20 x x x x /
[x] $e.bar 1o gun : 1 ki mdl-tak-ti “an-¢' [x] grain 1 talent : 1 cubit of the water-clock of the sky

Note that in an Old Babylonian problem text from Sippar (Sec. 8.5.5 below) the term ma-sa-rum ‘the go-
around’ clearly has the meaning ‘circumference (of the circular base of a cone)’.

There are unfortunate damages to crucial numerical data in the left parts of all the seven lines. Only the
fourth line is completely clear; it says that, as always, 1 shekel equals 180 grains.

The only clue to the meaning of this isolated catalogue of metrological equations is offered by a
comparison with the text K9794/A0 6478 (Thureau-Dangin, RA 10 (1913); Horowitz, MCG (1998)), where
the sum of the distances between the zigpu-stars in the path of Enlil is given as 1 + 1/90 times

1 talent’s weight (measured by the water-clock) or 12 leagues (= 360 degrees) ‘on the ground’ or
6 hundred 48 thousand (= 1 hundred 1 20 $ar) leagues ‘in the sky’.

3.1.7 §7.Parallel Metrological Lists for Length, Silver, and Grain Numbers

This paragraph contains three descending metrological lists of units in Systems L, M, and C, in this order,
which is the reverse of the order between the sub-tables in Old Babylonian mixed metrological tables.
Therefore, this sub-table, too, was probably intended to be read from right to left.

The three lists progress strictly in parallel. Notably, in one of the lines of the triple list, 1 u$ of length
(System L) corresponds to 1 gin of silver (System M) and to 1 ban of grain (System C). As for multiples of
the u§, the gin, and the béan, from 1 to 10 u§ correspond to from 1 to 10 gin and to from 1 bén to 1 bariga 4
bén = 10 béan. Similarly, 12 u§, 1/2, 2/3, and 1 danna = 12, 15, 20, and 30 us correspond to 12, 15 gin, 1/3,
1/2 ma.na = 12, 15, 20, and 30 gin, and to 2 barig, 2 bariga 3 bdn, 3 bariga 2 ban and 1 gur = 12, 15, 20 and
30 ban. And so on, even if in the lower part of the text the correspondences are slightly more complicated for
fractions of the u§, the gin, and the bén.

The pedagogical merits of a text like this are obvious.

W 23281 § 7: Three metrological lists displayed in parallel.

lengths weights capacity measures

s danna 1/ ma.na  ku.babbar 1(gur) gur Se.bar

23" danna 175 ma.na  ku.babbar 3(barig) 2(ban) Se.bar

[1/5] danna 15 gin ku.babbar 2(barig) 3(ban) Se.bar
12 us 12 gin ku.babbar 2(barig)! pi Se.bar
10 us 10 gin ku.babbar 1(barig) 4(ban) Se.bar
9 us 9 gin ku.babbar 1(barig) 3(ban) Se.bar
8 us 8 gin ku.babbar 1(barig) 2(ban) Se.bar
7 us 7 gin ku.babbar 1(barig) 1(ban) Se.bar
6 us 6 gin ku.babbar 1(barig) pi Se.bar
5 us 5 gin ku.babbar 5(ban) Se.bar
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4 us 4 gin ku.babbar 4(ban) Se.bar
3 us 3 gin ku.babbar 3(ban) Se.bar
2 us 2 gin ku.babbar 2(ban) Se.bar
1 us 1 gin ku.babbar 1(ban) Se.bar
"50"  [nindan] [3] igi. 4 .gal.la.me§ 2 gir-e ku.babbar 5 sila Se.bar
"40" [nindan] [2]-"ta" $u".me3 ku.babbar 4 sila Se.bar
"30" [nindan] 1/, gin ku.babbar 3 sila Se.bar
20"  nindan’ 1/ gin ku.babbar 2 sila Se.bar
10 nindan 6.kam ku.babbar 1 sila Se.bar
5 nindan 2 gire-e  ku.babbar 1/, sila $e.bar
21/, nindan rgi’-ru-1i ku.babbar 21/, nindahd Se.bar
2 nindan "6 Se ku.babbar 2 ninda.ha Se.bar
11, nindan 41/, Se ku.babbar 11,  ninda.hd Se.bar
1 nindan 3 Se ku.babbar 1 ninda.ha S$e.bar
1/, nindan 11, e ku.babbar 1/, ninda  Se.bar
5 kus 14-u Se ku.babbar 7 me 50 hi™  $e."bar
4 kus €)) Se ku.babbar 6 [ me hi™  Se.bar]
3 kus 3igid.galla  Se ku."babbar’ [4 me50  hi™*  Se.bar]
2 kus 1/, Se ku."babbar’ [3 me hi™*  Se.bar]
1 kus 4-[u Se ku.babbar] [l me50  hi™*  $e.bar]

New names for fractions appearing in the lines for fractions of the gin and the bdn are the giri, the 3/4
shekel and 3/4 grain, the ninda, and the hi. Their respective values are given in the series of factor diagrams
below. (The suffixes ha and me$ can be regarded as just two kinds of plural endings.) The fraction hi is
previously undocumented, at least in known metro-mathematical cuneiform texts. It is unrealistically small.

60 . 12
L: danna 30 us nindan «— kus
league length rod cubit
10.8 km 360 m 6m 0.5m
M : 1/2ma.na 30 gin «2* giri 12 g
1/2 mina shekel carob-seed grain
250 g. 81/3 g. 173 g. 1/20 g.
. . . . 1 .
C: gur > barig 6 ban 6 sila ninda 800 hi
180 liter 1 liter 0.1 liter

Fig. 3.1.11. W 23281 § 7. Factor diagrams for Systems L, M, and C.

In the first line of fractions, 50 nindan = 5/6 u§ corresponds to
3 igi.4.gdl.la.mes 2 gir-e = 3/4 (gin) 2/24 gin = 3/4 1/12 gin = 10/12 gin = 5/6 gin,
and to 5 sila = 5/6 ban. In the next line, 40 nindan = 2/3 us corresponds to 2-ta §u"™* = 2/3 (gin) and to 4 sila
= 2/3 ban. And so on. In particular, 10 nindan = 1/6 u$ corresponds to 6.kam = 1/6 (gin) and to 1 sila = 1/6
bén, and 5 nindan = 1/12 us corresponds to 2 gi-re-e = 2/24 gin = 1/12 gin and to 1/2 sila = 1/12 ban.
One half as much is 2 1/2 nindan = 1/24 u8, gi-ru-1i = 1/24 gin, and 2 1/2 ninda =2 1/2 - 1/60 ban = 1/24
ban. Next follow 2 nindan = 1/30 us, 6 Se = 6/180 gin = 1/30 gin, and 2 ninda = 2/60 ban = 1/30 ban.

Counting with fractions of the u$, the gin, and the ban is now getting increasingly laborious, so it is
simpler to proceed as follows for the calculations in the final few lines, with departure from the line

1 nindan 3 $e ku.babbar 1 ninda.ha Se.bar

First, 5 kus§ = 5/12 nindan. Correspondingly 1 4-1 Se = 1 1/4 §e = 5/4 se = 5/12 - 3 Se, and 750 hi = 750 -
1/1800 ninda = 5/12 ninda. And so on.
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Fig. 3.1.12. W 23281, obv., photo (Anmar A. Fahdil/DAI).




3. Metrological Table Texts from Achaemenid Uruk 105

Fig. 3.1.13. W 23281, rev., photo.
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3.2 W 23273. Another Metrological Recombination Text from Achaemenid Uruk

See the discussion in Sec. 1.3.1 of the provenance of W 23273 from a house in Achaemenid Uruk.

A table of contents for the metrological recombination text W 23273 was exhibited in Friberg, GMS 3
(1993), no. 11. It is reproduced below. After that follows a conform transliteration of the metrological table

text, within outlines of the obverse and reverse of the tablet.

W 23273: Table of contents

i1l

Ln*

Lc*

Lc

ix

viii

vii

Vi

C*

Sh

Sh*

Sh”

Col.

M*

obv.

rev.

Note: Each line of each sub-table except § 6 reads from right to left.

§1 G:  Gods’ names — Gods’ numbers
from Anu = 1
to En.lil = 50

§2 Ln: Length numbers — Sexagesimal rod multiples
from 1 finger =10 (607 rods)
to 1 hundred leagues =50 (60*rods)

§3 Ln*: Sexagesimal rod multiples — Length numbers
from 10 (602 rods) = 1 finger

to 1 (60°rods) = 2 leagues

§4 Le:  Length numbers — Sexagesimal cubit multiples
from 1 finger = 2 (60" cubits)
to 1 length = 12 (60' cubits)

§5  Le*: Sexagesimal cubit multiples — Length numbers

from [2 (60" cubits) = 1 finger]
to 12 (60' cubits) 1 length

§6 L-A: Range table: (squares of) length numbers into area
numbers

from ‘fingers into grains’
to ‘dannas into §ars’
§7 A:  Area numbers — Sexagesimal sar multiples

from 1/2 grain = 10 (- 60-3sar)
to 198ar asag = 930 (- 60° sar)

§8 M*:  Weight numbers — Sexagesimal mina multiples

from 10 (- 60-*mina) = 1/2 grain
to 1 (- 60°minas) = 1 talent=3us§ $ar grains

§9 C":  Catch-line for a table for capacity measure on the next tablet
§10 Sh: Months’ names — Shadow lengths at noon in cubits

from month IV — [x] cubit
to [month X — 1 30 (- 60" cubit)]’

§ 11 Sh*: Shadow lengths at noon in cubits — Months’ names
from [x (- 60! cubit) shadow x — month IV]
to 1 30 (- 60! cubit) shadow x — month X

§11  Sh’: Catch line for a shadow length table on another tablet

§11 Col.: The usual information about owner, etc.
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Fig. 3.2.1. W 23273, obv. Conform transliteration.
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Fig. 3.2.2. W 23273, rev. Conform transliteration.

Both in form and content the metrological table text W 23273 has several conspicuous features,
characteristic for Late Babylonian metrological tables. (See Friberg RIA 7 (1990), the last half of § 5.1). In
particular, the interior organization of each sub-table of the text, as well as of the organization of the whole
set of sub-tables is exactly the opposite of what one is used to see in the case of Old Babylonian “mixed
metrological tables”. Nevertheless, both the metrological details and the use of sexagesimal numbers in place
value notation show that the purpose of §§ 2-8 of W 23273 was to enable Achaemenid students of
mathematics to read and understand Old Babylonian mathematical and metrological texts.
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To be more specific, just as in the case of §§ la-f and 2 of W 23281 above (Sec. 3.1), it is clear that each
line of each sub-table on W 23273 was meant to be read from right to left. Moreover, (complete) mixed Old
Babylonian combined metrological tables always contain the sub-tables C, M, A, L (for capacity measure,
weight or metal measure, area measure, and length measure), in this order. See Friberg, MSCT 1 (2007),
396-398. Mixed Late Babylonian metrological tables, on the other hand contain the corresponding sub-tables
in the reverse order L, (A), W, C. Note that the inclusion of a sub-table for area measure is an anachronistic
trait, since in cuneiform texts from the first millennium surface content was measured in reed measure or
seed measure, not in area measure. (See Friberg, et al., “Seed and Reeds” BaM 21 (1990), and Friberg “Seed
and Reeds Continued” BaM 28 (1997).)

The reason for the reverse order is easy to understand. In Mesopotamia in the Late Babylonian period,
the traditional writing on clay tablets using the cuneiform script had largely been replaced by writing in
Aramaic on some more perishable material using the Aramaic script, which was written and read from right
to left. Someone used to reading texts and tables in the Aramaic way from right to left might have found it
natural to write both the sub-tables and the individual lines in those sub-tables in the reverse order when
copying from one or several older metrological table texts, written from left to right.

3.2.1 §1.Gods’ Names and Gods’ Numbers (reads from right to left)

W 23273 § 1: Table G

[1] [‘a-nu]-um [An]u = [
[2] [‘Jen.lil Enlil = [
[3] ‘e.a Ea = 3
[4] ‘entzu Sin (the Moon) = [4]
[5] ‘[u]tu Samas (the Sun) = [5]
(6] Iistar Ishtar = [6]
[7] 47.bi the Seven = [T
8 4. gis.gls the Igigi = 8
9 da.nun.na.ki the Anunaki = 9
10 den Bel = 10
20 dutu Samas = 20
30 430 Sin = 30
40 6.a Ea = 40
50 ‘en.lil Enlil = 50

In this pseudo-mathematical table, the main Mesopotamian gods Anu, Enlil, and Ea are mentioned first,
then the Moon, the Sun, and the goddess Ishtar. After them are listed the Seven, the Igigi, and the Anunaki,
various Mesopotamian groups of gods or heavenly spirits. In reverse order, from the end of the table, come
again Enlil, Ea, the Moon, and the Sun. (In this reverse order, the mention of Anu with the number 1 (= 60)
has been regarded as superfluous.)

As is well known, a similar enumeration of gods’ names and numbers appears in the Niniveh tablet
K 170 (King, CT 25 (1909), 50.) In that text, which is much more elaborate than the simple table above, the
enumeration of gods and numbers starts with 1 for Anu, 50 for Enlil, 40 for Ea, 30 for the Moon, 20 for the
Sun. The ensuing numbers in K 170 for other gods are 6, 10, 15, 50, 14, and 10, with no relation at all to the
gods and numbers in W 23273 § 1.

More about Mesopotamian gods’ numbers can be found in Rollig’s article “Gétterzahlen™ in Reallexikon
der Assyriologie, vol. 3.
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322 § 2. A Conversion Table from Length Numbers to Sexagesimal nindan Multiples

(reads from right to left)

W 23273 § 2: Table Ln

3.2 W 23273. Another Metrological Recombination Text from Achaemenid Uruk

[10] 1 Su.si [1 finger = 10] (- 60 rods)
20 2 Su.si.meS§ 2 fingers = 20 (- 602 rods)
130 9S8u.si.me§ 9 fingers = 1 30 (- 602 rods)
140 '/5 kus 1/3 cubit = 1 40 (- 602 rods)
230 ', kus 1/2 cubit = 2 30 (- 60 rods)
320 2/ kus 2/3 cubit = 320 (- 602 rods)
5 1 kus 1 cubit = 5 (- 60" rods)
25 5 kus 5 cubits = 25 (- 60" rods)
30 '/, nindan 1/2 rod = 30 (- 60! rods)
35 '/, nindan 1 kus 1/2 rod 1 cubit = 35 (- 60! rods)
55 '/, nindan 5 kus 1/2 rod 5 cubits = 55 (- 60! rods)

1 1 nindan 1 rod = 1

130 1'/, nindan 11/2rod = 1 30 (- 60! rods)
930 9!/, nindan 91/2rod = 930 (- 60! rods)
10 10 nindan 10 rods = 10

15 15 nindan 15 rods = 15

55 55 nindan 55 rods = 55

1 1 us 1 length = 1 (- 60" rods)

19 19 us 19 lengths = 19 (- 60" rods)
20 ?/3; danna 2/3 league = 20 (- 60" rods)
55 1 /5 danna 5 u§ 1 2/3 leagues 5 lengths = 55 (- 60! rods)

1 2 danna 2 leagues = 1 (- 607 rods)

30 1+su danna sixty leagues = 30 (- 602 rods)
45 1 30 danna 1 30 (90) leagues = 45 (- 60? rods)
50 1 me danna 1 hundred leagues = 50 (- 60% rods)

This extensive conversion table with 157 entries is almost precisely of the same kind as the
corresponding Old Babylonian Table Ln (n for nindan) described in Friberg MSCT 1 (2007), 392-293, which
has 133 entries, and which begins with the following entries:

1 Su.si 10 1 finger = 10 (- 602 rods)
1'/, Su.si 15 1', fingers = 15 (- 602 rods)
2 su.si 20 2 fingers = 20 (- 602 rods)

The two tables differ only in minor details, with the following significant exceptions:

1) The Old Babylonian Table Ln reads from left to right, the Achaemenid Table Ln from right to left.
2) The Old Babylonian table ends with the entry for sixty leagues, the Achaemenid table with the entry for a hundred leagues.
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The basic idea is the same in both cases, namely that the table should be constructed in such a way that

1) The sequence of listed length numbers increases in small steps, and mentions all the main units (fingers, cubits, rods, lengths,

leagues) of the Old Babylonian system of length measures.

2) Only length numbers are listed which are integral or half-integral multiples of the main length units, or a basic fraction (1/3,

1/2,2/3), or I plus a basic fraction, times such main length units.

3) The sexagesimal multiples of the (silently understood) basic length unit, the nindan, are numbers with only one digit (1,2, ...,

9,1°,2°,3°,4°,5% or two digits (a ten and a one, as in 1°1,1°2, ..., or a one and a ten, as in 1 3°,14°,2 3°,3 2°).

With rules such as these in mind, a student could easily on his own construct a new copy of Table Ln, or
any other metrological table of the Old Babylonian kind, without having to copy someone else’s table text!
(This is probably the reason why there appear to be no known couples of cuneiform metrological tables that
are equal in all details.)

Anyone intending to construct metrological tables of the same kind as Table Ln above had also to be
familiar with the conversion rules for the systems of measures figuring in the metrological tables. In the case
of Table Ln, the needed conversion rules are simply and succinctly described by the following factor
diagram for Old Babylonian units of length measure, with the rod (nindan) as the basic unit:

league length rod cubit finger
Ln(OB): danna 30 us % pindan % kug Su.si
30 00 n. 100 n. I n. ;05 n. ;00 10 n.

Fig. 3.2.3. W 23273. Factor diagram for System Ln(OB).

What this factor diagram implies is that in cuneiform texts from the Old Babylonian period,
30 fingers = 1 cubit, 12 cubits = 1 rod, 60 rods = 1 length, 30 lengths = 1 league.

In cuneiform texts from the first millennium BC, these rules were no longer operative, except of course in
school texts like W 23273 which had as a goal to show how Old Babylonian systems of measures were
constructed.

323 § 3. A Reverse Conversion Table from Sexagesimal nindan Multiples to Length
Numbers (reads from right to left)

W 23273 § 3: Table Ln*

Su.si 1 10 10 (- 60%rods) = 1 finger
Su.si.mes 2 20 20 (- 602rods) = 2 fingers
Su.si.mes 9 130 130 (-602rods) = 9 fingers
kus 15 140 140 (- 602rods) = /3 cubit
kus '/, 230 230 (- 60%rods) = '/» cubit
kus 2/5 320 320 (- 602rods) = %/ cubit
kus 1 5 5(¢-60'rods) = 1 cubit
kus 5 25 25(¢-60"'rods) = 5 cubits
nindan '/ 30 30(-60"rods) = '/, rod
nindan '/, nindan 5 ku§ 55 55(¢60"'rods) = !'/2rod5 cubits ((rod))
nindan 1 1 1 (rod) = 1 rod
nindan 1, 130 130(-60"rods) = 1'/, rod
nindan 91/, 930 930 (-60'rods) = 9'/, rods
nindan 10 10 10 (rods) = 10 rods



112 3.2 W 23273. Another Metrological Recombination Text from Achaemenid Uruk

15
55

1
110

150

15
55

1
110

150
19]
20]
30]

Note that there is no known Old Babylonian reverse conversion table from sexagesimal numbers to any

15 (rods) = 15 rods
55 (rods) = 55 rods

1 (- 60" rods) = 1 length
1 10 (rods) =

1 50 (rods) =

2 (- 60! rods) = 2 lengths

[19 (- 60" rods)
[20 (- 60" rods)
[30 (- 60" rods)
[1 (- 60? rods)

19 lengths]

= 2 leagues]
= 1 leagues]
= 2 leagues]

110 lengths (should be 1 length 10 rods)

150 lengths (should be 1 length 50 rods)

kind of measure numbers! So, a table of this kind seems to be an innovation (of doubtful value).

324 § 4. A Conversion Table from Length Numbers to Sexagesimal Cubit Multiples

(reads from right to left)

Examples of Old Babylonian conversion tables from length numbers to sexagesimal cubit multiples
(Table Lc) are well known. See Friberg, MSCT 1 (2007), 394-395. Such tables were obviously useful when
counting, for instance, with volume measure, since the length and width of an object was usually expressed

in multiples of the rod, while the height of the object was expressed in multiples of the cubit.

W 23273 § 4: Table Lc

[2

4
[18]
20
30
40
1
120
130
140

11
12
154
2

11
12

10
20
130
140
230
320
5

6 40
730
820
10
15
55

1

1 ]/2

91,

55

1 Su.si]
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C; c; ‘:; s:‘; :4 Ca 2 f
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-
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nindan

nindan

nindan
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This fourth sub-table on W 23273 is corrupt, with several incorrect entries. More precisely, the entries in
the last part of this table are correct, from the entry ‘1 rod = 12’ (cubits) to the final entry ‘1 length = 12 (00
cubits)’. All the preceding entries incorrectly list not only sexagesimal multiples of the cubit, but also

finger = 10 (- 602 rods)
fingers = 20 (- 602 rods)
fingers = 130 (- 60 rods)
cubit = 140 (- 60 rods)
cubit = 230 (- 60 rods)
cubit = 320 (- 60 rods)
cubit = 5 (- 60'rods)
cubits = 640

cubits = 730

cubits = 820

cubits = 10 (- 60 rods)
cubits = 15 (- 60" rods)
cubits = 55 (- 60" rods)
rod

rods

rods

rods

rods

length

2 (- 60" cubits)]
4 (- 60" cubits)

[18] (- 60 cubits)
20 (- 60" cubits)
30 (- 60! cubits)
40 (- 60! cubits)

1 (cubit)

120 (- 60! cubits)

130 (- 60! cubits)

140 (- 60! cubits)

2 (cubits)

3 (cubits)
11 (cubits)
12 (cubits)
18 (cubits)
154 (cubits)

2 (- 60" cubits)

11 (- 60" cubits)
12 (- 60! cubits)
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sexagesimal multiples of the rod, as for instance the entry ‘1/3 cubit = ;01 40 (rods) = ;20 (cubits)’. It is
likely that this double standard was in place already in the original table text of which W 23273 § 4 is a copy.
If that is so, then the copyist may have been trying to delete superfluous numbers in several of the entries.
Unfortunately, he did not understand what he was doing. For instance, in the entry ‘<2> fingers = ;00 20 rods
= ;04 cubits’ the number 2 before ‘fingers’ has been falsely deleted.

325 § 5. A Reverse Conversion Table from Sexagesimal Cubit Multiples to Length
Numbers (reads from right to left)

In the corresponding reverse conversion table, the unwarranted multiples of the rod are no longer there.
The only incorrect entries are the last 11 ones, where the integers from 1 to 11 must be replaced by the
integers from 2 to 12. Moreover, in the last line, 1 (- 60) rods should be instead 1 us = 1 length.

W 23273 § 5: Table Lc*

Su.si [1 2] [2 (- 60! cubit) = 1] finger
[Su.sime§ 2 4] 4 (60" cubit) = 2 fingers]
[Su.simes 9 118 [1]18 (- 60! cubit) = [9 fingers]
kus 5 20 20 (- 60" cubit) = 1/3 cubit
kus 1 /s 140 140 (- 60! cubit) = 12/3 cubits
kus 2 2 2 (cubits) = 2 cubits
kus 5 5 5 (cubits) = 5 cubits
nindan /5 6 6 (cubits) = 1/2 rod
nindan '/, 1 kus 7 7 (cubits) = 1/2 rod 1 cubit
nindan '/, 5 kus 11 11 (cubits) = 1/2 rod 5 cubits
nindan 1 12 12 (cubits) = 1 rod
nindan 1'/> 18 18 (cubits) = 11/2 rods
nindan 91, 154 154 (cubits) = 91/2 rods
nindan 10 1 2'(- 60 cubits) = 10 rods
nindan 15 2 3" (- 60 cubits) = 15 rods
nindan 55 10 11" (- 60 cubits) = 55 rods

nindan 1 11 12" (- 60 cubits) = 1 (- 60) rods should be: 1 length

3.2.6 §6.ARange Table from (Squares of) Length Measures to Area Measures

W 23273 § 6: Table L-A

nam.al’.]a nam.kud.s¢ For hoeing’ and cutting:

Su.si.me$ a-na  Se.me§ fingers to grains
1.kus.mes a-na  gin cubits to shekels
gi.me§ a-na  sar reeds to sars
10.nindan.mes a-na  iku aSag tens of rods to ikus
1.us.mes a-na  buru aSag lengths to burus
l.danna.me§ a-na  Sar asag leagues to Sars
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ta 6 us a-na  Sar asag from 6 lengths to Sars
ta-nam-{din] you will gi[ve].

nig.a.rd-Su-nu gi.na Their multiplications will be correct.
nig.8id-Su-nu ul ih-has-si Their account will not be obscure.

The basic connection between Old Babylonian length measure and Old Babylonian area measure is that
the area of a square with the side 1 nindan (a rod) is 1 sar (garden plot). More briefly:

1 sq. nindan = 1 sar.
Other units of Old Babylonian area measure are either multiples or fractions of the sar. The structure of the

Old Babylonian system of area measure is simply and succinctly described by the following factor diagram
for Old Babylonian units of area measure, with the sar as the basic unit:

<> X < < - N Y t AL 1 B
A(OB): 1(34r) % 1(bur’u) /% 1(bur) 32— 1(e8e) 2 1(iku) «= 1/2(iku) <> 1/4(iku) <= sar 2 gin 1% 3
30 00 00 sar 500 00 sar 30 00 sar 10 00 sar 1 40 sar 50 sar 25 sar 1 sar ;0lsar ;00 10 sar

‘ ‘ shekel grain
| asag (GAN) 'field'

Fig. 3.2.4. W 23273 § 6a. Factor diagram for the Old Babylonian system of area measure.

What this factor diagram implies is that in cuneiform texts from the Old Babylonian period,
100 sar =1 iku, 6iku=1 ¢eSe, 3 eSe =1 bur, 10 bur =1 bur’u, 6 bur’u=1 §ar

180 grains = 1 shekel, 60 shekels = 1 sar

Multiples of area units above the sar are always followed by the determinative asag (GAN) ‘field’.

Note that in §§ 6 and 7 of W 23273, a variant of the Old Babylonian area number sign 1(bur’u) is used
phonetically instead of the Old Babylonian sign 1(bur) as a logogram for bur (Akkadian buru).

In Old Babylonian mathematical texts, computations of areas of rectangular fields were computed in the
following way: First the given lengths of the two sides of a rectangle were converted from ordinary length
numbers to two sexagesimal numbers (silently understood as multiples of 1 rod), in the Babylonian relative
place value notation for sexagesimal numbers, without zeros. Then the two sexagesimal numbers were
multiplied with each other. The result was a new sexagesimal number (silently understood as a multiple of 1
square rod = 1 sar). Finally, this sexagesimal number was converted back into an area number. This way of
computing areas with the help of a detour into the world of sexagesimal numbers was, of course, the reason
for the existence of Old Babylonian metrological tables for length and area measure.

A complication with this clever procedure was that the computed sexagesimal multiple of 1 sar was only
given in relative place value notation, without any indication of the actual size of the number. It is in this
situation that a range table like W 23273 § 6 can be useful. (For some reason, no Old Babylonian range
tables of this kind are known. However, this does not necessarily mean that they did not exist.)

The meaning of the mentioned range table can be explained as follows. It is intended to be of help in
calculating areas of field, for instance in order to be able to estimate the work needed for hoeing the field, or
the yield obtained when cutting something growing in the field. For this purpose, a good start is to make the
following recursive sequence of calculations:

sq. (1 reed) =1/4 sq. (1 rod) = 1/4 sar
sq. (10 rods) =140 " sq. (1 rod) =1 iku
sq. (1 length)  =36"-sq. (10 rods) =36 iku =2bur

sq. (1 league) =1500-sq.(1length) =3000bur =30 sar
sq. (6 lengths) =36 - sq. (1 length) =112 bur =1 8ar 12 bur
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In view of these simple calculations, it is clear that, as stated in the range table

for a square with a side length of between 1 reed and 10 rods, the area can be measured in multiples of 1 sar,
for a square with a side length of between 10 rods and 1 length, the area can be measured in multiples of 1 iku,
for a square with a side length of between 1 length and 1 leagues, the area can be measured in multiples of 1 bur,

for a square with a side length of 1 league and above, the area can be measured in multiples of 30 §ar.
Since the last of these estimates is too imprecise, the range table makes the following amendment:
for a square with a side length of 6 lengths and above, the area can be measured in multiples of 1 §ar.
Going in the other direction, one finds that, in a similar way,
sq. (1 cubit) =1/36 sq. (1 reed) =1/36 - 1/4 sar =15/36 - 1 shekel = appr. 1/2 shekel,
sq. (1 finger) =1/(1500) sq. (1 cubit) =1/(3000) - 1 shekel = 1/10 grain.
Consequently, as stated in the range table,

for a square with a side length of between 1 finger and 1 cubits, the area can be measured in multiples of 1 grain,

for a square with a side length of between 1 cubit and 1 reed, the area can be measured in multiples of 1 shekel.

25 36 36 . 400 36 900 .
L-sq.: l.danna.meS« — 6.uS.meS <« l.uS.me§ <« 10.ninda.me§ «<— gi.mes «— l.kuS.me§ «— Su.si.mes
sq. league sq. (6 lengths) sq. length sq. ropes sq. reed sq. cubit sq. finger
30 36 ) 400 30 900
A: sar <« 2bur iku <— 1/48ar «<— 1/2gin <—1/10 Se.mes§
garden shekel barleycorns

Fig.3.2.4. W 23273 § 6b. An explanation of the range table in terms of factor diagrams.

3.2.7 §7.A Conversion Table from Area Numbers to Sexagesimal sar Multiples (reads
from right to left)

Note that in this table, the sar and its fractions (the shekels and the grains) are counted with ordinary
sexagesimal number signs (counting numbers), while multiples of area units above the sar are written with
special area number signs, repeated as many times as needed.

In Fig 3.2.2 above (just before Sec. 3.2.1), cols. viii-ix, the conform transliteration of Table A (§ 7) on W
23273 rev. has been considerably simplified, for the readers’ convenience, by writing 1; instead of 1(iku), 2;
instead of 1(iku) I(iku), 3; instead of 1(iku) 1(iku), 1(iku), etc. A similar use has been made of the
abbreviated notations 1. instead of 1(&Se), 2. instead of 1(¢Se) 1(&se), and so on, and so forth.

W 23273 § 7 is a very long metrological table, almost filling three columns on the reverse of W 23273.
For the readers’ convenience, the table is divided below into sub-tables, roughly corresponding to the
division into ranges suggested by the range table in the preceding paragraph: grain multiples, shekel
multiples, and so on.

W 23273 § 7 a: Table A, shekel fractions

10 '/ e 12 grain = 10 (- 607 sar)
20 1 Se 1 grain = 20 (- 607 sar)
30 1, e 112 grains = 30 (- 603 sar)
720 22 se 22 grains = 720 (- 6073 sar)

1l
2
%)
(=)

730 22'/, $e igi.8.galla an 8th = 22 1/2 grains (- 607 sar)
740 23 se 23 grains = 740 (- 6073 sar)
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940 29 Se 29 grains = 9 40 (- 607 sar)
10 igi.6.gal.la a 6th = 10 (- 60 sar)
1140 ki2 5 Se ditto 5  grains = 1140 (- 607 sar)
1320 ki2 10  se ditto 10  grains = 1320 (- 607 sar)
15 igi.4.gal.la a 4th = 15 (- 60 sar)
16 40 ki.2 5 Se ditto 5 grains = 1640 (- 607 sar)
18 20 ki.2 10  Se ditto 10  grains = 1820 (- 607 sar)
20 '3 Se 1/3 grains = 20 (- 602 sar)
30 '/ Se 12 grains = 30 (- 602 sar)
40 /5 Se 2/3 grains = 40 (- 60 sar)
50 /s Se 5/6 grains = 50 (- 602 sar)

Here are examples of how the entries in this sub-table can be computed, somewhat anachronistically,

1/2 grain = 1/360 shekel = 10 (- 607 sar)
1 grain = 1/180 shekel = 20 (- 607 sar)
22 grains = 22-20 (- 603 sar) = 720 (- 603 sar)
1/8 shekel = 22 1/2 grains = 22 1/2-20 (- 603 sar) = 730 (- 607 sar)
1/6 shekel = ;10 shekel = 10 (- 60 sar)
1/6 shekel 5 grains = 35 grains = 35-20 (- 607 sar) = 1140 (- 60~ sar)
1/4 shekel = ;15 shekel = 15 (- 602 sar)
1/4 shekel 5 grains = 50 grains = 50 - 20 (- 603 sar) = 16 40 (- 607 sar)
1/3 shekel = ;20 shekel = 20 (- 602 sar)
5/6 shekel = ;50 shekel = 50 (- 60 sar)

Note that, confusingly, ‘1/3 grains’ does not stand for 1/3 grain but for 1/3 shekel (in the range of the grains),
and so on. Such oddities are not unusual in Old Babylonian mathematical/metrological texts.

W 23273 § 7 b: Table A, shekel multiples

1 1 gin 1 shekel = 1 (- 60! sar)
110 1 gin igi.6.galla 1 shekel a 6th = 110 (- 602 sar)
120 1 gin '/ Se 1 shekel 1/3 grains = 120 (- 607 sar)
130 1 gin'/, se 1 shekel 1/2  grains = 130 (- 607 sar)
140 1 gin */ Se 1 shekel 2/3 grains = 140 (- 602 sar)
150 1 gin /s Se 1 shekel 5/6 grains = 150 (- 607 sar)
2 2 gin 2 shekels = 2 (- 60! sar)
14 14 gin 14 shekels = 14 (- 60! sar)
15 igi.4.gélla sar a 4th sar = 15 (- 60" sar)
19 19 gin 19 shekels = 19 (- 60! sar)

Here, too, ‘1/3 grains’ does not stand for 1/3 grain but for 1/3 shekel (in the range of the grains), and so on.

W 23273 § 7 c: Table A, sar multiples

20 '3 sar 1/3 sar = ;20 (sar)
50 36 sar 5/6 sar = ;50 (sar)
1 1 sar 1 sar = 1 (sar)
110 1sar 10 gin 1 sar 10 shekels = 110 (- 60! sar)
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115 1sarigi4.galla sar 1sar a4th  sar = 115 (- 60" sar)
120 1Isar'/s sar 1 sar 1/3 sar = 120 (- 60" sar)
2 2 sar 2 sar = 2 (sar)
40 40 sar 40 sar = 40 (sar)
50 '/>(iku) aSag 1/2 iku = 50 (sar)
1 1 sar 1 (-60'sar)  sar = 1 (- 60! sar)
130 130 sar 130 sar = 130 (sar)

Note the use of a special number sign for 1/2 iku.

W 23273 § 7 d: Table A, iku multiples

140 1(iku) aSag 1 iku = 140 (sar)
230 1(iku) 1/2(iku) asag 1 iku 1/2 iku = 230 (sar)
910 5(iku) 1/2(iku) asag 5 iku 1/2 iku = 910 (sar)
10 1(ese) aag 1 ese = 10 (- 60' sar)
1140  1(ese) 1(iku)  aSag 1esel iku = 1140 (sar)
1820  1(eSe) S(iku)  asag 1 ese 5 iku = 1820 (sar)
20 2(ese) asag 2 ¢eSe = 20 (- 60'sar)
2820  2(ese) Si(ku)  asag 2 ese 5 iku = 2820 (sar)

Here special number signs are used for multiples of the iku and the eSe. The entries in the sub-table are
easily calculated as in the following examples:

1(iku) = 100 sar = 1 40 (sar)
5(iku) 1/2(iku) = 51/2-140sar= 9 10 (sar)
2(e8e) 5(iku) = 17 - 140 sar= 28 20 (sar)

W 23273 § 7 e: Table A, buru multiples

30 [1(bur)] buru aSag [1 bur] = 30 (- 60'sar)
40 [1(bur)] 1(ese)" asag [Tbur] 1 ese = 40 60'sar)
50 buru 2(¢Se)  asag 1 bur 2 ¢se = 50 (- 60! sar)
1 2(bur) buru  asag 2 bur = 1 (- 607 sar)
430 9(bur) buru  aSag 9 bur = 430 (- 60" sar)
[5] 10(bur) buru asag 10 bur = [5] (- 607 sar)
930 10(bur) [9(bur) buru]  asag 1[9] bur = 930 (- 60" sar)
10 20(bur) [buru aSag] 20 bur = 10 (- 602 sar)
25 50(bur) buru  asag 50 bur = 25( 60%sar)

Here special number signs are used for the ¢Se and the bur. The entries in this sub-table are easily calculated
as in the following examples:
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1(bur) = 3-1(ese) = 3-1000sar= 30 (- 60 sar)
10(bur) = 10 - 30 00 sar = 500 00 sar = 5 (- 607 sar)
50(bur) = 50-3000sar= 250000 sar = 25 (- 60 sar)

W 23273 § 7 f: Table A, sar multiples

[30] 1(sar) aSag 1 sar = [30] (- 60?sar)
35 1(3ar) 10(bur) asag 1sar10bur = 35 (- 602 sar)
55 1(sar) 50(bur) asa 1sar50bur = 55 (- 602 sar)
1 2(8ar) asag 2 sar = 1 (- 607 sar)
930 10(3ar) 9(sar) asa 19 sar = 930 (- 60 sar)

Here special number signs are used for multiples of the Sar and the bur, and the entries are calculated as in
the following examples:

1(sar) = (60 bur =) 30 00 00 sar = 30 (- 60%sar)

19(8ar) = (19-30 00 00 sar =) 9300000sar= 930 (- 60?%sar)

The form of the original Old Babylonian version of the metrological table for system A (that is, the
conversion table from area numbers to sexagesimal multiples of 1 sar) is described in Friberg, MSCT 1
(2007), 390-391. It is similar to W 23273 § 7, but does not contain any initial sub-tables for shekel fractions
and shekel multiples (above, sub-tables § 7a-b). On the other hand, at the very end of the table there are six
lines that are missing in W 23273 § 7, namely

20(34r) = 10 (- 60° sar)

50(sar) = 25 (- 603 sar)
1(sar)xl.gal= 30 (- 603 sar)
1(8ar)x2.gal= 1 (- 60* sar)

328 § 8. A Reverse Conversion Table from Sexagesimal Mina Multiples to Weight
Numbers and Grain Multiples

W 23273 § 8: Table M*

Se '/ 10 grain 172 10 (- 60 mina)
Se 1 20 grain 1 20 (- 60~ mina)
Se 22 720 grains 22 720 (- 60 mina)
Se 22/, igi.8.galla 730 grains 22 1/2 an 8th 730 (- 60~ mina)
Se 23 740 grains 23 740 (- 60 mina)
Se 29 940 grains 29 940 (- 60 mina)
Se [30 igi.6.galla 10] grains [30 a 6th 10] (- 602 mina)
Se 4[5 igi.4.galla 15] grains 4[5 a4th 15] (- 602 mina)
Se 1 ['/5 gin 20] grains 1 (00) [1/3 shekel 20] (- 602 mina)
Se 1[30 '/, gin 30] grains 1 [30 1/2 shekel 30] (- 60 mina)
Se 2 [*/5 gin 40] grains 2 (00) [2/3 shekel 40] (- 60 mina)
Se 230 */ [gin 50] grains 2 30 5/6 [shekel 50] (- 602 mina)
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Se 3us 1 g[in 1] grains 3 - 60 1 she[kel 1] (- 60" mina)
Se 3 8ar I ma.[na 1] grains 3 - 60 - 60 1 mi[na 1] (mina)
Se 3ussar  1(gun) gun [1] grains 3 60 - 60 - 60 1 talent [1] (- 60! mina)

This Achaemenid metrological table for weight numbers is much briefer and less detailed than the
corresponding Old Babylonian table. See Friberg, MSCT I (2007), 387-389. On the other hand, the Old
Babylonian table lists grain multiples only as far as 29 grains.

3.2.9 §9.A Catch Line Referring to Tables for Capacity Measures
W 23273 § 9: Catch line for Table C

1 gin Se ana egir-su 1 shekel of grain thereafter.
al.til Finished

This brief notice tells the reader that the combined metrological table which begins with conversion
tables for length numbers, area numbers, and weight numbers in §§ 2-8 of W 23273 (with an interpolated
range table for length and area measure in § 6) continues with one or two final conversion tables for capacity
numbers, in the Old Babylonian style, on another clay tablet. The first line of those final tables would be

1 1 gin Se 1 1 shekel of grain

This is also, essentially, the way in which the corresponding Old Babylonian metrological table for
capacity measure begins. See, for instance, the conform transliteration of the table on the prism MS 2723 in
Friberg, MSCT 1 (2007), Fig. 3.1.3.

3.2.10 § 10. A Shadow Length Table: Months’ Names and Cubit Multiples (reads from
right to left)

W 3273 § 10: Shadow Length Table (noon shadow)

[x] am-mat Su [no] cubit month [V

[15] kus izi u sigs  kimin [15] cubits monthV  and monthIIl the same
[30 kus kin] u  gus kimin [30  cubits month VI] and monthII the same
[45 kus dus u] "bara' ki.min [45  cubits month VII and] monthI the same
[1 kus apin = u Se  ki].min [1 cubit month VIII and month XII the] same
[115 kus gan u ziz  kimin] [115 cubits monthIX and month XI the same]
(130 kas ab] [130 cubits month X]

Note that all the numbers in the leftmost column in this naive astronomical table are lost and only partially
and tentatively reconstructed here. The reconstruction proposed here is based on the assumption that the
table in § 11 of W 23273 (see below) is, essentially, the reverse of the table in § 10.

The month names appearing in this brief table are abbreviations of the Sumerian forms of the Assyrian
month names. According to Neugebauer, ACT [ (1955), 38, the names of the months in astronomical
cuneiform texts are as follows (see also Appendix 4 in Labat’s Manuel d’épigraphie (1976)):

I nisannu bara March-April
II aiaru guy April-May
11 simanu Sigy May-June
v diizu Su June-July

v abu izi July-August

VI ulitlu kin August-September
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VII tasritu dus September-October
VIII arahsamna  apin October-November
X kislimu gan November-December
X tebetu ab December-January
XI Sabatu ziz January-February
XII adaru Se February-March

In view of this list, the structure of the table in § 10 appears to be clear. The shadow at noon of a gnomon in
a sundial (if that is what the table is dealing with) is shortest at the height of the summer, in month IV (June-
July). The shadow is longer by equal amounts in months V and III (July-August and May-June). And so on.
The shadow is longest in the middle of the winter, in month X (December-January).

A difficulty with this proposed reconstruction of the lost numbers in the leftmost column of § 10 is that in
the first line of the paragraph [x] am-mat would have to stand for ‘[0] cubits’, which is somewhat unlikely,
since zero as an abstract number to my knowledge does not appear anywhere else in published cuneiform
texts. Perhaps a better alternative is ‘[no] cubit’.

As a matter of fact, an alternative reconstruction of the missing numbers was suggested recently in
Steele, Sciamvs 14 (2013). Steele takes his departure from the shadow length scheme which is found towards
the middle of the second tablet of the astronomical compendium mul.apin (I ii 21-42 in Hunger’s edition
1989). According to that scheme, on the 15th day of months I and VII, i. e. at the equinoxes, when the day
and night have equal lengths, the shadow (of a 1 cubit long gnomon) is 1 cubit at 2 1/2 beru = 1 15 us after
sunrise. It is 2 cubits at 37;30 u$ after sunrise, and 3 cubits at 25 u$ after sunrise. (Here 1 béru = danna
‘league, double-hour’ = 30 u$ = 2 hours, and 1 u$§ = 4 minutes.) Clearly, then, the shadow length, counted in
cubits, multiplied by the time after sunrise, counted in us, is constantly equal to 1 15. Similarly, on the 15th
days of months IV and X, i. e. at the summer and winter solstices, the shadow length multiplied by the time
after sunrise is constantly 1 00 and 1 30, respectively. The shadow length scheme ends with an explicit rule
saying, essentially, that the time after sunrise when the shadow length is 1 cubit changes by 5 for every
month. In other words, that time varies as a zigzag function with the maximum 1 30 in month X and the
minimum 1 in month IV. Conversely, the length of the shadow 1 00 us after sunrise varies in precisely the
same way. Steele’s proposition is now that it is the values of this zigzag function that are mentioned in § 10
of W 23273. Therefore, following Steele, the lost numbers in that paragraph should, alternatively, be
reconstructed as follows:

W 3273 § 10: Shadow Length Table (the shadow 2 béru = 1 00 us after sunrise)

[11  am-mat Su [1] cubit month IV

[105] kus izi u  sigs  ki.min [1;05] cubits month V and  month IIT the same

[110 kus kin] u gus  kimin [1;10 cubits month VI] and month II the same

[T15 kus dus u] "bara' kimin [1;15 cubits month VII  and] month I the same

[120 kus apin u Se  ki].min [1;20  cubit month VIII. and month XII  the] same
[125 kus gan u ziz  kimin] [1;25 cubits  month IX and month XI the same]
[130 kus ab] [1;30 cubits month X]

3.2.11 § 11.A Reverse Shadow Length Table (reads from right to left)

W 3273 § 11: Reverse Shadow Length Table (noon shadow)

[Su X £Smj zal-ra) [monthIV  x  <cubits> shadow x]
[izi 15]  **mi zal-ra [monthV ~ 15] <cubits> shadow x
kin 30 <'mi zal-ra month VI 30  <cubits> shadow x

dus 45 5mi zal-ra month VII 45  <cubits> shadow x
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apin [l =*mi zal-ra month VIII [1] <cubits> shadow x
gan 115  =mi zal-ra monthIX 115 <cubits> shadow x
ab 130 =mi zal-ra month X 130 <cubits> shadow x

In this reverse table, but not in the table in § 10, the word ‘shadow’ appears explicitly. The table is
somewhat abbreviated, in that it mentions only months IV-X, omitting the second member of each pair of
months mentioned in the table in § 10. Obviously, the only preserved numbers in this table, 1 15 and 1 30,
must be interpreted as 1;15 and 1;30 cubits.

The reading and meaning of the word zal-ra is problematic. Steele (op. cit.), referring to a discussion of
the word with Hunger, reads zal = uhurru and translates zal-ra as ‘delayed’, without explaining what that
would mean. Importantly, however, he compares W 23273 § 11 with lines obv. 6" -12” in BM 45721, an
undated and badly preserved fragment of unclear content. What is written in those seven lines is far from
clear, since they contain two words of unknown meaning (hé.gal and zal, the latter word apparently used
just as in W 23273 § 11), nonsense calculations, and an incorrect metrology with 12 fingers in the cubit
instead of the usual 24 or 30. Anyway, disregarding the nonsense calculations and the incorrect counting of
fingers, and leaving the obscure words untranslated, what the seven lines seem to say is (essentially) that

in month IV 2 00 us after sunrise  (i. e. at noon)  hé.gal  the shadow lengthis  [0] cubit zal
in month V 1 50 us after sunrise  (i. e. at noon)  hé.gal  the shadow lengthis ;15 cubits zal
in month VI 1 40 us after sunrise  (i. e. at noon)  hé.gal  the shadow lengthis ;30 cubits zal
in month VII 1 30 u$ after sunrise  (i. e. atnoon)  hé.gal  the shadow lengthis ;45 cubits zal
in month VIII 1 20 us$ after sunrise  (i. e. atnoon)  hé.gal  the shadow lengthis 1 cubits zal
in month IX 1 20 us$ after sunrise  (i. e. atnoon)  hé.gal  the shadow lengthis  1;15  cubits zal
in month X 1 00 us after sunrise  (i. e. at noon)  hé.gal  the shadow lengthis  1;30 cubits zal

Without doubt, these seven lines of BM 45721 describe the same zigzag function as the table in W 23273
§ 11. In addition, it says, quite explicitly, that the shadow lengths are noon shadows, the longest shadows of
each day. Indeed, it is clear that the seven lines of BM 45721 are based on the assumption that the ratio of the
longest night to the shortest night is 2 : 1. Then at the summer solstice, in month IV, the length of the night is
8 hours, while the length of the day is 16 hours = 8 double-hours =4 00 u§, and noon is 2 00 us after sunrise.
Correspondingly, at the winter solstice, in month X, the length of the night is 16 hours, while the length of
the day is 8 hours = 4 double-hours =2 00 us§, and noon is 1 00 us§ after sunrise.

In Steele 2013, Fig. 5, the zigzag function tabulated in W 23273 § 11 and BM 45271 lines obv. 6" -12” is
compared with the modern precisely calculated wave-formed curve for the length of the noon shadow (at the
latitude of Baghdad). Steele draws the conclusion that

“The zigzag function is in remarkable agreement with the actual variation of the shadow length at noon, better than
noon shadows deduced from the mul.apin scheme. ......... The assumption that the shadow is equal to zero at the

summer solstice is of course incorrect, but was probably seen as a small price to pay for an otherwise excellent and
simple function for the length of noon shadow.”

What looks like the first line of the colophon in W 23273 is actually a second catch line. The first catch-
line, inserted just before the two shadow length tables, referred to a continuation on another tablet of the

combined metrological table in §§ 2-9 of W 23273. The second catch line refers to a continuation elsewhere
of the shadow length tables. It has the following form:

9112 =*mi 1 40 danna u,-mu egir-Su 91 12 <cubits> the shadow, at 1 40 leagues of day, thereafter.

In Steele 2013, the sign ¥ is used a translation of the vertical dis$ sign, indistinguishable from the number sign

for 1, which often in the shadow length table in mul.apin and also in BM 45271 is used as a textual marker at
the beginning of new sections of the text.
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Furthermore, in Steele 2013, the catch line after the shadow length tables in W 23273 is explained as
follows:

“A similar statement is found in part of the first line of BM 29371, a text that presents the length of shadow at 1;40 beru
after sunrise at different dates during the year. Although BM 29371 cannot be the text referred to in this catchline, as the
wording is slightly different, this statement must refer to the same scheme.”

Interested readers are referred to Steele 2013 for a detailed discussion of BM 29371, which is an almost
completely preserved tablet listing weights (of water in a water clock) and shadow length for every five days
in the ideal 360-day calendar. Here it will be enough to cite the top and bottom lines of BM 29371, which
state (twice) that

9 ina "“Su ud.15.kam 1 ki.la 1 12 1 ku$ **mi 1 2/3 danna u-mu
9 ina "ab ud.15.kam 1 30 <ki.1a> 1 48 1 ku$ ¢*mi 1 2/3 danna u,-mu

9 In month IV, day 15 (the summer solstice) 1 the weight 1;12 cubits the shadow at 1 2/3 double-hours of daytime.
9 In month X, day 15 (the winter solstice) 1;30 <the weight> 1;48 cubits the shadow at 1 2/3 double-hours of daytime.

These two lines reveal the structure of the whole table of weights (times) and shadow lengths on BM 29371:

The ratio of the longest night to the shortest nightis 1;30 : 1 =3 : 2.
The ratio of the longest shadow to the shortest shadow is 1;48 : 1;12=9/5:6/5=3:2.

Between the extremes, the listed numbers representing the length of the night and the length of the shadow
1 2/3 (= 1;40) double-hours after sunrise form linear zigzag functions.

3.2.12 §12.A Colophon
W 3273 § 112: Colophon

[kil-i pi-i tup-pi gaba.ri/ According to an old tablet /

[x].ki "ri-mut-*a-nu dumu / [from x.] Rimut-Anu, son /

[S¢ “Jutu.si-na a 14 sanga.’mas / [of] Samas-iddin, descendant of Sangii-ninurta /
[x x] x ib-ri [wrote and ] checked it.

For an interesting discussion of the meaning and significance of this colophon, the interested reader is
referred to Ch. 8.3 in Robson, MAI (2008), in particular the enumeration of colophons in Table 8.2: Scholarly
Tablets of the Sangi-Ninurta Family in Fifth-Century Uruk.

The detailed discussion above of the text of W 23273 §§ 1-11 demonstrates the complexity of the text.
Furthermore, it clearly shows that the mathematical/metrological training in the Achaemenid period in fifth-
century Uruk was on a relatively high level, and that it was greatly influenced by Old Babylonian
mathematics and metrology, while it also possessed several new, independent and interesting features. This
result confirms what was learned from a discussion of the varied contents of the mathematical recombination
texts W 23291-x in Friberg, et al., BaM 21 (1990) and W 23291 in Friberg, BaM 28 (1997). Also W 23291-x
is one of the cuneiform texts from fifth-century Uruk mentioned in Robson’s Table 8.2.
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3.3 W 22309. A Small Fragment of a Metrological Recombination Text from
Achaemenid Uruk

331 W22309, obv. A Structure Table for Traditional Length Measures

W 22309 (Hunger, Uruk I (1976), no. 102) is a small fragment of what was once a relatively large
metrological table text. It was found at Uruk in the same excavation square as W 23281 (Ue XVIII/1) but
without any informative context. (See Robson, MAI (2008), 337.)

11 1 /-/1);—1/-:://—](//1 5 (j l\'lltlt‘:“ ‘\\X\}\&\\ﬁ
3 .’\\\\“
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a- an
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ta am-mat  puRNR
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),
e
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»

Fig. 3.3.1. W 22309, obv. Conform transliteration with a partial reconstruction of lost parts of the text.

The progressive series of cumulative structure tables in what remains of W 22309, obv. is of the same
kind as the series of structure tables in § 1 of W 23281 in Sec. 3.1.1 above.
However, the organization of the text into a proper table has been abandoned, and the terminology
W 22309, obv. differs thoroughly from that in W 23281 § 1, with
qu-u instead of dur, u-ba-an instead Su.si, 1/2 kus instead of u-tu, yet am-mat instead of kus, ta am-mat instead of i-na
am-ma-ti, 1/2 danna instead of zu-izu, danna instead of bé-é-ri, gi instead of ga-nu-u, yet gqa-ne-e instead of gi.mes,
and 1.us.gi.1.nindan (1 u$ ginindanakku) instead of Su-us-Sd-an.

In W 22309, obv., but not in W 23281 § 1, there is a line saying that 12 cubits = 1 rod, and the sub-table
Lp, in which the basic unit is the puridu, is not misplaced. Only the beginning of the subtable Lr is
preserved. The sub-tables La and LS are lost.

W 22309, obv. Tables Lc(fr.), Le, Lp, Lr, ... (reads from right to left)

[1 qu-u] [l 5e « [1/2 grain ] = 1 thread)]

2 qu-"t’ [8e]/ [a grain] = 2 threads
[2 1/2 Se] V5 u-ba-an « [1/2 finger ] = [212 grains]
s Se u-ba-lan]/ a finger = 5 grains
[10 u-ba-an] [1/3 ki « [1/3 cubit ] = J10 fingers]
[15 u-bal-an 12 kuis « 1/2 cubit = [I5 fing]ers
20 u-ba-jan] [2/3 kus] / [2/3 cubit] = 20 finge[rs]
[25 u-ba-an] [/ kus «] [5/6 cubit] = 25 fingers]
[30 u-ba-an] [am]-mat / [a cu]bit = [30 fingers]
[3 ta am-mat) [pu-ri-du «] [a puridu ] = I3 of a cubit]
[6] ta am-mat gli«] arefed ] = [6] of a cubit
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[12

[60

1 me 20
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7 lim 2 [me
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1/, danna
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1 danna

1 nindan /
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a suppan |
a rope]

1/3 danna]
1/2] danna
[2/3 danna ]
1 danna

[
[
[a sixty]-nindan-[re]ed
[
[

a su-up-pan
arope

a sixty-nindan-reed (?)
1/3 danna

1/2 danna

2/3 danna

1 danna

1 rod

a suppan

(-]

[12

[60

1 hundred 20

[7 hundred 20

7 thousand 2 [hundred
[10 thousand 8 hundred
14 thousand 4 [hundred
[21 thousand 6 hundred
10

2

4

20

40

2 hundred 40

2 thousand 4 hundred
3 thousand 6 hundred
4 thousand 8 hundred
7 thousand 2 hundred
2 reeds

10 reeds
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of a cubit ]
of a cubit]
of a cul[bit]
of a cubit]
of a cubit]
of a cubit]
of a cubit]
of a cublit

puridu
puridu
puridu
puridu
puridu
puridu
puridu
puridu

Factor diagrams for the sub-table Lc(fr.) and for the larger units of the system of traditional length
measure according to W 22309 are shown below. They should be compared with the corresponding factor
diagrams in the case of W 22381, § 1 (Figs. 3.1.3-4 above). Note, in particular, the (conjectured) addition of
a line for 5/6 cubit = 25 fingers (unfortunately lost in the fragment).

What is going on in the damaged part between the cubit section and the puridu section is not clear.

2
~~~~ <«— agmmatu<— 1/2ki§ <—45——

[1/3 kitg]

cubit

[2/3 kiig]

[5/6 kuig]

10

finger

ubdnu <2 [1/2 ubdanu)

2172

2

grain

qu
thread

Fig. 3.3.2. W 22309, obv. Factor diagram for fractions of the cubit. Traditional length measure (1 cubit = 30 fingers).
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[1.u8.]gi.l.n.«<— [a$lu] «— [suppan] <— ninda <— gi <«— puridu <— ammatu
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Fig. 3.3.3. W 22309, obv. Factor diagram for the larger units of traditional length measure (1 reed = 6 cubits).

332 W22309, rev. A Metrological Table for Traditional Capacity Measures

The three columns of the table are inscribed from left to right, which is very unusual on the reverse(?) of

a clay tablet.
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Like almost all other known Late Babylonian metrological cuneiform texts, the obverse of W 22309 is
written with each metrological equation in reverse order, as if the cuneiform text was a copy in cuneiform of
an original written in Aramaic, from right to left. Surprisingly, however, what remains of the text on the
reverse (Fig. 3.3.4 below) is written in the ordinary Old Babylonian way, from left to right. In each line of
the text, the capacity number is to the left and its value, as a sexagesimal multiple of the barig, to the right. In
addition, the system of capacity measure in the table on the reverse is clearly the traditional, Old Babylonian
system with a ban of 10 sila, and with multiples of the gur written as non-positional sexagesimal numbers
followed by the sign gur. The sexagesimal number 10(gés) = 10 - 60, for instance, is written with the
cuneiform sign ner. Therefore, W 22309 rev. seems to be, exceptionally, a Late Babylonian direct copy of an
Old Babylonian metrological table.

i i i
C [ | 2pg 4pp Se 24 1 14, gur 11°1%
p X | %bg 4on SL 25° | ]5;,& gur 1 105:
P X | bg S€ 301 1644 gur 12°
S ! 3pg lpn Se 317 1 17,4 gur |1 2°-i
| 1y sila 2° | 3pg 2bn S€ 327 | 18, gur 1371
1, sila 3° ! 3pg 3y, e 33 1 19,4  gur 13°5
! - So 2 A° S+ N
! 2/3 M‘la 4° i 3bg bn S€ 3 417 i 20g¢‘§ gur 140 !
! 1 ] S}l'd 1 3bg Stn Se 35