I.S. GRADSHTEYN
I. M. RYZHIK cngzn
TABLE OF

INTEGRALS, SERIES,
AND PRODUCTS

SEVENTH EDITION

Edited by Alan Jeffrey and Daniel Zwillinger



Table of Integrals, Series, and Products

Seventh Edition



This page intentionally left blank



Table of Integrals, Series, and Products

Seventh Edition

L.S. Gradshteyn and .M. Ryzhik

Alan Jeffrey, Editor
University of Newcastle upon Tyne, England

Daniel Zwillinger, Editor
Rensselaer Polytechnic Institute, USA

Translated from Russian by Scripta Technica, Inc.

AMSTERDAM e BOSTON ® HEIDELBERG ® LONDON
] NEW YORK ® OXFORD ® PARIS ® SAN DIEGO

A o SAN FRANCISCO ® SINGAPORE ® SYDNEY ® TOKYO ACADEMIC
ELSEVIER Academic Press is an imprint of Elsevier PRESS



Academic Press is an imprint of Elsevier

30 Corporate Drive, Suite 400, Burlington, MA 01803, USA

525 B Street, Suite 1900, San Diego, California 92101-4495, USA
84 Theobald’s Road, London WC1X 8RR, UK

This book is printed on acid-free paper. &
Copyright (©) 2007, Elsevier Inc. All rights reserved.

No part of this publication may be reproduced or transmitted in any form or by any
means, electronic or mechanical, including photocopy, recording, or any information
storage and retrieval system, without permission in writing from the publisher.

Permissions may be sought directly from Elsevier’s Science & Technology Rights
Department in Oxford, UK: phone: (+44) 1865 843830, fax: (+44) 1865 853333,
E-mail: permissions @elsevier.com. You may also complete your request online
via the Elsevier homepage (http://elsevier.com), by selecting “Support & Contact”
then “Copyright and Permission” and then “Obtaining Permissions.”

For information on all Elsevier Academic Press publications
visit our Web site at www.books.elsevier.com

ISBN-13: 978-0-12-373637-6
ISBN-10: 0-12-373637-4

PRINTED IN THE UNITED STATES OF AMERICA

07 08 09 10 11 9 8 7 6 5 4 3 2 1

Working together to grow
libraries in developing countries

www.elsevier.com | www.bookaid.org | www.sabre.org

ELSEVIER  BOOKAID  q,hre Foundation




Contents

0

1

Preface to the Seventh Edition
Acknowledgments

The Order of Presentation of the Formulas
Use of the Tables

Index of Special Functions

Notation

Note on the Bibliographic References

Introduction
0.1 Finite Sums. . . . . . . L
0.11 Progressions . . . . . . . . L
0.12 Sums of powers of natural numbers . . . . . . ... L oL
0.13 Sums of reciprocals of natural numbers . . . . . . .. ..o
0.14 Sums of products of reciprocals of natural numbers . . . . .. ... ... ...
0.15 Sums of the binomial coefficients . . . . . .. ... ... ... L.
0.2 Numerical Series and Infinite Products . . . . . . .. ... . ... ... ....
0.21 The convergence of numerical series . . . . . . .. ... L L.
0.22 Convergence tests . . . . . . . ...
0.23-0.24 Examples of numerical series . . . . . . . ...
0.25 Infinite products . . . . . . . L
0.26 Examples of infinite products . . . . . . . ... oL
0.3 Functional Series . . . . . . . . ..
0.30 Definitions and theorems . . . . . . . . . ... Lo L
0.31 Power series . . . . . . L
0.32 Fourier series . . . . . . . .
0.33 Asymptotic series . . . . . . . .o e
0.4 Certain Formulas from Differential Calculus . . . . . . .. .. .. .. ... ...
0.41 Differentiation of a definite integral with respect to a parameter. . . . . . . . .
0.42 The n'h derivative of a product (Leibniz'srule) . . . . . . ... ... ... ...
0.43 The nt" derivative of a composite function . . . . . .. ... ... ... ....
0.44 Integration by substitution . . . . . . ... oL Lo
Elementary Functions
1.1 Power of Binomials. . . . . . . . . . ..
1.11 Power series . . . . . . L
1.12 Series of rational fractions . . . . . . . .. ...
1.2 The Exponential Function . . . . . . . . .. ... ... ... ...

xxi
xxiil
XXvii
XXXI1
XXXIX
xliii
xlvii

= 00 O OO O W W WK = ==

25
25
25
26
26



vi CONTENTS
1.21 Series representation . . . . . . .. ... 26
1.22 Functional relations . . . . . . . . ... 27
1.23 Series of exponentials . . . . . ... L L 27
1.3-14 Trigonometric and Hyperbolic Functions . . . . . . ... .. ... ... ... 28
1.30 Introduction . . . . .. e 28
1.31 The basic functional relations . . . . . . . . . . ... L 28
1.32 The representation of powers of trigonometric and hyperbolic functions in terms
of functions of multiples of the argument (angle) . . . . . ... ... ... ... 31
1.33 The representation of trigonometric and hyperbolic functions of multiples of
the argument (angle) in terms of powers of these functions . . . . ... . ... 33
1.34 Certain sums of trigonometric and hyperbolic functions . . . . . . .. ... .. 36
1.35 Sums of powers of trigonometric functions of multiple angles . . . . . . . . .. 37
1.36 Sums of products of trigonometric functions of multiple angles . . . . . . . .. 38
1.37 Sums of tangents of multiple angles . . . . . . .. .. ... L. 39
1.38 Sums leading to hyperbolic tangents and cotangents . . . . . . . .. ... ... 39
1.39 The representation of cosines and sines of multiples of the angle as finite products 41
1.41 The expansion of trigonometric and hyperbolic functions in power series 42
1.42 Expansion in series of simple fractions . . . . . . .. ... ... ... ... 44
1.43 Representation in the form of an infinite product . . . . . . .. ... ... ... 45
1.44-1.45  Trigonometric (Fourier) series . . . . . . . ... ... ... L. 46
1.46 Series of products of exponential and trigonometric functions . . . . . . . . .. 51
1.47 Series of hyperbolic functions . . . . . .. .. ... oo 51
1.48 Lobachevskiy's “Angle of Parallelism” TI(z) . ... ... ... ... ...... 51
1.49 The hyperbolic amplitude (the Gudermannian) gdz . . . . . .. ... ... .. 52
1.5 The Logarithm . . . . . . . . . . 53
1.51 Series representation . . . . . ... L 53
1.52 Series of logarithms (cf. 1.431) . . . . . .. . . ... 55
1.6 The Inverse Trigonometric and Hyperbolic Functions . . . . . . . . . ... ... 56
1.61 The domain of definition . . . . . . . . . ... 56
1.62-1.63 Functional relations . . . . . . . . . .. 56
1.64 Series representations . . . . .. L. oL 60
2 Indefinite Integrals of Elementary Functions 63
2.0 Introduction . . . . .. 63
2.00 General remarks . . . . .o 63
2.01 The basicintegrals . . . . . . . . . . 64
2.02 General formulas . . . . . . .. 65
2.1 Rational Functions . . . . . . . . . ... 66
2.10 General integration rules . . . . . . ..o 66
2.11-2.13 Forms containing the binomial a +bx* . . . . . . ... ... ... ..., ... 68
2.14 Forms containing the binomial 1 2™ . . . . .. ... ... ... ... ... 74
2.15 Forms containing pairs of binomials: a +bxr anda+0x . . . . . .. ... ... 78
2.16 Forms containing the trinomial a +bx* +cz?® . . . . .. ... ... ... ... 78
2.17 Forms containing the quadratic trinomial a 4 bz + cx? and powers of z 79
2.18 Forms containing the quadratic trinomial a + bz + cz? and the binomial o + Bz 81
2.2 Algebraic Functions . . . . . ... oL Lo 82
2.20 Introduction . . . . . . 82
2.21 Forms containing the binomial a +bz* and /2 . . . .. ... ... ... ... 83



CONTENTS vii

2.22-2.23  Forms containing ¥/(a+bx)* . . . . . ... 84

2.24 Forms containing v/a + bx and the binomial o« + 08z . . . . . .. ... ... .. 88

2.25 Forms containing vVa +bx +cx? . . . . ... 92

2.26 Forms containing va + bz + cx? and integral powersof o . . . . . . . ... .. 94

2.27 Forms containing va + cz2? and integral powersof x . . . . . . . ... ... .. 99

2.28 Forms containing va + bx + cx? and first- and second-degree polynomials . . . 103

2.29 Integrals that can be reduced to elliptic or pseudo-elliptic integrals . . . . . . . 104

2.3 The Exponential Function . . . . . . . .. ... oo 106

2.31 Forms containing e® . . . . . . Lo 106

2.32 The exponential combined with rational functionsof . . . . . . . .. ... .. 106

2.4 Hyperbolic Functions . . . . . . . . . . . . . 110

2.41-2.43 Powers of sinh x, coshz, tanhz, and cothz . . . . . . .. ... ... .. ... 110

2.44-2.45 Rational functions of hyperbolic functions . . . . . . ... ... ... ..... 125

2.46 Algebraic functions of hyperbolic functions . . . . . . .. .. .. ... ... .. 132

2.47 Combinations of hyperbolic functions and powers . . . . . .. ... ... ... 139

2.48 Combinations of hyperbolic functions, exponentials, and powers . . . . . . . .. 148

2.5-2.6 Trigonometric Functions . . . . . . . . .. ... L Lo 151

2.50 Introduction . . . . .. 151

2.51-2.52 Powers of trigonometric functions . . . . . . . ... oo oL 151
2.53-2.54 Sines and cosines of multiple angles and of linear and more complicated func-

tions of the argument . . . . . ..o oL 161

2.55-2.56 Rational functions of the sine and cosine . . . . . . . ... ... ... ..... 171

2.57 Integrals containing v/a £ bsinx or v/aftbcosx . . . . . ... ... ... ... 179

2.58-2.62 Integrals reducible to elliptic and pseudo-elliptic integrals . . . . . . . ... .. 184

2.63-2.65 Products of trigonometric functions and powers . . . . . . .. ... ... .. 214

2.66 Combinations of trigonometric functions and exponentials . . . . . . . ... .. 227

2.67 Combinations of trigonometric and hyperbolic functions . . . . . . .. ... .. 231

2.7 Logarithms and Inverse-Hyperbolic Functions . . . . . . . . .. ... ... ... 237

2.71 The logarithm . . . . . . .. o 237

2.72-2.73  Combinations of logarithms and algebraic functions . . . . ... .. ... ... 238

2.74 Inverse hyperbolic functions . . . . . . . . . ... 240

2.8 Inverse Trigonometric Functions . . . . . . . . .. .. ... .. .. ... .. 241

2.81 Arcsines and arccosines . . . .. ... ..o 241

2.82 The arcsecant, the arccosecant, the arctangent, and the arccotangent . . . . . 242

2.83 Combinations of arcsine or arccosine and algebraic functions. . . . . . . .. .. 242

2.84 Combinations of the arcsecant and arccosecant with powersof z . . . . . . .. 244

2.85 Combinations of the arctangent and arccotangent with algebraic functions . . . 244

3—4 Definite Integrals of Elementary Functions 247

3.0 Introduction . . . . ..o 247

3.01 Theorems of a general nature . . . . . . . . . ... L L 247

3.02 Change of variable in a definite integral . . . . . . . ... .. ... ... .. 248

3.03 General formulas . . . . . . L 249

3.04 Improper integrals . . . . . ... 251

3.05 The principal values of improper integrals . . . . . . ... ... ... .. .... 252

3.1-3.2 Power and Algebraic Functions . . . . . . .. ... .. oL 253

3.11 Rational functions . . . . . . . ... L 253



viii CONTENTS

3.12 Products of rational functions and expressions that can be reduced to square
roots of first- and second-degree polynomials . . . . . . .. ... ... ... 254

3.13-3.17 Expressions that can be reduced to square roots of third- and fourth-degree
polynomials and their products with rational functions . . . . . . . ... .. .. 254

3.18 Expressions that can be reduced to fourth roots of second-degree polynomials
and their products with rational functions. . . . . . . .. ... ... ... ... 313
3.19-3.23 Combinations of powers of 2 and powers of binomials of the form (a + ) 315
3.24-3.27 Powers of x, of binomials of the form a + GzP and of polynomialsinz . . . . . 322
3.3-34 Exponential Functions . . . . . . .. .o oo 334
3.31 Exponential functions . . . . . . ... 334
3.32-3.34 Exponentials of more complicated arguments . . . . . . . . ... ... ... .. 336
3.35 Combinations of exponentials and rational functions . . . . . . ... ... ... 340
3.36-3.37  Combinations of exponentials and algebraic functions . . . . . ... ... ... 344
3.38-3.39 Combinations of exponentials and arbitrary powers . . . . . . . ... ... ... 346
3.41-3.44  Combinations of rational functions of powers and exponentials . . . . . .. .. 353
3.45 Combinations of powers and algebraic functions of exponentials . . . . . . . .. 363
3.46-3.48 Combinations of exponentials of more complicated arguments and powers 364
3.5 Hyperbolic Functions . . . . . . . . . . ... . 371
3.51 Hyperbolic functions . . . . . . . . . ... Lo 371
3.52-3.53  Combinations of hyperbolic functions and algebraic functions . . . . .. .. .. 375
3.54 Combinations of hyperbolic functions and exponentials . . . . . ... ... .. 382
3.55-3.56 Combinations of hyperbolic functions, exponentials, and powers . . . . . . . .. 386
3.6-4.1 Trigonometric Functions . . . . . . . . ... L L 390

3.61 Rational functions of sines and cosines and trigonometric functions of multiple
angles . . . . 390
3.62 Powers of trigonometric functions . . . . . . ... ... oL oL 395
3.63 Powers of trigonometric functions and trigonometric functions of linear functions 397
3.64-3.65  Powers and rational functions of trigonometric functions . . . . . . . ... ... 401
3.66 Forms containing powers of linear functions of trigonometric functions . . . . . 405
3.67 Square roots of expressions containing trigonometric functions . . . . . . . .. 408
3.68 Various forms of powers of trigonometric functions . . . . . . . . . ... .. .. 411
3.69-3.71  Trigonometric functions of more complicated arguments . . . . . . .. ... .. 415
3.72-3.74  Combinations of trigonometric and rational functions . . . . . .. .. ... .. 423
3.75 Combinations of trigonometric and algebraic functions . . . . . . .. ... ... 434
3.76-3.77  Combinations of trigonometric functions and powers . . . . . . . ... ... .. 436
3.78-3.81 Rational functions of x and of trigonometric functions . . . . . . . .. ... .. 447
3.82-3.83 Powers of trigonometric functions combined with other powers . . . . . . . .. 459
3.84 Integrals containing \/1 — k2 sin® x, v/1 — k2 cos? z, and similar expressions . . 472
3.85-3.88 Trigonometric functions of more complicated arguments combined with powers 475
3.89-3.91 Trigonometric functions and exponentials . . . . . . . . ... ... ... ... 485

3.92 Trigonometric functions of more complicated arguments combined with expo-
nentials . . . . . L 493
3.93 Trigonometric and exponential functions of trigonometric functions . . . . . . . 495
3.94-3.97  Combinations involving trigonometric functions, exponentials, and powers 497
3.98-3.99  Combinations of trigonometric and hyperbolic functions . . . . . . . ... ... 509
4.11-4.12  Combinations involving trigonometric and hyperbolic functions and powers . . . 516
4.13 Combinations of trigonometric and hyperbolic functions and exponentials. . . . 522



CONTENTS ix

4.14 Combinations of trigonometric and hyperbolic functions, exponentials, and powers 525
4.2-44 Logarithmic Functions . . . . . . . . . .. . ... 527
4.21 Logarithmic functions . . . . . . . . . ... L L 527
4.22 Logarithms of more complicated arguments . . . . . . . . .. .. ... ... .. 529
4.23 Combinations of logarithms and rational functions . . . . . .. ... ... ... 535
4.24 Combinations of logarithms and algebraic functions . . . . ... ... ... .. 538
4.25 Combinations of logarithms and powers . . . . . . . . . ... ... ... .... 540
4.26-4.27  Combinations involving powers of the logarithm and other powers . . . . . . .. 542
4.28 Combinations of rational functions of Inx and powers . . . . . . .. ... ... 553
4.29-4.32 Combinations of logarithmic functions of more complicated arguments and powers 555
4.33-4.34  Combinations of logarithms and exponentials . . . . . . ... .. ... ..... 571
4.35-4.36  Combinations of logarithms, exponentials, and powers . . . . . . ... ... .. 573
4.37 Combinations of logarithms and hyperbolic functions. . . . . . . .. ... ... 578
4.38-4.41 Logarithms and trigonometric functions . . . . . . . . ... .. ... ... .. 581
4.42-4.43  Combinations of logarithms, trigonometric functions, and powers . . . . . . .. 594
4.44 Combinations of logarithms, trigonometric functions, and exponentials . . . . . 599
4.5 Inverse Trigonometric Functions . . . . . . . ... . ... .. L. 599
4.51 Inverse trigonometric functions . . . . . . .. ... oL L 599
4.52 Combinations of arcsines, arccosines, and powers . . . . . . . . .. ... .. .. 600
4.53-4.54 Combinations of arctangents, arccotangents, and powers. . . . . . . ... ... 601
4.55 Combinations of inverse trigonometric functions and exponentials . . . . . . .. 605
4.56 A combination of the arctangent and a hyperbolic function . . . . . ... ... 605
4.57 Combinations of inverse and direct trigonometric functions . . . . . .. .. .. 605

4.58 A combination involving an inverse and a direct trigonometric function and a
POWEN . . v v v e e e e e e e e e e 607
4.59 Combinations of inverse trigonometric functions and logarithms . . . . . . . .. 607
4.6 Multiple Integrals . . . . . . . . . L 607
4.60 Change of variables in multiple integrals . . . . . . ... ... ... ...... 607
4.61 Change of the order of integration and change of variables . . . . . ... ... 608
4.62 Double and triple integrals with constant limits. . . . . . . . ... ... .... 610
4.63-4.64 Multiple integrals . . . . . . . . . . 612
5 Indefinite Integrals of Special Functions 619
5.1 Elliptic Integrals and Functions . . . . . . .. .. ... ... ... ... 619
5.11 Complete elliptic integrals . . . . . . . . . . ... .. 619
5.12 Ellipticintegrals . . . . . . . . . . . 621
5.13 Jacobian elliptic functions . . . . . ... ..o 623
5.14 Weierstrass elliptic functions . . . . . . . . . ... oL 626
5.2 The Exponential Integral Function . . . . . . . .. ... ... ... ... .. 627
5.21 The exponential integral function . . . . . . . . ... ... . L. 627
5.22 Combinations of the exponential integral function and powers . . . . . . . . .. 627
5.23 Combinations of the exponential integral and the exponential . . . . . . .. .. 628
5.3 The Sine Integral and the Cosine Integral . . . . . . . ... ... ... ..... 628
5.4 The Probability Integral and Fresnel Integrals. . . . . . . .. .. ... .. ... 629

5.5 Bessel Functions . . . . . . . . ... 629



CONTENTS

6—7 Definite Integrals of Special Functions

6.1
6.11
6.12
6.13
6.14-6.15
6.16
6.17
6.2-6.3
6.21
6.22-6.23
6.24-6.26
6.27
6.28-6.31
6.32
6.4
6.41
6.42
6.43
6.44
6.45
6.46-6.47
6.5-6.7
6.51
6.52
6.53-6.54
6.55
6.56-6.58
6.59
6.61
6.62-6.63
6.64

6.65

6.66
6.67-6.68
6.69-6.74
6.75
6.76
6.77
6.78
6.79
6.8
6.81
6.82
6.83

Elliptic Integrals and Functions . . . . . . . ... .. ... ... ... ..
Forms containing F'(z, k) . . . . . . .
Forms containing E(x,k) . . . . . . .«
Integration of elliptic integrals with respect to the modulus . . . . . . ... ..
Complete elliptic integrals . . . . . . . . . . . ...
The theta function . . . . . . . . . .
Generalized ellipticintegrals . . . . . . . .. ... oo
The Exponential Integral Function and Functions Generated by It . . . . . . ..
The logarithm integral . . . . . . . . . . . ..
The exponential integral function . . . . . . . ... ... ... ... ...,
The sine integral and cosine integral functions . . . . .. ... ... .. ... ..
The hyperbolic sine integral and hyperbolic cosine integral functions . . . . . .
The probability integral . . . . . . ... oo
Fresnel integrals . . . . . . . . . . .
The Gamma Function and Functions Generated by It . . . . . ... ... ...
The gamma function . . . . . . . . .. Lo
Combinations of the gamma function, the exponential, and powers . . . . . . .
Combinations of the gamma function and trigonometric functions . . . . . . . .
The logarithm of the gamma function® . . . . . . .. .. ... .. ... ....
The incomplete gamma function . . . . . . . . .. ... ... ... ... ...
The function ¥(x) . . . . . . .. L
Bessel Functions . . . . . . . . .
Bessel functions . . . . .. Lo
Bessel functions combined with z and 22 . . . . . .. ... ... ... .....
Combinations of Bessel functions and rational functions . . . . . . ... .. ..
Combinations of Bessel functions and algebraic functions . . . . ... ... ..
Combinations of Bessel functions and powers . . . . . . . . . ... .. .. ...

Combinations of powers and Bessel functions of more complicated arguments

Combinations of Bessel functions and exponentials . . . . . . .. ... ... ..
Combinations of Bessel functions, exponentials, and powers . . . . . . ... ..

Combinations of Bessel functions of more complicated arguments, exponentials,

and POWErS . . . . ..

Combinations of Bessel and exponential functions of more complicated argu-

ments and POWErS . . . . . . ... e e e e
Combinations of Bessel, hyperbolic, and exponential functions . . . . . . . . ..
Combinations of Bessel and trigonometric functions . . . . . . ... ... ...
Combinations of Bessel and trigonometric functions and powers . . . . . . . ..

Combinations of Bessel, trigonometric, and exponential functions and powers

Combinations of Bessel, trigonometric, and hyperbolic functions . . . . . . . .
Combinations of Bessel functions and the logarithm, or arctangent . . . . . . .
Combinations of Bessel and other special functions. . . . . . . ... ... ...
Integration of Bessel functions with respect to the order . . . . . . . . ... ..
Functions Generated by Bessel Functions . . . . . . . ... .. ... ... ...
Struve functions . . . . . ...
Combinations of Struve functions, exponentials, and powers . . . . . . ... ..
Combinations of Struve and trigonometric functions . . . . . . . ... ... ..

631
631
631
632
632
632
633
635
636
636
638
639
644
645
649
650
650
652
655
656
657
658
659
659
664
670
674
675
689
694
699

708

711
713
717
727
742
47
747
748
749
753
753
754
755



CONTENTS xi
6.84-6.85  Combinations of Struve and Bessel functions . . . . . ... ... ... ..... 756
6.86 Lommel functions . . . . . . ... 760
6.87 Thomson functions . . . . . . . . ... L 761
6.9 Mathieu Functions . . . . . . .. .. Lo 763
6.91 Mathieu functions . . . . . . . L. 763
6.92 Combinations of Mathieu, hyperbolic, and trigonometric functions . . . . . . . 763
6.93 Combinations of Mathieu and Bessel functions . . . . . .. ... ... .. ... 767
6.94 Relationships between eigenfunctions of the Helmholtz equation in different
coordinate systems . . . . . L. oL 767
7.1-7.2 Associated Legendre Functions . . . . .. ... oL L Lo Lo 769
7.11 Associated Legendre functions . . . . . .. ..o Lo 769
7.12-7.13  Combinations of associated Legendre functions and powers . . . . .. ... .. 770
7.14 Combinations of associated Legendre functions, exponentials, and powers 776
7.15 Combinations of associated Legendre and hyperbolic functions . . . . . .. .. 778
7.16 Combinations of associated Legendre functions, powers, and trigonometric
functions . . . . . L 779
7.17 A combination of an associated Legendre function and the probability integral . 781
7.18 Combinations of associated Legendre and Bessel functions . . . . . . . ... .. 782
7.19 Combinations of associated Legendre functions and functions generated by
Bessel functions . . . . . .. L L 787
7.21 Integration of associated Legendre functions with respect to the order . . . . . 788
7.22 Combinations of Legendre polynomials, rational functions, and algebraic functions 789
7.23 Combinations of Legendre polynomials and powers . . . . . . . ... ... ... 791
7.24 Combinations of Legendre polynomials and other elementary functions . . . . . 792
7.25 Combinations of Legendre polynomials and Bessel functions . . . . . . . .. .. 794
7.3-7.4 Orthogonal Polynomials . . . . . . . . .. ... ... . 795
7.31 Combinations of Gegenbauer polynomials C(z) and powers . . . . ... ... 795
7.32 Combinations of Gegenbauer polynomials C¥(z) and elementary functions . . . 797
7.325% Complete System of Orthogonal Step Functions . . . . . ... ... ... ... 798
7.33 Combinations of the polynomials C (x) and Bessel functions; Integration of
Gegenbauer functions with respect to theindex . . . . .. .. ... ... ... 798
7.34 Combinations of Chebyshev polynomials and powers . . . . . . . ... ... .. 800
7.35 Combinations of Chebyshev polynomials and elementary functions . . . . . . . 802
7.36 Combinations of Chebyshev polynomials and Bessel functions . . . . . . .. .. 803
7.37-7.38 Hermite polynomials . . . . . . . . . . .. L 803
7.39 Jacobi polynomials . . . . . . ... o 806
7.41-7.42 Laguerre polynomials. . . . . . . .. ..o 808
7.5 Hypergeometric Functions . . . . . . . . . . . .. L o 812
7.51 Combinations of hypergeometric functions and powers . . . . . . . . ... ... 812
7.52 Combinations of hypergeometric functions and exponentials . . . . . . . .. .. 814
7.53 Hypergeometric and trigonometric functions . . . . . . .. .. . ... ... .. 817
7.54 Combinations of hypergeometric and Bessel functions . . . . . ... ... ... 817
7.6 Confluent Hypergeometric Functions . . . . . . . ... .. ... ... ..... 820
7.61 Combinations of confluent hypergeometric functions and powers . . . . . . .. 820
7.62-7.63  Combinations of confluent hypergeometric functions and exponentials . . . . . 822
7.64 Combinations of confluent hypergeometric and trigonometric functions . . . . . 829
7.65 Combinations of confluent hypergeometric functions and Bessel functions 830



xii CONTENTS
7.66 Combinations of confluent hypergeometric functions, Bessel functions, and powers 831
7.67 Combinations of confluent hypergeometric functions, Bessel functions, expo-
nentials, and powers . . . . . . .. L L e 834
7.68 Combinations of confluent hypergeometric functions and other special functions 839
7.69 Integration of confluent hypergeometric functions with respect to the index 841
7.7 Parabolic Cylinder Functions . . . . . . . . . ... . ... ... ... 841
7.71 Parabolic cylinder functions . . . . . . ... L oL oo 841
7.72 Combinations of parabolic cylinder functions, powers, and exponentials . . . . . 842
7.73 Combinations of parabolic cylinder and hyperbolic functions . . . . . . . .. .. 843
7.74 Combinations of parabolic cylinder and trigonometric functions . . . . . . . .. 844
7.75 Combinations of parabolic cylinder and Bessel functions . . . . . ... ... .. 845
7.76 Combinations of parabolic cylinder functions and confluent hypergeometric
functions . . . . . L 849
.77 Integration of a parabolic cylinder function with respect to the index . . . . . . 849
7.8 Meijer's and MacRobert’s Functions (Gand E) . . . ... ... ... ..... 850
7.81 Combinations of the functions G and E and the elementary functions . . . . . 850
7.82 Combinations of the functions G and F and Bessel functions . . . . . ... .. 854
7.83 Combinations of the functions G' and E and other special functions. . . . . . . 856
8-9 Special Functions 859
8.1 Elliptic Integrals and Functions . . . . . . . ... .. ... ... ... .. 859
8.11 Ellipticintegrals . . . . . . . . . . 859
8.12 Functional relations between elliptic integrals . . . . . . .. .. ... ... ... 863
8.13 Elliptic functions . . . . . . . . . . 865
8.14 Jacobian elliptic functions . . . . . . . ... 866
8.15 Properties of Jacobian elliptic functions and functional relationships between them 870
8.16 The Weierstrass function @(u) . . . . . . . .. oo 873
8.17 The functions (u) and o(u) . . . . . ... 876
8.18-8.19 Theta functions . . . . . . . Lo 877
8.2 The Exponential Integral Function and Functions Generated by It . . . . . . .. 883
8.21 The exponential integral function Ei(x) . . . . . .. ... ... ... ... .. 883
8.22 The hyperbolic sine integral shix and the hyperbolic cosine integral chix 886
8.23 The sine integral and the cosine integral: siz andciz . . . . .. ... ... .. 886
8.24 The logarithm integral li(z) . . . . . ... ... .. o o 887
8.25 The probability integral ®(z), the Fresnel integrals S(z) and C(x), the error
function erf(x), and the complementary error function erfc(z) . ... ... .. 887
8.26 Lobachevskiy's function L{x) . . . . .. ... ... ... ... .. 891
8.3 Euler’s Integrals of the First and Second Kinds . . . . . . . ... .. ... ... 892
8.31 The gamma function (Euler’s integral of the second kind): T'(z) . . ... ... 892
8.32 Representation of the gamma function as series and products . . . . . . .. .. 894
8.33 Functional relations involving the gamma function . . . . . . . ... ... ... 895
8.34 The logarithm of the gamma function. . . . . . . .. .. ... ... .. .... 898
8.35 The incomplete gamma function . . . . . . . . ... L L. 899
8.36 The psi function () . . . . . . oL 902
8.37 The function B(z) . . . . . . .. L 906
8.38 The beta function (Euler's integral of the first kind): B(xz,y) . . . .. ... .. 908
8.39 The incomplete beta function B, (p,q) . . . . .« . . . .o 910
8.4-8.5 Bessel Functions and Functions Associated with Them . . . . . . . . ... ... 910



CONTENTS xiii
8.40 Definitions . . . . . . . L 910
8.41 Integral representations of the functions J,(z) and N, (2) . . . ... ... ... 912
8.42 Integral representations of the functions H,El)(z) and Hl(,2)(z) .......... 914
8.43 Integral representations of the functions I,,(z) and K, (z) . . ... ... . ... 916
8.44 Series representation . . . . . . ... 918
8.45 Asymptotic expansions of Bessel functions . . . . . ... ... ... ... ... 920
8.46 Bessel functions of order equal to an integer plus one-half . . . . . .. ... .. 924
8.47-8.48 Functional relations . . . . . . . . ... L 926
8.49 Differential equations leading to Bessel functions . . . . . . ... .. ... ... 931
8.51-8.52  Series of Bessel functions . . . . .. ..o oL 933
8.53 Expansion in products of Bessel functions . . . . . . .. .. ... ... ..... 940
8.54 The zeros of Bessel functions . . . . . . . . . ... ... L. 941
8.55 Struve functions . . . . . ... L 942
8.56 Thomson functions and their generalizations . . . . . ... ... ... ... .. 944
8.57 Lommel functions . . . . . . .. Lo 945
8.58 Anger and Weber functions J,(z) and E,(2) . . . . . .. ... ... .. 948
8.59 Neumann'’s and Schléfli's polynomials: O,,(z) and S,,(2) . .. ... ... ... 949

8.6 Mathieu Functions . . . . . . . . ... 950
8.60 Mathieu's equation . . . . . . . . L 950
8.61 Periodic Mathieu functions . . . . . . . . ... o 951
8.62 Recursion relations for the coefficients Agin), AgT{l), BST{U, BSTQ_Q) oo 951
8.63 Mathieu functions with a purely imaginary argument . . . . . . . . .. ... .. 952
8.64 Non-periodic solutions of Mathieu's equation . . . . . . . . .. ... ... ... 953
8.65 Mathieu functions for negative ¢ . . . . . . . ... Lo L 953
8.66 Representation of Mathieu functions as series of Bessel functions . . . . . . .. 954
8.67 The general theory . . . . . . . . . oL 957
8.7-8.8 Associated Legendre Functions . . . . .. ... oL L Lo oL 958
8.70 Introduction . . . . ... L 958
8.71 Integral representations . . . . . . . ... Lo 960
8.72 Asymptotic series for large valuesof || . . . . . . ... L oL 962
8.73-8.74 Functional relations . . . . . . . .. oL 964
8.75 Special cases and particular values . . . . .. ... oL 968
8.76 Derivatives with respect totheorder . . . . . . . . . . .. ... L. 969
8.77 Series representation . . . . . . .. L. 970
8.78 The zeros of associated Legendre functions . . . . . . .. .. ... ... .... 972
8.79 Series of associated Legendre functions . . . . . . .. .. ... ... 972
8.81 Associated Legendre functions with integer indices . . . . . . . ... ... ... 974
8.82-8.83 Legendre functions . . . . . . . . . ... 975
8.84 Conical functions . . . . . . . . . . L 980
8.85 Toroidal functions . . . . . . . .. 981
8.9 Orthogonal Polynomials . . . . . ... ... ... .. .. 982
8.90 Introduction . . . . ..o 982
8.91 Legendre polynomials . . . . . . . . .. L 983
8.919 Series of products of Legendre and Chebyshev polynomials . . . . . ... ... 988
8.92 Series of Legendre polynomials . . . . . . . .. ... oL 988
8.93 Gegenbauer polynomials CM(t) . . . . . . .. 990
8.94 The Chebyshev polynomials T),(z) and Uy, (z) . . . . .. ... ... ... ... 993



xiv CONTENTS
8.95 The Hermite polynomials H,(x) . . . . . .. .. ... ... . ... ..... 996
8.96 Jacobi's polynomials . . . . .. Lo 998
8.97 The Laguerre polynomials . . . . . . . .. .. Lo 1000
9.1 Hypergeometric Functions . . . . . . . . . . ... oo o 1005
9.10 Definition . . . . . . . . L 1005
9.11 Integral representations . . . . . .. ... Lo 1005
9.12 Representation of elementary functions in terms of a hypergeometric functions . 1006

9.13 Transformation formulas and the analytic continuation of functions defined by
hypergeometric series . . . . . . . . Lo 1008
9.14 A generalized hypergeometric series . . . . . . . .. .. oL 1010
9.15 The hypergeometric differential equation . . . . . . . . ... ... ... .... 1010
9.16 Riemann's differential equation . . . . . . . . . ... L. 1014

9.17 Representing the solutions to certain second-order differential equations using
a Riemannscheme . . . . . . ... 1017
9.18 Hypergeometric functions of two variables . . . . . . ... ... .. ... ... 1018
9.19 A hypergeometric function of several variables . . . . . ... ... ... .... 1022
9.2 Confluent Hypergeometric Functions . . . . . . . .. .. ... ... ...... 1022
9.20 Introduction . . . . .. L 1022
9.21 The functions ®(a,v;2) and U(a,y;2) .« . o o o v oo o 1023
9.22-9.23  The Whittaker functions M) ,(z) and W ,(2) . . . . . . ... ... ... ... 1024
9.24-9.25  Parabolic cylinder functions D,(z) . . . . .. ... ..o 1028
9.26 Confluent hypergeometric series of two variables . . . . . . .. ... ... ... 1031
9.3 Meijer's G-Function . . . . . . . . .. 1032
9.30 Definition . . . . . . . L 1032
9.31 Functional relations . . . . . . . . . L 1033
9.32 A differential equation for the G-function . . . . . . . ... .. ... .. .... 1034
9.33 Series of G-functions . . . . . . . ... L 1034
9.34 Connections with other special functions . . . . . . . ... ... ... ..... 1034
9.4 MacRobert's E-Function . . . . . . . . .. .o 1035
9.41 Representation by means of multiple integrals . . . . . .. .. ... ... ... 1035
9.42 Functional relations . . . . . . . .. L 1035
9.5 Riemann’s Zeta Functions ((z, ¢) and ¢((z), and the Functions ®(z, s,v) and £(s) 1036
9.51 Definition and integral representations . . . . . . . ... ... L. 1036
9.52 Representation as a series or as an infinite product . . . . . . . . ... ... .. 1037
9.53 Functional relations . . . . . . . . .. 1037
9.54 Singular points and zeros . . . . ... 1038
9.55 The Lerch function ®(z,s,v) . . . . ... ... ..o 1039
9.56 The function £(s) . . . . . . . . 1040
9.6 Bernoulli Numbers and Polynomials, Euler Numbers . . . . . . ... ... ... 1040
9.61 Bernoulli numbers . . . . . ..o L 1040
9.62 Bernoulli polynomials . . . . . . .. ..o 1041
9.63 Euler numbers . . . . . ..o 1043
9.64 The functions v(x), v(z, a), p(z,B), p(z, B, a), and AM(z,y) . . . .. ... .. 1043
9.65 Euler polynomials . . . . . . ..o 1044
9.7 Constants . . . . . . . . . 1045
9.71 Bernoulli numbers . . . . . .. Lo 1045
9.72 Euler numbers . . . . . ..o 1045



CONTENTS XV
9.73 Euler's and Catalan’s constants . . . . . . . .. ... ... ... 1046

9.74 Stirling numbers . . . ... 1046

10 Vector Field Theory 1049
10.1-10.8 Vectors, Vector Operators, and Integral Theorems . . . . . . . ... ... ... 1049
10.11 Products of vectors . . . . . . . . . 1049
10.12 Properties of scalar product . . . . . . . . ... oL 1049
10.13 Properties of vector product . . . . . . . . ... 1049
10.14 Differentiation of vectors . . . . . . . . .. . L 1050
10.21 Operators grad, div, and curl . . . . . . . ... 1050
10.31 Properties of the operator V.. . . . . . . . .. 1051
10.41 Solenoidal fields . . . . . . . . ... 1052
10.51-10.61 Orthogonal curvilinear coordinates . . . . . . . . .. .. .. ... ... ... . 1052
10.71-10.72 Vector integral theorems . . . . . . . . .. L L Lo 1055
10.81 Integral rate of change theorems . . . . . . . .. .. ... ... L. 1057

11  Algebraic Inequalities 1059
11.1-11.3 General Algebraic Inequalities . . . . . . . . . . ... .. 1059
11.11 Algebraic inequalities involving real numbers . . . . . .. ..o 1059
11.21 Algebraic inequalities involving complex numbers . . . . . . .. ... oL 1060
11.31 Inequalities for sets of complex numbers . . . . . . .. ..o 1061

12 Integral Inequalities 1063
12.11 Mean Value Theorems . . . . . . . . . . . . . 1063
12.111 First mean value theorem . . . . . . . . . ... Lo 1063
12.112 Second mean value theorem . . . . . . . ... o 1063
12.113 First mean value theorem for infinite integrals . . . . . . .. ... ... .... 1063
12.114 Second mean value theorem for infinite integrals . . . . . . .. ... ... ... 1064
12.21 Differentiation of Definite Integral Containing a Parameter . . . . . . ... .. 1064
12.211 Differentiation when limits are finite. . . . . . . . ... ... .. 1064
12.212 Differentiation when a limit is infinite . . . . . . . ... ... 0. 1064
12.31 Integral Inequalities . . . . . . . .. oL 1064
12.311 Cauchy-Schwarz-Buniakowsky inequality for integrals . . . . . . .. ... ... 1064
12.312 Holder's inequality for integrals . . . . . . . . . . .. ... L. 1064
12.313 Minkowski's inequality for integrals . . . . . . . ... ... . L. 1065
12.314 Chebyshev's inequality for integrals . . . . . . . . .. ... ... ... ..., . 1065
12.315 Young's inequality for integrals . . . . . . ... .. oL 1065
12.316 Steffensen’s inequality for integrals . . . . . . . ... .. ... ... ..., 1065
12.317 Gram’'s inequality forintegrals . . . . . . . . ... Lo oo 1065
12.318 Ostrowski's inequality for integrals . . . . . .. ... ... ... ... ... .. 1066
12.41 Convexity and Jensen's Inequality . . . . . . . . . ... .. L. 1066
12.411 Jensen'sinequality . . . . ... L Lo 1066
12.412 Carleman’s inequality for integrals . . . . . . .. .. ... ... .. ... 1066
12.51 Fourier Series and Related Inequalities . . . . .. .. ... ... ... ..... 1066
12.511 Riemann-Lebesgue lemma . . . . . . . ... oo oo 1067
12.512 Dirichlet lemma . . . . . . . . . 1067
12.513 Parseval's theorem for trigonometric Fourier series . . . . . . . ... ... ... 1067
12.514 Integral representation of the n'" partial sum . . . . ... ... ... ...... 1067



xvi

CONTENTS

13

14

12.515
12.516
12.517

Matrices and Related Results
Special Matrices
Diagonal matrix
Identity matrix and null matrix
Reducible and irreducible matrices
Equivalent matrices

Transpose of a matrix
Adjoint matrix
Inverse matrix
Trace of a matrix
Symmetric matrix
Skew-symmetric matrix
Triangular matrices
Orthogonal matrices
Hermitian transpose of a matrix
Hermitian matrix
Unitary matrix
Eigenvalues and eigenvectors
Nilpotent matrix
Idempotent matrix
Positive definite
Non-negative definite
Diagonally dominant
Quadratic Forms
Sylvester's law of inertia
Rank . . ... ..o

13.11-13.12
13.111
13.112
13.113
13.114
13.115
13.116
13.117
13.118
13.119
13.120
13.121
13.122
13.123
13.124
13.125
13.126
13.127
13.128
13.129
13.130
13.131

13.21
13.211
13.212
13.213
13.214
13.215

13.31

13.41
3.411

Determinants
14.11
14.12
14.13
14.14
14.15"
14.16
14.17
14.18
14.21
14.31

Generalized Fourier series
Bessel's inequality for generalized Fourier series
Parseval's theorem for generalized Fourier series

Signature

Positive definite and semidefinite quadratic form
Basic theorems on quadratic forms
Differentiation of Matrices
The Matrix Exponential
Basic properties

Expansion of Second- and Third-Order Determinants
Basic Properties
Minors and Cofactors of a Determinant
Principal Minors
Laplace Expansion of a Determinant
Jacobi's Theorem
Hadamard’s Theorem
Hadamard'’s Inequality
Cramer's Rule
Some Special Determinants



CONTENTS xvii
14.311 Vandermonde's determinant (alternant) . . . . . ... ... ... ... 1078
14.312 Circulants . . . . . . . . . e 1078
14.313 Jacobian determinant . . . .. ..o 1078
14.314 Hessian determinants . . . . . . . . ... L L L L 1079
14.315 Wronskian determinants . . . . . .. Lo oL Lo 1079
14.316 Properties . . . . . . . . 1079
14.317 Gram-Kowalewski theorem on linear dependence . . . . . . . .. .. ... ... 1080

15 Norms 1081

15.1-15.9 Vector Norms . . . . . . . . . 1081
15.11 General Properties . . . . . . . . .. 1081
15.21 Principal Vector Norms . . . . . . . . . . .. 1081
15.211 Thenorm [|x][1 - - - o o o o 1081
15.212 The norm ||x||2 (Euclidean or Lo norm) . . . . .. . .. .. ... 1081
15.213 The norm [|X|loc -« - v v v v o 1081
15.31 Matrix Norms . . . . . . . oL 1082
15.311 General properties . . . . . . ... 1082
15.312 Induced norms . . . . .. Lo 1082
15.313 Natural norm of unit matrix . . . . . . . . . . ... 1082
15.41 Principal Natural Norms . . . . . . . . . . .. . . 1082
15.411 Maximum absolute column sumnorm . . . . . . . .. ... ... L. 1082
15.412 Spectral norm . . . . .. 1082
15.413 Maximum absolute row sum norm . . . . . . . ... Lo 1083
15.51 Spectral Radius of a Square Matrix . . . . .. ... ... ... ... ... 1083
15.511 Inequalities concerning matrix norms and the spectral radius . . . . . . . . .. 1083
15.512 Deductions from Gerschgorin's theorem (see 15.814) . . . . .. ... ... .. 1083
15.61 Inequalities Involving Eigenvalues of Matrices . . . . . . . . ... ... ..... 1084
15.611 Cayley-Hamilton theorem . . . . . . . ... ... ... 1084
15.612 Corollaries . . . . . . . 1084
15.71 Inequalities for the Characteristic Polynomial . . . . . . . . ... ... .. ... 1084
15.711 Named and unnamed inequalities . . . . . . . .. ... ... 1085
15.712 Parodi's theorem . . . . . . . . .. 1086
15.713 Corollary of Brauer's theorem . . . . . . . .. ... ... .. . ... ... ... 1086
15.714 Ballieu's theorem . . . . . . . . . oL 1086
15.715 Routh-Hurwitz theorem . . . . . . . . . . .. . 1086
15.81-15.82 Named Theorems on Eigenvalues . . . . . . . .. ... .. ... ... .... 1087
15.811 Schur'sinequalities . . . . . . . . . . L 1087
15.812 Sturmian separation theorem . . . . . .. ... L 1087
15.813 Poincare's separation theorem . . . . . . . .. ..o Lo 1087
15.814 Gerschgorin's theorem . . . . . . . ..o 1088
15.815 Brauer'stheorem . . . . . . . .. Lo 1088
15.816 Perron's theorem . . . . . . . . Lo L 1088
15.817 Frobenius theorem . . . . . . . . . ... 1088
15.818 Perron—Frobenius theorem . . . . . . . . . .. oL 1088
15.819 Wielandt's theorem . . . . . . . oL 1088
15.820 Ostrowski's theorem . . . . . . . . .. L 1089
15.821 First theorem due to Lyapunov . . . . . . .. .. ... oL, 1089
15.822 Second theorem due to Lyapunov . . . . . . ... ... 1089



xviii CONTENTS
15.823 Hermitian matrices and diophantine relations involving circular functions of
rational angles due to Calogero and Perelomov . . . . . . . ... .. ... ... 1089
15.91 Variational Principles . . . . . . . . . .. 1091
15.911 Rayleigh quotient . . . . . . . . . . . L 1091
15.912 Basic theorems . . . . . . . Lo 1091
16 Ordinary Differential Equations 1093
16.1-16.9 Results Relating to the Solution of Ordinary Differential Equations . . . . . . . 1093
16.11 First-Order Equations . . . . . . . . . . . . . . ... 1093
16.111 Solution of a first-order equation . . . . . . . ... ... L. 1093
16.112 Cauchy problem . . . . . . . 1093
16.113 Approximate solution to an equation . . . . .. .. ..o 1093
16.114 Lipschitz continuity of a function . . . . . . . . ... ... ... ... 1094
16.21 Fundamental Inequalities and Related Results . . . . . .. .. ... ... ... 1094
16.211 Gronwall's lemma . . . . . ... 1094
16.212 Comparison of approximate solutions of a differential equation . . . . ... .. 1094
16.31 First-Order Systems . . . . . . . . . . . 1094
16.311 Solution of a system of equations . . . . . . . . ... ... 1094
16.312 Cauchy problem forasystem . . . .. .. ... ... ... ... ... 1095
16.313 Approximate solution toasystem . . . .. ... ..o 1095
16.314 Lipschitz continuity of a vector . . . . . . . . ... .. Lo 1095
16.315 Comparison of approximate solutions of a system . . . . . .. ... ... ... 1096
16.316 First-order linear differential equation . . . . . . . .. ... .. ... ... ... 1096
16.317 Linear systems of differential equations . . . . . . . ... .. ... ... .. .. 1096
16.41 Some Special Types of Elementary Differential Equations . . . . . . ... ... 1097
16.411 Variables separable . . . . . . . . ... 1097
16.412 Exact differential equations . . . . . . ... Lo 1097
16.413 Conditions for an exact equation . . . . . . . .. .. ... L. 1097
16.414 Homogeneous differential equations . . . . . . . . .. ... ... L. 1097
16.51 Second-Order Equations . . . . . . . . ... Lo 1098
16.511 Adjoint and self-adjoint equations . . . . . . .. ... Lo 1098
16.512 Abel’'sidentity . . . . . ... 1098
16.513 Lagrange identity . . . . . . . . .. L 1099
16.514 The Riccati equation . . . . . . . . .. Lo 1099
16.515 Solutions of the Riccati equation . . . . . . .. .. .. ... oL 1099
16.516 Solution of a second-order linear differential equation . . . . . ... ... ... 1100
16.61-16.62 Oscillation and Non-Oscillation Theorems for Second-Order Equations . . . . . 1100
16.611 First basic comparison theorem . . . . . . . . .. ... L. 1100
16.622 Second basic comparison theorem . . . . . . . ... oL 1101
16.623 Interlacing of zeros . . . . . . . .. L 1101
16.624 Sturm separation theorem . . . . . . . ... oL 1101
16.625 Sturm comparison theorem . . . . . . .. ... 1101
16.626 Szegd's comparison theorem . . . . . . ... L L 1101
16.627 Picone'sidentity . . . . . . . .. 1102
16.628 Sturm-Picone theorem . . . . . . . . ... 1102
16.629 Oscillation on the half line . . . . . . . . . ... .. . .. 1102
16.71 Two Related Comparison Theorems . . . . . . . . .. ... ... ... ..... 1103
16.711 Theorem 1 . . . . . . . e 1103



CONTENTS Xix
16.712 Theorem 2 . . . . . . e 1103
16.81-16.82 Non-Oscillatory Solutions . . . . . . . . . . ... 1103
16.811 Kneser's non-oscillation theorem . . . . . . . .. ... ... ... .. ..., 1103
16.822 Comparison theorem for non-oscillation . . . . . . .. ... ... ... ..... 1104
16.823 Necessary and sufficient conditions for non-oscillation . . . . . ... ... ... 1104
16.91 Some Growth Estimates for Solutions of Second-Order Equations . . . . . . . . 1104
16.911 Strictly increasing and decreasing solutions . . . . . . .. ... ... .. .. .. 1104
16.912 General result on dominant and subdominant solutions . . . . . .. .. .. .. 1104
16.913 Estimate of dominant solution . . . . . . . . . .. ... ... ... ... 1105
16.914 A theorem due to Lyapunov . . . . . . .. Lo Lo 1105
16.92 Boundedness Theorems . . . . . . . . . . ... 1106
16.921 All solutions of the equation . . . . . . . . . . ... ... .. 1106
16.922 If all solutions of the equation . . . . . . . . . ... ... ... ... ... .. 1106
16.923 If a(z) — oo monotonically as  — oo, then all solutionsof . . . . .. .. ... 1106
16.924 Consider the equation . . . . . . . ... L 1106
16.93 Growth of maximaof |y| . . . . . . . . . .. . 1106

17  Fourier, Laplace, and Mellin Transforms 1107
17.1-17.4 Integral Transforms . . . . . . . . . L 1107
17.11 Laplace transform . . . . . . . . ... 1107
17.12 Basic properties of the Laplace transform . . . . . . . . ... .. ... ..... 1107
17.13 Table of Laplace transform pairs . . . . . . . . .. ... 1108
17.21 Fourier transform . . . . . . . . ... 1117
17.22 Basic properties of the Fourier transform . . . . . . . ... ... ... ... .. 1118
17.23 Table of Fourier transform pairs . . . . . . . . . .. ... ... ... 1118
17.24 Table of Fourier transform pairs for spherically symmetric functions . . . . . . . 1120
17.31 Fourier sine and cosine transforms . . . . . . . . . ... ... 1121
17.32 Basic properties of the Fourier sine and cosine transforms . . . . . .. ... .. 1121
17.33 Table of Fourier sine transforms . . . . . . . . . ... ... ... ... . ..., 1122
17.34 Table of Fourier cosine transforms . . . . . . . .. ... ... .. .. 1126
17.35 Relationships between transforms . . . . . . . . ... ... ... ... .. 1129
17.41 Mellin transform . . . . . . . . . 1129
17.42 Basic properties of the Mellin transform . . . . . . . . .. .. ... ... .. 1130
17.43 Table of Mellin transforms . . . . . . . . .. ... ... . ... .. .. . ..., 1131

18 The z-Transform 1135
18.1-18.3 Definition, Bilateral, and Unilateral z-Transforms . . . . . . . . ... ... ... 1135
18.1 Definitions . . . . . . . . e 1135

18.2 Bilateral z-transform . . . . . . .. Lo 1136

18.3 Unilateral z-transform . . . . . . . . . . ... 1138
References 1141
Supplemental references 1145
Index of Functions and Constants 1151
General Index of Concepts 1161



This page intentionally left blank



Preface to the Seventh Edition

Since the publication in 2000 of the completely reset sixth edition of Gradshteyn and Ryzhik, users of the
reference work have continued to submit corrections, new results that extend the work, and suggestions
for changes that improve the presentation of existing entries. It is a matter of regret to us that the
structure of the book makes it impossible to acknowledge these individual contributions, so, as usual,
the names of the many new contributors have been added to the acknowledgment list at the front of the
book.

This seventh edition contains the corrections received since the publication of the sixth edition in
2000, together with a considerable amount of new material acquired from isolated sources. Following
our previous conventions, an amended entry has a superscript “11” added to its entry reference number,
where the equivalent superscript number for the sixth edition was “10.” Similarly, an asterisk on an
entry’s reference number indicates a new result. When, for technical reasons, an entry in a previous
edition has been removed, to preserve the continuity of numbering between the new and older editions
the subsequent entries have not been renumbered, so the numbering will jump.

We wish to express our gratitude to all who have been in contact with us with the object of improving
and extending the book, and we want to give special thanks to Dr. Victor H. Moll for his interest in
the book and for the many contributions he has made over an extended period of time. We also wish to
acknowledge the contributions made by Dr. Francis J. O’Brien Jr. of the Naval Station in Newport, in
particular for results involving integrands where exponentials are combined with algebraic functions.

Experience over many years has shown that each new edition of Gradshteyn and Ryzhik generates
a fresh supply of suggestions for new entries, and for the improvement of the presentation of existing
entries and errata. In view of this, we do not expect this new edition to be free from errors, so all
users of this reference work who identify errors, or who wish to propose new entries, are invited to
contact the authors, whose email addresses are listed below. Corrections will be posted on the web site
www.az-tec.com/gr/errata.

Alan Jeffrey

Alan.Jeffrey@newcastle.ac.uk

Daniel Zwillinger
zwillinger@alum.mit.edu
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The Order of Presentation of the
Formulas

The question of the most expedient order in which to give the formulas, in particular, in what division
to include particular formulas such as the definite integrals, turned out to be quite complicated. The
thought naturally occurs to set up an order analogous to that of a dictionary. However, it is almost
impossible to create such a system for the formulas of integral calculus. Indeed, in an arbitrary formula
of the form

/abf(:c)dx:A

one may make a large number of substitutions of the form =z = ¢(¢) and thus obtain a number of
“synonyms” of the given formula. We must point out that the table of definite integrals by Bierens
de Haan and the earlier editions of the present reference both sin in the plethora of such “synonyms”
and formulas of complicated form. In the present edition, we have tried to keep only the simplest of the
“synonym” formulas. Basically, we judged the simplicity of a formula from the standpoint of the simplicity
of the arguments of the “outer” functions that appear in the integrand. Where possible, we have replaced
a complicated formula with a simpler one. Sometimes, several complicated formulas were thereby reduced
to a single, simpler one. We then kept only the simplest formula. As a result of such substitutions, we
sometimes obtained an integral that could be evaluated by use of the formulas of Chapter Two and the
Newton-Leibniz formula, or to an integral of the form

’ f(z)dz,

where f(z) is an odd function. In such cases, the complicated integrals have been omitted.
Let us give an example using the expression

w/4 tr—1 p—1
/ M Intan g de = — = cosec pr. (0.1)
0 sin”

By making the natural substitution u = cot x — 1, we obtain
> T

/ uP~1 In(1 + u) du = — cosec pr. (0.2)
0 p

Integrals similar to formula (0.1) are omitted in this new edition. Instead, we have formula (0.2).

XXVil
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The Order of Presentation of the Formulas

As a second example, let us take

/2
1= / In (tan? z + cot? z) Intan z dx = 0.
0

The substitution v = tan z yields

du.

I /ooln(up—l—u_p)lnu
Jo 14 u?

If we now set v = Inu, we obtain

o vev °® In (2 cosh pv)
I={ 2 _ (" +e)do= LIS COSAPY) 4
/ 1+ e2v n(e te ) Y / Y " 9coshu v

— 00 — 00

The integrand is odd, and, consequently, the integral is equal to 0.

Thus, before looking for an integral in the tables, the user should simplify as much as possible the

arguments (the “inner” functions) of the functions in the integrand.

AR

The functions are ordered as follows: First we have the elementary functions:

The function f(z) = x.

The exponential function.

The hyperbolic functions.

The trigonometric functions.

The logarithmic function.

The inverse hyperbolic functions. (These are replaced with the corresponding logarithms in the
formulas containing definite integrals.)

The inverse trigonometric functions.

Then follow the special functions:

8.
9.

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.

Elliptic integrals.

Elliptic functions.

The logarithm integral, the exponential integral, the sine integral, and the cosine integral functions.
Probability integrals and Fresnel’s integrals.
The gamma function and related functions.
Bessel functions.

Mathieu functions.

Legendre functions.

Orthogonal polynomials.

Hypergeometric functions.

Degenerate hypergeometric functions.
Parabolic cylinder functions.

Meijer’s and MacRobert’s functions.
Riemann’s zeta function.

The integrals are arranged in order of outer function according to the above scheme: the farther down

in the list a function occurs, (i.e., the more complex it is) the later will the corresponding formula appear
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in the tables. Suppose that several expressions have the same outer function. For example, consider
sine”, sinz, sinlnx. Here, the outer function is the sine function in all three cases. Such expressions are
then arranged in order of the inner function. In the present work, these functions are therefore arranged
in the following order: sin x, sine®, sinln x.

Our list does not include polynomials, rational functions, powers, or other algebraic functions. An
algebraic function that is included in tables of definite integrals can usually be reduced to a finite com-
bination of roots of rational power. Therefore, for classifying our formulas, we can conditionally treat a
power function as a generalization of an algebraic and, consequently, of a rational function.* We shall
distinguish between all these functions and those listed above, and we shall treat them as operators.
Thus, in the expression sin? e”, we shall think of the squaring operator as applied to the outer function,
namely, the sine. In the expression SIBZECSE e shall think of the rational operator as applied to the

sinx—cos z’

trigonometric functions sine and cosine. We shall arrange the operators according to the following order:

1. Polynomials (listed in order of their degree).
Rational operators.
3. Algebraic operators (expressions of the form AP/4_wwhere ¢ and p are rational, and ¢ > 0; these are

listed according to the size of q).
4. Power operators.

Expressions with the same outer and inner functions are arranged in the order of complexity of the
operators. For example, the following functions [whose outer functions are all trigonometric, and whose
inner functions are all f(z) = x| are arranged in the order shown:

) ) 1 sinx sinx + cosx . m . m
sinz, sinxzcosz, —— = cosecz, =tanzx, —, sin"z, sin™z cosz.
sinx cos T sinz — cosx

Furthermore, if two outer functions ¢ (z) and @3 (), where ¢1(x) is more complex than s (x), appear
in an integrand and if any of the operations mentioned are performed on them, the corresponding integral
will appear [in the order determined by the position of @o(x) in the list] after all integrals containing
only the function ¢;(x). Thus, following the trigonometric functions are the trigonometric and power
functions [that is, p2(x) = x]. Then come

e combinations of trigonometric and exponential functions,
e combinations of trigonometric functions, exponential functions, and powers, etc.,
e combinations of trigonometric and hyperbolic functions, etc.

Integrals containing two functions ¢4 (z) and ps(z) are located in the division and order corresponding
to the more complicated function of the two. However, if the positions of several integrals coincide
because they contain the same complicated function, these integrals are put in the position defined by
the complexity of the second function.

To these rules of a general nature, we need to add certain particular considerations that will be easily
understood from the tables. For example, according to the above remarks, the function ew comes after

1
e” as regards complexity, but Inx and In — are equally complex since In— = —Inxz. In the section on

x
“powers and algebraic functions,” polynomials, rational functions, and powers of powers are formed from
power functions of the form (a + bz)™ and (« + Bx)”.

*For any natural number n, the involution (a + bxz)™ of the binomial a + bz is a polynomial. If n is a negative integer,
(a + bx)™ is a rational function. If n is irrational, the function (a 4 bx)™ is not even an algebraic function.



This page intentionally left blank



Use of the Tables™

For the effective use of the tables contained in this book, it is necessary that the user should first become
familiar with the classification system for integrals devised by the authors Ryzhik and Gradshteyn. This
classification is described in detail in the section entitled The Order of Presentation of the Formulas (see
page xxvii) and essentially involves the separation of the integrand into inner and outer functions. The
principal function involved in the integrand is called the outer function, and its argument, which is itself
usually another function, is called the inner function. Thus, if the integrand comprised the expression
Insinz, the outer function would be the logarithmic function while its argument, the inner function,
would be the trigonometric function sinz. The desired integral would then be found in the section
dealing with logarithmic functions, its position within that section being determined by the position of
the inner function (here a trigonometric function) in Gradshteyn and Ryzhik’s list of functional forms.

It is inevitable that some duplication of symbols will occur within such a large collection of integrals,
and this happens most frequently in the first part of the book dealing with algebraic and trigonometric
integrands. The symbols most frequently involved are «, 3, v, 9, t, u, z, zx, and A. The expressions
associated with these symbols are used consistently within each section and are defined at the start of
each new section in which they occur. Consequently, reference should be made to the beginning of the
section being used in order to verify the meaning of the substitutions involved.

Integrals of algebraic functions are expressed as combinations of roots with rational power indices,
and definite integrals of such functions are frequently expressed in terms of the Legendre elliptic integrals
F(¢,k), E(¢p, k) and II(¢, n, k), respectively, of the first, second, and third kinds.

The four inverse hyperbolic functions arcsinh z, arccosh z, arctanh z, and arccoth z are introduced
through the definitions

arcsin z = — arcsinh(iz)
i
1

arccos z = — arccosh(z)
i

1
arctan z = — arctanh(iz)
i

arccot z = i arccoth(iz)

*Prepared by Alan Jeffrey for the English language edition.

XXX1
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or

. 1 o
arcsinh z = - arcsin(iz)
i

arccosh z = i arccos z

1
arctanh z = = arctan(iz)
i
1 .
arccoth z = — arccot(—iz)
i

The numerical constants C and G which often appear in the definite integrals denote Euler’s constant
and Catalan’s constant, respectively. Euler’s constant C'is defined by the limit

S

1
C = lim ZE—lns =0.577215. . ..

§— 00

m—
On occasion, other writers denote Euler’s constant by the symbol v, but this is also often used instead
to denote the constant

v=e%=1.781072....
Catalan’s constant G is related to the complete elliptic integral

/2 dx

K=K(k) = R —
() 0 1—k2sin’z

by the expression

( )7”
G= Kdk = =0.915965....
/ (2 +1)2

Since the notations and definitions for hlgher transcendental functions that are used by different
authors are by no means uniform, it is advisable to check the definitions of the functions that occur in
these tables. This can be done by identifying the required function by symbol and name in the Indezx of
Special Functions and Notation on page xxxix, and by then referring to the defining formula or section
number listed there. We now present a brief discussion of some of the most commonly used alternative
notations and definitions for higher transcendental functions.

Bernoulli and Euler Polynomials and Numbers

Extensive use is made throughout the book of the Bernoulli and Euler numbers B,, and F, that are
defined in terms of the Bernoulli and Euler polynomials of order n, B, (z) and E,(z), respectively. These

polynomials are defined by the generating functions
o0

tewt tn
o :ZB”(x)ﬁ for |t| < 27

and
2" & "
i Z)En(x)ﬁ for |t| < m.
n—

The Bernoulli numbers are always denoted by B,, and are defined by the relation
B, = B,(0) forn=0,1,...,
when



Use of the Tables XXXiii

The Euler numbers F,, are defined by setting

En:2"En<%) forn=0,1,...

The F,, are all integral, and £y =1, F; = -1, E4 =5, Fg = —61, ....
An alternative definition of Bernoulli numbers, which we shall denote by the symbol B}, uses the
same generating function but identifies the B} differently in the following manner:

t 1 L2 Lt

et —1 2
This definition then gives rise to the alternative set of Bernoulli numbers

Bf=1/6, B;=1/30, B;=1/42, Bj=1/30, B:=75/66,
Bi =691/2730, B:=7/6, B =3617/510,

These differences in notation must also be taken into account when using the following relationships
that exist between the Bernoulli and Euler polynomials:

(") Bu_i Ex(2z)  n=0,1,...

2\,

et (25 . )
) En_l(x):%{Bn(a:)—Z”Bn (g)} n=1,2,...
and

Ep_s(z) =2 (Z) Yy (Z) (2% —1) By Ba(z) n=2,3,...

There are also alternative definitions of the Euler polynomial of order n, and it should be noted that
some authors, using a modification of the third expression above, call

(37) (B -2 (5))

Elliptic Functions and Elliptic Integrals

the Euler polynomial of order n.

The following notations are often used in connection with the inverse elliptic functions snwu, cnu, and
dnu:

1 1 1
nsuy = — ncu = — ndu = —
snu cnu dnwu
snu cnu dnu
scu = — csu = —— dsu = —
cnu snu snu
snu cnu dnu
sdu = — cdu = — deu = ——

dnu dnu cnu
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The elliptic integral of the third kind is defined by Gradshteyn and Ryzhik to be
@ d
II (go, n?, k‘) = / a4
0 (1—mn? sin? a) V1-—k? sin?a
/singa dx
0 (1 —n222) /(1 — 22) (1 — k%2?)

(o0 < n? < )

The Jacobi Zeta Function and Theta Functions
The Jacobi zeta function zn(u, k), frequently written Z(u), is defined by the relation
v E E
m(u, k) = Z(u) = / {dn2v - E} dv = E(u) — =
This is related to the theta functions by the relationship
m(u, k) = % In O (u)

giving
r( T
(i).  zn(u, k) = ;;{Zi E%TII’ES B Cnslil(inu
2
r( T
(ii). zn(u,k) = %{Zz E%TII'S B dnclltls;ilu
2
19;’ (ﬂ) snucnu
(iit). zn(u, k) = %{ﬁ (%TIU{) 7k2W
o (T2
e
(iv). zn(u,k) = ﬁ(ﬁ
‘2K

Many different notations for the theta function are in current use. The most common variants are the
replacement of the argument u by the argument u/m and, occasionally, a permutation of the identification
of the functions 9, to ¥4 with the function ¥4 replaced by 9.

The Factorial (Gamma) Function

In older reference texts, the gamma function I'(z), defined by the Euler integral

(o)
I‘(z):/ t*~le~tat,
0

is sometimes expressed in the alternative notation
I(142) =2 =1(2).
On occasions, the related derivative of the logarithmic factorial function ¥(z) is used where
d(lnz!) (21

= =U(z).
dz z! (2)
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This function satisfies the recurrence relation

Uz)=U(z—1)+ i

> 1 1
\p<z)=—c+;)(n+l_z+n).

The derivative ¥’(z) satisfies the recurrence relation

and is defined by the series

V(iz+1)=0'(2) — =
and is defined by the series

oo

T o
n=0 (Z + n)

Exponential and Related Integrals

The exponential integrals F,,(z) have been defined by Schloemilch using the integral

oo

En(z):/ e~ T dt (n=0,1,..., Rez>0).

1
They should not be confused with the Euler polynomials already mentioned. The function E(z) is
related to the exponential integral Ei(z) through the expressions

Ei(z) = —Ei(—2) = /Ooe_tt_1 dt

and
7 dt
li(z) = Tt =Ei(lnz) [z>1].
The functions F,,(z) satisfy the recurrence relations

E.(z) = - i 1 {e7* —2E,_1(2)} [n>1]

and
E;z<z) =—E,-1(2)
with
Eo(z) =¢"7/z.
The function E,(z) has the asymptotic expansion
ezz{l_ﬁ+n(n+1)_n(n+1)(n+2)+.“} [

En(z) ~ z 22 23

a |<37T
Ireg z —_—
& 2

while for large n,

_e” n nin—2zx) n (63@2 — 8nx + n2)
En(z) = z {1+ (z +n)2 * (x+n)t " (z +n)b +R(n,x)},

where
—0.36n"* < R(n,2) < ( )n‘4 [z > 0].
i(x)

The sine and cosine integrals si(z) and ci(z) are related to the functions Si(z) and Ci(z) by the

integrals
t
/ sint dt = si(z )—i—g

and
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T (cost —1)

Ci(z) = C+lnx + dt.

0
The hyperbolic sine and cosine integrals shi(x) and chi(z) are defined by the relations

shi(z) :/ Smhtdt
o ¢t

and

¥ ht—1
chi(a:):C—i-lnx—i—/ Mdt.

0 t

Cin(z) = /Ozm dt

t

Some authors write

so that
Cin(z) = — Ci(z) + Inxz + C.
The error function erf(x) is defined by the relation
2 x
erf(z) = ®(x) = ﬁ/ et at,

0
and the complementary error function erfc(z) is related to the error function erfc(z) and to ®(x) by the
expression

erfc(x) = 1 — erf(z).
The Fresnel integrals S(z) and C(x) are defined by Gradshteyn and Ryzhik as

2 x
S(x) = \/—2_7r/o sin t? dt

2 xr
C(x) = —/ cost? dt.
(z) 57 ),
Other definitions that are in use are

T 2 T 2
Si(z) = / sin i dt, Ci(z) = / oS i dt,
0 2 0 2

and

and
1 Tsint 1 Tcost

=)t Y= Tm ) w

These are related by the expressions

dt.

and

Hermite and Chebyshev Orthogonal Polynomials

The Hermite polynomials H,,(z) are related to the Hermite polynomials He, (z) by the relations

Hen(z) =22 H, <%>

H,(z) = 27/2 He,, (a:\/i) .

and
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These functions satisfy the differential equations

d>H, dH,
— 2z

2nH,, =
dx? dx tan 0

and
d? He,, deen

dx? dx

+ n He,, = 0.
They obey the recurrence relations

Hyi1=2¢H,-2nH,
and

He, 1 =x He, —m He,_1 .
The first six orthogonal polynomials He,, are

Hey=1, He; =z, Hes=2%—1, Hes=2"—3z, Hes=2a*—62>+3, Hes=2"—102>+ 15z.
Sometimes the Chebyshev polynomial U, (z) of the second kind is defined as a solution of the equation

d?y dy
1 2 — + +2)y=0.
( ac)d2 3xdz n(n )y =0
Bessel Functions

A variety of different notations for Bessel functions are in use. Some common ones involve the replacement
of Y, (%) by N,(z) and the introduction of the symbol

An(z) = (%z) 1) 2.

1
In the book by Gray, Mathews, and MacRobert, the symbol Y, (z) is used to denote 57 Ya(z) +

(In2 — C) J,,(2) while Neumann uses the symbol Y (") (z) for the identical quantity.
The Hankel functions H'V(z) and H?(z) are sometimes denoted by Hs,(z) and Hi,(z), and some

1
authors write G, (z) = (5) i HV(2).

The Neumann polynomial O, () is a polynomial of degree n + 1 in 1/t, with Og(t) = 1/t. The
polynomials O, (t) are defined by the generating function

1 o0
7 = Jo(2) Oo(t) + 2; Jr(z) Ok(t),
giving
[n/2] n—2k+1
1 nn—k—1)! /2
On(t):ZZT<¥> fOI"I’L:1,2,...7

k=0
where [%n] signifies the integral part of %n The following relationship holds between three successive

polynomials:
2(n2—1)0 QniQnﬂ'

(n—=1) Opga(t) + (n+1) Op_1(t) — ;
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The Airy functions Ai(z) and Bi(z) are independent solutions of the equation

d2
—Z—ZUZO.

z
The solutions can be represented in terms of Bessel functions by the expressions
) 1 2 2 1 /z 2
AI(Z) = g\/g{ll/S (§Z3/2> _ ]1/3 <§Z3/2>} — ;\/;KI/S <§2’3/2>
1 2 2
Al(—Z) - g\/g {J1/3 (gZS/Q) + Jfl/g (523/2)}

= 3 {1 (7)1 (3))
Bi(—2) = \/g{Jl/g @23/2) —Ji3 (§z3/2) } :

Parabolic Cylinder Functions and Whittaker Functions

and by

The differential equation

d%y 9
@Jr(az +bz+c)y:0
has associated with it the two equations

2 2
%—i— <iz2+a)y:Oand %— (322+a>y:0,
the solutions of which are parabolic cylinder functions. The first equation can be derived from the second
by replacing z by ze?™/* and a by —ia.

The solutions of the equation

d*y L o
are sometimes written Ul(a, z) and V(a, z). These solutions are related to Whittaker’s function D,(z) by

the expressions
U(a,z)=D_,_1(z2)

—a—3

and

V(a,z) = %F <% + a) {D_a_%(—z) + (sinma) D_a_%(z)} .

Mathieu Functions

There are several accepted notations for Mathieu functions and for their associated parameters. The
defining equation used by Gradshteyn and Ryzhik is

d2

—y+(a—2k200522)y20 with k% = q.

dz?
Different notations involve the replacement of a and ¢ in this equation by h and 4, A and k2, and

b and ¢ = 2,/q, respectively. The periodic solutions se, (z,¢q) and ce,(z,¢) and the modified periodic
solutions Se,(z,q) and Ce,(z,q) are suitably altered and, sometimes, re-normalized. A description of
these relationships together with the normalizing factors is contained in: Tables Relating to Mathieu
Functions. National Bureau of Standards, Columbia University Press, New York, 1951.
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Name of the function and the number of

Notation the formula containing its definition
G(x) 8.37
I'(z) Gamma function 8.31-8.33
v(a,z), T(a,z) Incomplete gamma functions 8.35
A(n —k) Unit integer pulse function 18.1
&(s) 9.56
Az, y) 9.640
w(@,8),  ulx,8,0) 0.640
v(z), v(z,a) 9.640
II(x) Lobachevskiy’s angle of parallelism 1.48
II(p,n, k) Elliptic integral of the third kind 8.11
¢(u) Weierstrass zeta function 8.17
(z,q), ((2) Riemann’s zeta functions 9.51-9.54
Ou) =4 (5%), ©O1(u) =75 ( Jacobian theta function 8.191-8.196
190(’U|T):194 ’U‘T),
(v | 7), V2(v|7), Elliptic theta functions 8.18, 8.19
I3(v | 1)
o(u) Weierstrass sigma function 8.17
O(x) See probability integral 8.25
D(z,s,v) Lerch function 9.55
D(a,c;x) = 1F1 (o5 v; x) Confluent hypergeometric function 9.21
21(,5,7,2,9) Degenerate hypergeometric series in two
/
®2(8,8'7,2,y) variables 9.26
®3(/87 Y, T, y)
U(x) Euler psi function 8.36
p(u) Weierstrass elliptic function 8.16
am(u, k) Amplitude (of an elliptic function) 8.141
B, Bernoulli numbers 9.61, 9.71
B,(x) Bernoulli polynomials 9.620
B(z,y) Beta functions 8.38
B.(p,q) Incomplete beta functions 8.39
bei(z), ber(z) Thomson functions 8.56

continued on next page
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continued from previous page

Name of the function and the number of

Notation the formula containing its definition
C Euler constant 9.73, 8.367
C(x) Fresnel cosine integral 8.25
Cu(a) Young functions 3.76
C f{(t) Gegenbauer polynomials 8.93
Ch(x) Gegenbauer functions 8.9321
cean(2,q), e (2,q) Periodic Mathieu functions (Mathieu 8.61
2ni% 4); 2415 4 functions of the first kind) '
Cean(2,q),  Ceamii(2q) ﬁlsesoﬁ(;l:tticiln(dmodlﬁed) Mathieu functions of 8.63
chi(x) Hyperbolic cosine integral function 8.22
ci(x) Cosine integral 8.23
cn(u) Cosine amplitude 8.14
D(k)=D Elliptic integral 8.112
D(p, k) Elliptic integral 8.111
D,(z), Dp(z) Parabolic cylinder functions 9.24-9.25
dnwu Delta amplitude 8.14
e1, e, €3 (used with the Weierstrass function) 8.162
E, Euler numbers 9.63, 9.72
E(p, k) Elliptic integral of the second kind 8.11-8.12
{ E(k)=E } Complete elliptic integral of the second
. 8.11-8.12
EK)=F kind
E(p;a,:q;0s:x) MacRobert’s function 9.4
E,(2) Weber function 8.58
Ei(z) Exponential integral function 8.21
erf(x) Error function 8.25
erfe(z) = 1 — erf(z) Complementary error function 8.25
F(p, k) Elliptic integral of the first kind 8.11-8.12
pFqloa, ... 0p;B1,...,04:2) Generalized hypergeometric series 9.14
oF1 (o, B;7v;2) = F(a, B57; 2) Gauss hypergeometric function 9.10-9.13
1F1 (595 2) = O, y; 2) Degenerate hypergeometric function 9.21
Fa(a:B1, ... 5 Bn; Hypergeometric function of several 9.19
Viyoonnnn SYn D ZLy e s Zn) variables '
Fi, Fy, F3, Fy Hypergeometric functions of two variables 0.18
{ fe,(z,q), Fen(z,q) . .. } Other_ nonperiodic solutions of Mathieu’s 8.64. 8.663
Fey, (z,q), Fek,(z,q) . .. equation
G Catalan constant 9.73
92,03 Invariants of the p(u)-function 8.161
gdx Gudermannian 1.49
ge,(z,9), Gen(z,q) Other nonperiodic solutions of Mathieu’s 8.64 8663
Gey, (2, q), Gekn(2,q) equation o
GZ?,}” (a: ‘;11 gf ) Meijer’s functions 9.3

continued on next page
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Notation Name of the function and the number of
the formula containing its definition
h(n) Unit integer function 18.1
hei,(z), her,(z) Thomson functions 8.56
Hgl)(z), H(f)(z) 1I:I.ankel functions of the first and second 8.405, 8.42
inds
H(u) =9 (5%) Theta function 8.192
Hy(u) =92 (55) Theta function 8.192
Hp(2) Hermite polynomials 8.95
H,(2) Struve functions 8.55
I,(2) Bessel functions of an imaginary argument  8.406, 8.43
I.(p,q) Normalized incomplete beta function 8.39
Ju(2) Bessel function 8.402, 8.41
J.(2) Anger function 8.58
k, (x) Bateman’s function 9.210 3
Kk)=K, Kk')=K Complete elliptic integral of the first kind 8.11-8.12
K,(2) Bessel functions of imaginary argument 8.407, 8.43
kei(z), ker(z) Thomson functions 8.56
L(x) Lobachevskiy’s function 8.26
L.(2) Modified Struve function 8.55
L (2) Laguerre polynomials 8.97
li(x) Logarithm integral 8.24
My, (2) Whittaker functions 9.22,9.23
O, (x) Neumann’s polynomials 8.59
PE(z), Ph() 1z?iisc(l)ciated Legendre functions of the first 8.7. 8.8
P.(z), P,(x Legendre functions and polynomials 8.82, 8.83, 8.91
a b ¢
P{a [ ~v & Riemann’s differential equation 9.160
o B A
PR () Jacobi’s polynomials 8.96
Associated Legendre functions of the
v(2), Q@) second kind 8.7.88
Q,(2), Q,(x) Legendre functions of the second kind 8.82, 8.83
S(x Fresnel sine integral 8.25
Sn(z) Schlafli’s polynomials 8.59
Suw(2),  Suw(2) Lommel functions 8.57
sean+1(2,4q), Seani2(z,q) Periodic Mathieu functions 8.61
Seani1(2,q),  Seamia(2q) l;/i;‘lclilleelllltfunctlons of an imaginary 8.63
shi(x) Hyperbolic sine integral 8.22
si(z) Sine integral 8.23
snu Sine amplitude 8.14
T,(x) Chebyshev polynomial of the 15* kind 8.94
Un(z) Chebyshev polynomials of the 2°¢ kind 8.94
continued on next page
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Notation

Name of the function and the number of
the formula containing its definition

Lommel functions of two variables 8.578
Whittaker functions 9.22,9.23
Neumann functions 8.403, 8.41
Bessel functions 8.401

Bessel functions




Notation

Symbol

Meaning

Ed

The integral part of the real number z (also denoted by [z])

/(b+) /(b—)

Contour integrals; the path of integration starting at the point a extends
to the point b (along a straight line unless there is an indication to the
contrary), encircles the point b along a small circle in the positive
(negative) direction, and returns to the point a, proceeding along the
original path in the opposite direction.

Line integral along the curve C'

PV [ Principal value integral

Z=x—1y The complex conjugate of z = x + iy

n! -1-2-3...n, 0'=1

(2n + 1! =1-3...(2n+1). (double factorial notation)
(2n)!! =2-4...(2n). (double factorial notation)

(cf. 3.372 for n = 0)

00=1 (cf. 0.112 and 0.113 for ¢ = 0)
pp—1)...(p—n+1) P! » P!
= = =1 py_—__©
p) 1-2...n nl(p —n)!’ @) =1 () nl(p —n)!
n

[n=1,2,...,p>n]

=z(z—-1)...(x—n+1)/n! [n=0,1,...]

=ala+1)...(a+n—-1)= % (Pochhammer symbol)

n
=Upm + Umg1 + .-+ Uy If n < m, we define Zuk:()

k=m

~
~

Summation over all integral values of n excluding n = 0, and summation
over all integral values of n and m excluding m = n = 0, respectively.

An empty > has value 0, and an empty ][] has value 1

continued on next page
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continued from previous page

Symbol

Meaning

R
0 i#J

Kronecker delta

T

Theta function parameter (cf. 8.18)

x and A Vector product (cf. 10.11)
Scalar product (cf. 10.11)
V or “del” Vector operator (cf. 10.21)
v? Laplacian (cf. 10.31)
~ Asymptotically equal to
arg z The argument of the complex number z = z + iy
curl or rot Vector operator (cf. 10.21)
div Vector operator (divergence) (cf. 10.21)
F Fourier transform (cf. 17.21)
F. Fourier cosine transform (cf. 17.31)
Fs Fourier sine transform (cf. 17.31)
grad Vector operator (gradient) (cf. 10.21)
h; and g;; Metric coefficients (cf. 10.51)
H Hermitian transpose of a vector or matrix (cf. 13.123)
H(x) = {? z ; 8 Heaviside step function
Imz=y The imaginary part of the complex number z = x + iy
The letter k& (when not used as an index of summation) denotes a number
k in the interval [0, 1]. This notation is used in integrals that lead to elliptic
integrals. In such a connection, the number v/1 — k2 is denoted by k’.
L Laplace transform (cf. 17.11)
Mellin transform (cf. 17.41)
N The natural numbers (0,1,2,...)
The order of the function f(z). Suppose that the point z approaches z.
O(f(2)) If there exists an M > 0 such that |g(z)| < M|f(z)| in some sufficiently

small neighborhood of the point zy, we write g(z) = O(f()).

continued on next page
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continued from previous page

Symbol Meaning

q The nome, a theta function parameter (cf. 8.18)

R The real numbers

R(x) A rational function

Rez==z The real part of the complex number z = x + iy

Sy Stirling number of the first kind (cd. 9.74)

L Stirling number of the second kind (cd. 9.74)
+1 >0

signx = 0 x =0 | The sign (signum) of the real number z
-1 =<0

T Transpose of a vector or matrix (cf. 13.115)

Z The integers (0, £1,42,...)

Zy Bilateral z transform (cf. 18.1)

Zy, Unilateral z transform (cf. 18.1)
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Note on the Bibliographic References

The letters and numbers following equations refer to the sources used by Russian editors. The key to the
letters will be found preceding each entry in the Bibliography beginning on page 1141. Roman numerals
indicate the volume number of a multivolume work. Numbers without parentheses indicate page numbers,
numbers in single parentheses refer to equation numbers in the original sources.

Some formulas were changed from their form in the source material. In such cases, the letter a appears
at the end of the bibliographic references.

As an example, we may use the reference to equation 3.354-5:

ETI118 (1) a
The key on page 1141 indicates that the book referred to is:
Erdélyi, A. et al., Tables of Integral Transforms.

The Roman numeral denotes volume one of the work; 118 is the page on which the formula will be
found; (1) refers to the number of the formula in this source; and the a indicates that the expression
appearing in the source differs in some respect from the formula in this book.

In several cases, the editors have used Russian editions of works published in other languages. Under
such circumstances, because the pagination and numbering of equations may be altered, we have referred
the reader only to the original sources and dispensed with page and equation numbers.

xlvii
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0 Introduction

0.1 Finite Sums

0.11 Progressions

0.111 Arithmetic progression.

n—1

Z(a + kr) = g[2a +(n—1r] = g(a +1) [l =a+ (n—1)ris the last term]

k=0
0.112 Geometric progression.

n n __ 1
> et = M 041
q—1

k=1
0.113 Arithmetic-geometric progression.

n—1 n—1

a—la+(n—1r]¢"  rq(l—
ot brggh = A ra(1oa)
—~ -q (1-q)
lg#1, n>1] 1O (5)
0.1148 szwk _ (—n?+2n—1)2" 2+ (2n? —2n — 1) 2"t —n?2" + 22 + 2
(1—x)?

k=1
0.12 Sums of powers of natural numbers

n q+1 q 1 1 ‘ 1 )
0121 Y k= + Tt o (1) Bont 4 £ (§) Ban ™+ < (1) Bont 7+ -
k=1

g+1 2 " 2\1 4\3 6
_ nttt LN g’ glg-D(a-2) 43 L e=Da=2a=3)a=4) ;5 _
g+1 ' 2 12 720 30,240

[last term contains either n or n*] CE 332

- 1
1. Z k= % CE 333
k=1
i 1 1
2. Z k2 = nfn + )6(2n +1) CE 333
k=1
n 2
1
3. k3 = [@} CE 333
k=1



2 Finite Sums 0.122
= 1
. > k= g7+ 120+ 1)(3n% +3n —1) CE 333
k=1
- 1
5. Y K= ﬁn?(n +1)22n% +2n —1) CE 333
k=1
n 1
6. kS = En(n +1)(2n+ 1)(B3n* +6n° —3n+1) CE 333
k=1
- 1
7. kT = ﬂnQ(n +1)2(3n* + 60 — n? — 4n +2) CE 333
k=1
0122 S (k- 1)1 = 2 _pett 1 (q) 20-1Byma—1 _ 1 (q) 2973 (2 — 1) Bynt™3 — ..
. P g+ 1 2 \1 2 4\3 4
[last term contains either n or nZ.]
n
1. > (@2k—1)=n’
k=1
- 1
2. > (2k-1)>= _n(4n® - 1) JO (32a)
k=1
3. Y (2k—1)° =n?(2n® - 1) JO (32b)
k=1
4 N (mk—1) = g[m(n +1) -2
k=1
5.10 (mk —1)2 = —n[m?*(n +1)(2n + 1) — 6m(n + 1) + 6]
k=1
n
6.19 (mk —1)* = “n[m*n(n +1)% = 2m?*(n + 1)(2n + 1) + 6m(n + 1) — 4]
k=1
0.123 k(k+1)? = —n(n+1)(n+2)(3n +5)
k=1
0.124
q
1
1. Zk(ankQ)zzq(q+1)(2n2—q27q) [¢=1,2,..]
k=1
210 N k(k+1)° = gg7(n+ 1) (120° + 63n” +107n + 58)
k=1
0125 > kl-k=(n+1)-1 AD (188.1)
k=1
0.126 WA 94

“~ (n+k)! % 1
Zkln—k)! Vo2



0.142

Sums of the binomial coefficients 3

0.13 Sums of reciprocals of natural numbers

"1 JI— Ay,
11 L — _
0.131 ; o =C+lnn+ — Z Y ST B ey 1 JO (59), AD (1876)
where
1 1
Ak_E/ zx(1-—z)2—-2)B3—2)---(k—1—2a)dx
0
1 1
A2 127 A3 E
19 9
A4 ma A5 2_07
01327§n: L _loymmyamey B2 F U5 JO (71
S 2aar =5 (C+lnn)+In2+ o0 6dnt (71a)a
1 3 2n 4 1
0.133 ;m =1 oD JO (184f)
0.14 Sums of products of reciprocals of natural numbers
n 1 n
1. = Gl 1l (64)a
; [p+(k=1)dl(p+kq)  plp+ng) (©)
- 1 n(2p + ng + q)
9. - Gl 1l (65)a
kzzl [P+ (k=1gl(p+kg)lp+ (k+1)q]  2p(p+q)(p+ng)lp+ (n+1)q] (©)
" 1
3.
kZ:l [p+ (k= 1gl(p+kq)...[p+ (k+1)q]
1 { 1 ~ 1 }
((+Dg \plp+aq)...(p+1lg) (p+ngp+(n+1)g...[p+ (n+1)q
AD (1856)a
" 1 1| 1 = 1
4. —— N
kZ:l [+ k=Dl +(k-Dg+pl p L;Nr(k—l)q ,;1+(/€—1)Q+p
Gl 1l (66)a
n 2 _
0.142 Zk ko1 1 ntl JO (157)

— (k+2)! 2 (n+2)

0.15 Sums of the binomial coefficients

Notation: n is a natural number.

m

n+k n+m+1
Z( n >_< n+1 > KR 64 (70.1)

k=0

1+ (Z)+(Z) 4.=2nd KR 62 (58.1)



4 Finite Sums 0.152
3. (Y) + (g) + (Z) +.o=2m1 KR 62 (58.1)
4. é(_nk (Z) = (-1)™ (”m 1) > 1] KR 64 (70.2)

0.152
1. (g)+<Z>+(Z>+...:%<2"+2COS%> KR 62 (59.1)
2. (Tll)—l—(Z)—&—(T;)—i—:% <2"—|—2005 (n—32)7r> KR 62 (59.2)
3. Z)+(Z)+(g>+...:%<2"+2005 (n_4)7r> KR 62 (59.3)

0.153
1. (g) + (Z) + (g) t...= % (2"—1 + 2% cos %) KR 63 (60.1)
2. (:‘) + (g) + (g) t...= % (2"—1 +2% sin %) KR 63 (60.2)
3. (Z)+(Z)+(ﬁ)) + =%(2 -1 _93% cos%) KR 63 (60.3)
4. (g) + (7;) + (ﬁ) +...= % (2"‘1 2% sin %ﬂ) KR 63 (60.4)

0.154
1. kzzo(k +1) (Z) =2""1(n +2) [n > 0] KR 63 (66.1)
2. ;( 1)tk (Z) —0 > 2] KR 63 (66.2)

N
3. > (-1 (Z) k"t =0 [N>n>1; 0°=1]
k=0
4. ]:0(—1)’“ (Z) k" = (—1)"nl >0 0°=1]
5. é(—l)k (Z) (a+ k)" = (—1)"n! >0, 0°=1]
N
6. > (=1)F <‘7Z> (a+k)"t=0 [IN>n>1 0°=1 N,neNT]
k=0

0.155

1. D (n) =" KR 63 (67)




0.159 Sums of the binomial coefficients 5
~ 1 (m\  2ntl_]
2 > — = KR 63 (68.1)
e (k) n+1
"okt (a+1)"+ -1
3 > = KR 63 (68.2)
— k+1 (kj) n+1
"L (=1)F "]
4 > ]i (k):ZE KR 64 (69)
k=1 m=1
0.156
1 i (n) ( " ) = (n i m) [m is a natural number] KR 64 (71.1)
o kA \p—k p
n—p
n n (2n)!
2. ( ) = KR 64 (71.2)
k_O(k) p+k (n—p)!(n+p)!
0.157
" n 2n
1 > = ( ) KR 64 (72.1)
— (k) n
2n {21 5 n [ 2n
2 > (1) . (~1) KR 64 (72.2)
k=0 n
2n+1
on+1
3 > (-1F ( n]:r ) 2= KR 64 (72.3)
k=0
" 2n —1)!
4. k(Z) 2_ (2n ')2 KR 64 (72.4)
k=1 [(n - 1)]
0.158'0
T (2n—k on—k—1\] 2n
1. 2k _ 2k‘+1 — 4" —
k=1 * i
[ (2n—k on —k—1\] 2n
) 2k 2/€+1 k2 — 4" . 4m
Z <n—k> (n—k—l) n 5
k=1 * i
[ (2n—k om—k—1\] . 2n
3. 2k — gk+1 E® = (6n + 13)4™ — 18
;_ (n—k‘) n—k—-1)| (6n +13) "\n
n r -
2n — k 2n —k —1 2n
4. ok — gk+1 E* = (32n% + 104 — (60n + 75)4™
— (n—k) (n—k—l)_ (320 + 104n) n (60n +75)
0.159'0

NE

B
I
o




6 Numerical Series and Infinite Products 0.160

c R (e e () o

s (M) (e

0.160'°
2 /2n 1(2n (1+a)2n1 )= S|

1. ky = n —— | =Z(1 2n
2 () () =15 (4) [aras] 2000

= s/ T'(r+b) B(n+a—>bb)
2 20D ( )F(r—i—a)_ T (a—b)

0.2 Numerical Series and Infinite Products

0.21 The convergence of numerical series

The series
o0

0.211 ) wp=uy+up+us+...
k=1

is said to converge absolutely if the series
oo

0.212 > Jug| = fun| + [ua| + Jus| + -+,

composed_of the absolute values of its terms converges. If the series 0.211 converges and the series 0.212
diverges, the series 0.211 is said to converge conditionally. Every absolutely convergent series converges.

0.22 Convergence tests

Suppose that
lim |ug|"" = ¢
— 00

If ¢ < 1, the series 0.211 converges absolutely. On the other hand, if ¢ > 1, the series 0.211 diverges.
(Cauchy)

0.222 Suppose that

lim Ukt ) _
k—oo| Uk
Here, if ¢ < 1, the series 0.211 converges absolutely. If ¢ > 1, the series 0.211 diverges. If M‘
U

approaches 1 but remains greater than unity, then the series 0.211 diverges. (d’Alembert)

0.223 Suppose that
lim k& { — 1} =
k—oo Uk+1

Here, if ¢ > 1, the series 0.211 converges absolutely. If ¢ < 1, the series 0.211 diverges. (Raabe)




0.229 Convergence tests 7

0.224 Suppose that f(x) is a positive decreasing function and that
kg (k
e f (eF)
lim ———* =¢
k—oo  f(k)
for natural k. If ¢ < 1, the series > -, f(k) converges. If ¢ > 1, this series diverges. (Ermakov)
0.225 Suppose that

Uk q , v
=1+ + =
Uk+1 k kp’

where p > 1 and the |vi| are bounded, that is, the |vi| are all less than some M, which is independent

of k. Here, if ¢ > 1, the series 0.211 converges absolutely. If ¢ < 1, this series diverges. (Gauss)

0.226 Suppose that a function f(x) defined for x > ¢ > 1 is continuous, positive, and decreasing. Under
these conditions, the series

> fk)

k=1
converges or diverges accordingly as the integral

/qoof(z) dx

converges or diverges (the Cauchy integral test).

0.227 Suppose that all terms of a sequence uy,us, ... ,u, are positive. In such a case, the series
oo
k=1

is called an alternating series.

If the terms of an alternating series decrease monotonically in absolute value and approach zero,
that is, if

2. Up+1 < up and klim up = 0,

— 00
the series 0.227 1 converges. Here, the remainder of the series is
o0 o0 n

3. S (=DF = D (=D g = (=D g < wnga (Leibniz)

k=n+1 k=1 k=1

0.228 If the series

oo
1. ka:v1+v2+...+vk—|—...
k=1
converges and the numbers uj, form a monotonic bounded sequence, that is, if |ug| < M for some
number M and for all k, the series

oo

2. Zukvk:ulvl + UV + ...+ UV + ... FI 11 354
k=1
converges. (Abel)

0.229 If the partial sums of the series 0.228 1 are bounded and if the numbers uy, constitute a monotonic
sequence that approaches zero, that is, if



8 Numerical Series and Infinite Products 0.231

<M [n=1,2,..] and lim u, = 0, FI Il 355

k—o0

n
> v
k=1

then the series 0.228 2 converges (Dirichlet).

0.23-0.24 Examples of numerical series

0.231 Progressions

> a
1. Zaqk: - [lq] <1]
k=0
> a rq
2. a+ kr)¢* = + ql <1 cf. 0.113
kZ:O( ) R g llal <1} )
0.232
= 1
1. Z(_l)kHE =In2 (cf. 1.511)
k=1

> 1 > 1 T
2. k- 19N -
> (=) 2%k — 1 Zl (4k —1)(4k +1) 4

>
Il
—
>
Il

—
o
=
[t
(=2}
=~
w

S~—

k=1 i=1 j=
[a=1,2,3,..., b#1]
0.233

| 11
[e%e) 1 B

2. D (DM = (=2 C () [Rep > 0] WH
k=1
oo 1 22n—1ﬂ.2n 0 1 7T2

10 _ _

3. Z — = W\Bm, == FI Il 721
k=1 ’ k=1
& 1 (227171 _ 1)7.(_277,

4. Z(—l)kﬂﬁ = WlBgnl JO (165)
k=1
0 1 (22n _ 1)71_271

. = By, 184b

° ;(%—1)2“ 2. (2n)! Bl 10 (1846)

e 1 7.(.Zn-l-l
k41 _
6. Z(_l) (2k — 1)2n+1 — 22n+2(2p)] | Eonl JO (184d)



0.236 Examples of numerical series 9
0.234
1 Sl EU
Ly
k=1
> 1 2
2. — = E
D @ iE T w v
k=1
- (-1)*
3. Y o =G FI 11 482
= (2k+1)
o0
(_1)k+1 3
4. ~ = EU
Z 2k —1)3 32
k=1
> 1 d
5. — = EU
; (2k —1)* ~ 96
— (=1t bxd
6. = EU
kzzl (2k —1)5 ~ 1536
> k 2
7. S (=) = — —In2
P (k+1) 12
8.6 i;:2—21n2
= k(2k + 1)
—I(n+3)
9. — 2/ — /rln4
HZ::I n2T (n) Vrin
= 1
! 2 2 4 4+ 3072 — 384
1 ™ =8 32 —3m w4+ 30m° —
S = — S = 5 S = - = —-—
L7y 72 16 3 64 4 768
JO (186)
0.236
> 1
1. —— =2Ih2-1 BR 51
k; FaE—1n) " >l
o0
1 3
2. — =" (In3-1 BR 51
;k(gkﬂ—l) 5 m3—1) ?
3 i;——3+§1n3+21n2 BR 52, AD (6913.3)
' = k(36K — 1) B 2 ’ '
= k 1
4. — == BR 52
2
kzzl (4k2 - 1) 8
-t 1
5. > — 3 ome2 BR 52

k(4k? —1)* 2

B
I

1
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Numerical Series and Infinite Products

0.237

0.238

= 1 1
kg Qk—1)(2k+1) 2

N =
oo

> 1
kZ:: (4k—1)(4k+1)

= 1 3
Z(k—l)(k:+1) T4

i L =In2— 1
S (2k —1)2k(2k +1) 2

[cf. 0.133],

[m is an integer|

[m is an even number]

i 2k —(1_)12)1:(; 1) %( In2)

g) 3k + 1)(3k + 2)1(3k+3)(3k i % - img " 127r¢§
SESIKEEIER

Soratie (e

§<1>’““4k1_ 5= s [ 2w (V2 1))
i(q)[%l% - % + %1112

AD (6917.3), BR 52

AD (6917.2), BR 52

AD (6916.1)

AD (6916.2)

Gl 111 (93)

Gl Il (94)a

Gl 111 (95)

Gl Il (85), BR* 161 (1)
BR* 161 (1)

BR* 161 (1)

Gl Il (87)



0.241 Examples of numerical series 11
5 Syl T
' Pt 2k—1  2¢/2
> _n[EE2] 1 _ 51
6. Y (-nls 1= Do Gl 111 (88)
k=1
7. iézl_i(\@ﬂ)
2 BE-DEk+D) 2 16
0.241
1
1. ZZT =1In2 JO (172g)
k=1
oo
1 7'('2 1 2
2. ——=———(In2 JO (174
[ 2n 1
11 n _ < 1
3. Z<n>]9 T—1p [0<p<i]
n=0
= " 2 PIn(1 — 2)
4.10 ZL — m 7/ d <p<l1
Z n? 6 1 x . O=p=1]
n=1
0 i [27 <22—]) oit1 (2.2'—(.]'4-1))] i (21)
27y =G+ ;
n
() =0 m<o]
6.10 [247‘ (2_2_17) — it (2.1_ U H))] 2 = 4i (2_Z> ~3.41
- i—] i—(+1) i
j=1
n
() =0 m<o]
7.10 [247‘ (2_2 _17) 9i+1 (2.z -G 1))] 73 = (6i + 13)4° — 18 (2,2)
= 1— i—(+1) 7
n
() =0 m <o)
8.10 [247‘ (2_2 _17) — ot (2.z —U 1))] j* = (3232 + 104) (2,Z> — (60i + 75)4¢
= 1= i—(+1) i
2n n—1 . i
2n\ . 1 (2n (1+ k)11 - k) 2i k 1
10 7 - n i 2n
o0 2 <j>k+2(n>k+ 2 >\ ) [asmz] =20
j=n+1 =0
1010y (Hl;k) 20k — 4

k=0



12 Numerical Series and Infinite Products

0.242

11.10

12.10

(
()
()

k
k=0
/2 , i (20
14,10 k= (2i+1)id" — —
f (20 + 1)i 5 |
k=0
0.242 i(—nki _ " > 1]
’ poars n2k  n241

0.243

) i 1 _ 1 1
' p+(k=1Dg(p+kq)...[p+(k+Dqg (+1)gplp+q...(p+1g)

(see also 0.141 3)

;o zh1 1 i
2 Z[p+(l<:—1)q}[p+(k—1)q+1][p+(k—1)q+2]...[p+(k—1)q+l]l!/o 1— xtd

k=1
[p>0, 2®<1] BR"161(2), AD (6.704)
oo
1 1 (2k + D)z 2k + 1)m w3
3. —— = tanh [T optanh | T ) =
kzzo(2k+1)3 (a: o [ 2 ]” o [ 21 16
0.244
= 1 Lgr —
1. > —1, > —1, GI I (90
;(ker)(kJrq - p/ - [p q p# 4 (90)
2 Z(—l)’”l / [p>0, ¢>0] BR* 161 (1)
k=1 p+
3.10 i L Zq: 1 [¢>p>—-1, pand q integers]
= (k+p)(k+q) Sam ’
Summations of reciprocals of factorials
0.245
= 1
1. 252622.71828...
k=0
= (-DF 1
2.1 ( =—=0.1
D = 5 201839397

b
I
o



0.249 Examples of numerical series 13
= k 1
3. ;m_g_o.%?s?...
=k
4. Z =1
= (k+1)!
=1 1 1
5. Zm:§<e+g>:1.54308...
k=0
= 1 1 1
. = (e-2)=11
6 > Qk+ 1)~ 2 (e e> 7520
k=0
— (=1
7. > = cos1 = 0.54030...
|
 (2k)!
— (Dt
8. D =sinl =0.84147. ..
_ |
£ (2k — 1))
0.246
=1
Lo Y —— =1(2) = 2.27958530.. .
= (k1)
> 1
2. Y o =11(2) = 1.590636855.. ..
(ke + 1)
> 1
3. =1,(2)
P El(k +n)!
— (-1
4. Y5 =J(2) = 0.22389078.. ..
i—o (k)
5. i (D" _ J1(2) = 0.57672481
= kl(k+1)!
— (=D*
6. = Jn(2)
k; El(k +n)!
- k! 1
0.247 =
; m+k—1! (n—2)-(n—1)!
0.248 ) k—' = S,
k=1
Sl =€, SQ = 26, Sg = 56, 54 = 15e
S5 = 52e, Sg = 203e, S, = 877e, Sy = 4140e
e 3
0.2497 ) (k+1)° _ 15e
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0.25 Infinite products

0.250 Suppose that a sequence of numbers aq, a9, ... ,ak,... is given. If the limit lim H + ax)

n— 00
=1

exists, whether finite or infinite (but of definite sign), this limit is called the value of the mﬁmte product

H (1+ ag), and we write
k=1

1. nlirrgoﬁ 1+ ayg) :ﬁ 1+ag)
k=1 k=1

If an infinite product has a finite nonzero value, it is said to converge. Otherwise, the infinite product is
said to diverge. We assume that no ay is equal to —1. FI 11 400

0.251 For the infinite product 0.250 1. to converge, it is necessary that klim ar = 0. FI 11 403
— 00
0.252 If ar > 0 or a; < 0 for all values of the index k starting with some particular value, then, for the

product 0.250 1 to converge, it is necessary and sufficient that the series Y ;- ; aj converge.

0.253 The product H (1 + ag) is said to converge absolutely if the product H (1+ |ag|) converges.

k=1 k=1
FI 11 403

0.254 Absolute convergence of an infinite product implies its convergence.
o0
0.255 The product H (14 ay) converges absolutely if, and only if, the series Zak converges ab-

k=1 k=1
solutely. FI Il 406

0.26 Examples of infinite products

0.261 Tl (1 + ﬂ) =V2 EU

2% — 1
k=1
0.262
= 1 1
1. H(l—ﬁ>:§ FI 11 401
k=2
= 1 2
2. 1— == FI 11 401
(1) =
= 1 T
3. - == FI 11 401
(- e =
0.263

. 2 (P68t 100121416\ V°
T ' 5.7 9-11-13-15
O\ /2 /92 N1/3 93 y\V/4 /g2 44 \1/5
2. e= |- S - -
1 1-3 133 1-36.5




0.303 Definitions and theorems 15

. T B 1 1/2 22 1/4 234 1/8 24'44 1/16
’ 2 \2 1-3 1-33 1-36.5

where the n'P' factor is the (n + 1)*® root of the product [[j_,(k + 1)),

0.264

, fj_

. o g 1/2 i 1/3 234 1/4 24.44 1/5
S 1-3 1.33 1-35.5

where the n'" factor is the (n + 1)™ root of the product [[y_,(k + 1)~ D*(%). Here C'is the
Euler constant, denoted in other works by ~.

0.265 \/7 Ly . Jrl\/T FI 11 402
' 2" 573 2V 27

8 _
0.266 kHO(Hx _1733 0<z<1] FI 1l 401

k

FI 11 402

=N

0.3 Functional Series

0.30 Definitions and theorems

0.301 The series

1. Z fk(x)
k=1

the terms of which are functions, is called a functional series. The set of values of the independent
variable  for which the series 0.301 1 converges constitutes what is called the region of convergence of
that series.

0.302 A series that converges for all values of x in a region M is said to converge uniformly in that
region if, for every € > 0, there exists a number N such that, for n > N, the inequality

> fulw)| <e

k=n+1

holds for all = in M.
0.303 If the terms of the functional series 0.301 1 satisfy the inequalities:

\fe(@)] <ur  (k=1,2,3,...),
throughout the region M, where the u; are the terms of some convergent numerical series

o0
Zuk:u1+u2+...+uk+... s
k=1

the series 0.301 1 converges uniformly in M. (Weierstrass)



16 Functional Series 0.304

0.304 Suppose that the series 0.301 1 converges uniformly in a region M and that a set of functions
gx(x) constitutes (for each x) a monotonic sequence, and that these functions are uniformly bounded;
that is, suppose that a number L exists such that the inequalities

Lo gn(2)l < L

hold for all n and x. Then, the series

(o)
2. > filw)gr(x)
k=1
converges uniformly in the region M. (Abel) FI 11 451

0.305 Suppose that the partial sums of the series 0.301 1 are uniformly bounded; that is, suppose that,
for some L and for all n and x in M, the inequalities

n
> (@)
k=1
hold. Suppose also that for each x the functions g,(z) constitute a monotonic sequence that approaches
zero uniformly in the region M. Then, the series 0.304 2 converges uniformly in the region M. (Dirichlet)
FI 1l 451
0.306° If the functions fi(z) (for K = 1,2,3,...) are integrable on the interval [a,b] and if the series

0.301 1 made up of these functions converges uniformly on that interval, this series may be integrated
termuwise; that is,

<L

b [ o 0o ,p
/ (ka(l‘)) dw:Z/ Ju(x) dx [a <z <] FI 11 459
¢ \k=1 k=170

0.307 Suppose that the functions fi(x) (for k = 1,2,3,...) have continuous derivatives f;(z) on the
interval [a,b]. If the series 0.301 1 converges on this interval and if the series > ;o f/.(z) of these
derivatives converges uniformly, the series 0.301 1 may be differentiated termwise; that is,

{Z fk(x)} = fi(2) FI 11 460
k=1 k=1

0.31 Power series

0.311 A functional series of the form

L Y ae - —ap+ai(a—&) +ax(e— & +...

k=0

is called a power series. The following is true of any power series: if it is not everywhere convergent, the
region of convergence is a circle with its center at the point £ and a radius equal to R; at every interior
point of this circle, the power series 0.311 1 converges absolutely, and outside this circle, it diverges. This
circle is called the circle of convergence, and its radius is called the radius of convergence. If the series
converges at all points of the complex plane, we say that the radius of convergence is infinite (R = 400).



0.315 Power series 17

0.312 Power series may be integrated and differentiated termwise inside the circle of convergence; that
is,

/x {Zak(x - f)k} do =) kofl(w — &k,
€ k=0 k=0
% {Zak(x g)’f} = kap(x - &
k=0 k=1

The radius of convergence of a series that is obtained from termwise integration or differentiation of
another power series coincides with the radius of convergence of the original series.

Operations on power series

0.313 Division of power series.

o0
1 k
= CpT ,
a
0 =0

o0

Z bkxk
k=0

o0
Z ak;vk
k=0

where
1 n
Cn + a—oz Cpn_rap — by, =0,
k=1
or
i alb() — a0b1 ag 0 0 T
azbp — apbs ai ao 0
(_1)71 a3b0 — CLobg ag al 0
Cn = — . . . AD (6360)
ao : . . ..
an-1bp — apbp—1 an—2 an-3 -+ ao
anby — agby Gp-1 Gp_2 -+ a1
0.314 Power series raised to powers.
o0 n o0
k=0 k=0
where
1 m
co=ay, Cm=— Z(kn —m+ k)agCm—_k form>1 [n is a natural number]  AD (6361)
magp P

0.315 The substitution of one series into another.
o0 oo oo
b =) e y=> apat;
k=1 k=1 k=1

2 3
c1 = aiby, co=asby +afby, c3=azbs+ 2aia2bs + aybs,

cq4 = agby + a%bg + 2aq1a3by + 3&%&2[)3 + a‘llb4,

AD (6362)
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0.316 Multiplication of power series

oo oo o0 n
Z akxk Z bkxk = chxk Cp = Zakbn,k FI 11 372
k=0 k=0 k=0 k=0

Taylor series

0.317 If a function f(z) has derivatives of all orders throughout a neighborhood of a point £, then we
may write the series

0.318

1.11

(a:—f) ’ (x_g)Q " (x_g)g "
O + (O + 51O + g IO -

which is known as the Taylor series of the function f(z).

The Taylor series converges to the function f(z) if the remainder

_ _ @=L
Ru(w) = f(@) = £() = > 71

approaches zero as n — oo.

The following are different forms for the remainder of a Taylor series:

Rn(z) = MJIUHI)@ +0(x—¢)) [0<6<1] (Lagrange)
" (n+1)!
_ (.I - £)n+1 _ m\n £(n+1) _
Ry(z) = ———— (1= 0)"f"" (€ + 0(z — €)) [0<6<1] (Cauchy)
_ Y@—=¢§ —9(0) (z-9"1-0)"

FOTOE +0(z —€))

0<6<1], (Schldmilch)

P'lx =81 —-0)] n!

where ¢ (z) is an arbitrary function satisfying the following two conditions: (1) It and its derivative

¥’ (x) are continuous in the interval (0,2 — &); and (2) the derivative ¢’(x) does not change sign

in that interval. If we set ¢(x) = 2P+, we obtain the following form for the remainder:

(z -t —onr !
(p+1)n!

Ry(z) = fOVE+ 0 —¢) [0<p<n; 0<6<1] (Rouché)

Ry (z) = %/gf D () (@ — )" dt

Other forms in which a Taylor series may be written:

flata) =3 TW(@) = f(@) + 111 (@) + 301"(@) + ..
k=0 : :
Z %f(k)(o) = f(0)+ %f/(O) + %fﬁ(o) + ... (Maclaurin series)
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0.319 The Taylor series of functions of several variables:

flo) = 1) + (@ - 9 L8y (g 2100
2 5 )
+21!{(x€)28g552777)+2(x§)(y77)w+(y )23J;(;2777)}+

0.32 Fourier series

0.320 Suppose that f(x) is a periodic function of period 2/ and that it is absolutely integrable (possibly
improperly) over the interval (—[,1). The following trigonometric series is called the Fourier series of

f(@):

k
1. +Z <ak cos —— +bk sm% >

the coefﬁments of which (the Fourier coefficients) are given by the formulas

krt 1 ot ket
2. /f cosidt 1/ f(t)cosT”dt (k=0,1,2,...)
1 a+21
3.1 /f i @dt l/ f(t)sin#dt (k=1,2,...)

Convergence tests

0.321 The Fourier series of a function f(z) at a point 2y converges to the number

f (w0 +0)+ f(z0—0)
2 bl

if, for some h > 0, the integral

/hf(xo+t)+f(ﬂco—t) — f (20 +0) = f (w0 — 0)]
t

0

exists. Here, it is assumed that the function f(z) either is continuous at the point g or has a discontinuity

of the first kind (a saltus) at that point and that both one-sided limits f(xo + 0) and f(zo — 0) exist.

(Dini) FI 11l 524

0.322 The Fourier series of a periodic function f(z) that satisfies the Dirichlet conditions on the interval
[a,b] converges at every point g to the value 3 [f(zo + 0) + f(zo — 0)]. (Dirichlet)

We say that a function f(z) satisfies the Dirichlet conditions on the interval [a, b] if it is bounded on
that interval and if the interval [a,b] can be partitioned into a finite number of subintervals inside each
of which the function f(z) is continuous and monotonic.

0.323 The Fourier series of a function f(z) at a point o converges to 1 [f(zg 4+ 0) + f(zo — 0)] if f(z) is
of bounded variation in some interval (xg — h, zg + h) with center at xg. (Jordan—Dirichlet) FI 111 528

The definition of a function of bounded variation. Suppose that a function f(x) is defined on some
interval [a, b], where z < b. Let us partition this interval in an arbitrary manner into subintervals with
the dividing points

dt

Aa=To<T1 <2< ...<Xp_1<Tp=2>0
and let us form the sum



20 Functional Series 0.324

n

SO (k) = f (zroa)]

k=1
Different partitions of the interval [a, b] (that is, different choices of points of division z;) yield, generally
speaking, different sums. If the set of these sums is bounded above, we say that the function f(z) is of
bounded variation on the interval [a,b]. The least upper bound of these sums is called the total variation
of the function f(z) on the interval [a, b].
0.324 Suppose that a function f(z) is piecewise-continuous on the interval [a, b] and that in each interval
of continuity it has a piecewise-continuous derivative. Then, at every point xo of the interval [a,b], the
Fourier series of the function f(x) converges to & [f(zo + 0) + f(zo — 0)].

0.325 A function f(z) defined in the interval (0,1) can be expanded in a cosine series of the form

a > kmx
0
1. — —_—
5 + aj COs ;o
k=1

where

2 (! ket
2. ap = f/ f@) cos % gt
A I

0.326 A function f(z) defined in the interval (0,) can be expanded in a sine series of the form

k:
1. Z by sin —— ™

Where

l
2. bk:%/ f(t)sin#dt
0

The convergence tests for the series 0.325 1 and 0.326 1 are analogous to the convergence tests for the
series 0.320 1 (see 0.321-0.324).

0.327 The Fourier coefficients ay, and by (given by formulas 0.320 2 and 0.320 3) of an absolutely
integrable function approach zero as k — oo.
If a function f(x) is square-integrable on the interval (—I,1), the equation of closure is satisfied:

% + Z (az +b}) = 7/lf2(x) dx (A. M. Lyapunov) FI 111 705
k=1 -

0.328 Suppose that f(x) and p(z) are two functions that are square-integrable on the interval (—I,1)
and that ag, by and «y, By are their Fourier coefficients. For such functions, the generalized equation of
closure (Parseval’s equation) holds:

apQo

5 +Z akay + b)) = / f(x FI 111 709

For examples of Fourier series, bee 1 44 and 1.45.
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0.33 Asymptotic series

0.330 Included in the collection of all divergent series is the broad class of series known as asymptotic
or semiconvergent series. Despite the fact that these series diverge, the values of the functions that they
represent can be calculated with a high degree of accuracy if we take the sum of a suitable number of
terms of such series. In the case of alternating asymptotic series, we obtain greatest accuracy if we break
off the series in question at whatever term is of lowest absolute value. In this case, the error (in absolute
value) does not exceed the absolute value of the first of the discarded terms (cf. 0.227 3).

Asymptotic series have many properties that are analogous to the properties of convergent series, and,
for that reason, they play a significant role in analysis.

The asymptotic expansion of a function is denoted as follows:

f(z) ~ Z Az7"
n=0

oo
This is the definition of an asymptotic expansion. The divergent series Z —nn is called the asymptotic
z
n=0

expansion of a function f(z) in a given region of values of arg z if the expression R, (z) = 2™ [f(z) — Sn(2)],
n

A
where S, (z) = Z Z—:, satisfies the condition lim R, (z) = 0 for fixed n. F1 11 820

|z|—o0
k=0
A divergent series that represents the asymptotic expansion of some function is called an asymptotic
series.
0.331 Properties of asymptotic series
1. The operations of addition, subtraction, multiplication, and raising to a power can be performed

on asymptotic series just as on absolutely convergent series. The series obtained as a result of
these operations will also be asymptotic.

2. One asymptotic series can be divided by another, provided that the first term Ag of the divisor
is not equal to zero. The series obtained as a result of division will also be asymptotic.

FI 11 823-825

3. An asymptotic series can be integrated termwise, and the resultant series will also be asymptotic.

In contrast, differentiation of an asymptotic series is, in general, not permissible. FI 11 824

4. A single asymptotic expansion can represent different functions. On the other hand, a given

function can be expanded in an asymptotic series in only one manner.

0.4 Certain Formulas from Differential Calculus

0.41 Differentiation of a definite integral with respect to a parameter

d re@ B deo(a) dip(a) ela) 4
0410 [ i ayde = floto), 0 G0 —f(w(a),a)w—i—/w(a) < f(r,a)dr F1 11 680

0.411 In particular,
d a
I -
o f@ar= s

d a
2, %Aﬂmmz—mn
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Certain Formulas from Differential Calculus 0.430

0.42 The n'" derivative of a product (Leibniz’s rule)

Suppose that v and v are n-times-differentiable functions of x. Then,

or, symbolically,

d™(uv) ud”_v (n) dud" v (n) dPud" v (n) dud" B +Ud”_u
dgn dan dx dzn—1 dx? dxn—2 3/ dad dx™3 dzm
d’ﬂ
dg:f)) = (u+v)™ FI | 272

0.43 The n'" derivative of a composite function

0.430

0.431

0.432

If f(x) = F(y)and y = ¢(x), then
Uy Uy

= / " Y3 (n)
dxnf() TE W+ 5 @)+ 5 W) + o+ P ()
where
d” kodb oy k(k—1) 5 d" b1, k_1d™y
-7 —r — (=) Ry =2 AD (7361
Uk = gV — Vgt + o g + (=D ey (7361) GO

n dmF AN N\ J m\ h ) k
—nf( z) = Z L vy vy Yoy o)
dx ilgthl . kD dy 1 2! 3! I

Here, the symbol Y indicates summation over all solutions in non-negative integers of the equa-
tioni+2j+3h+...+lk=nandm=:t+j+h+...+ k.

ar 1 1 1 1
-1 n_F — ) = _F(’n) - F(n 1)
(=1) dz™ (x) x2n (x) t o 1' x

+(71—1)71(?—2)71(71— Dpm-2 (1),
z?n=? 2 <x> AD (7362.1)
et = et | () e (D ()T remne-2 () (5
w0203 (3) (5) "+
AD (7362.2)

n(

;Z;F (1'2) — (21’)“F(n) (I2) + %(21’)”72F(n71) (x2)

n(n —1)(n —2)(n — 3). n—4 - (n—2) (2
+ o (22)" 4 F(" ) (22) +

nn—1)n-2)(n—-3)(n—-4)(n—>5 6 (1
LR DD ) oo () 4

AD (7363.1)
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dr az? _ n _ax? n(n B 1) n(n B 1)(7’L - 2)(” - 3)
* dmne = (202)% [1 + 1! (4az?) 21 (4(”:2)2
n nn—1)(n—2)(n— 3)3(71 —4)(n—5) L
3! (4az?)
AD (7363.2)
3. d (1+ax2)p:p(pf1)(p72)---(P;_n+1)(2aa:)
da’,‘n (1 + a/xg) >
w14 n(n—l) 1+am2+n(n—l)(n—2)(n_3) 1+a$2 2+
Np—n+1) 4azz  2p-n+Dp-n+2) \ 4daz? Y
AD (7363.3)
m—1 1 B "
+ % (1-2)""7 = (‘Umflm sin (m arccos x) AD (7363.4)
o a a n+1 nt1 b 9%k
-1)"— —_ — [ _1\k b
5. (-1 an (a2—|—62) n! (a2+b2> o<2kz<n+1( 1) ( o ) (a) (3.944.1)
o b a ntl na1 b 2k+1
- " — = = | _ k b
6. ( 1) da™ <a2+b2) n: (a2+b2> OS%:STL( 1) (2k+1) (a) (3_944_11)
0.433
. dx™ (2\/E)n 1! (Qﬁ)n+1 o (2\/E)n+2
AD (7364.1)
d" m—1_ (2n—-D! a , 1 n—1
d” n—p n 1 1 d"y n 1 _,d” (yQ)
A _ 1 dhy ) B
0.434 ——y p( n ) { (1) 1V e T (5) Ll AD (7371
osss = (1) 0 (1) e -
. dx™ Y 1/ 1- y dxm 2) 9. y2 dxm dn A )

0.44 Integration by substitution

0.440'"'  Let f(g(z)) and g(z) be continuous in [a,b]. Further, let ¢’(z) exist and be continuous there.
b
Then [ fly(ally/(a)do = [ flu)du
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1 Elementary Functions

1.1 Power of Binomials

1.11 Power series
qg—1) qg—1)...(¢—k+1) 4 a\ k
a_ . S
1.110 (1+2)?=1+qgz+ T o " + kzo(k)x
If ¢ is neither a natural number nor zero, the series converges absolutely for |z| < 1 and diverges for
|| > 1. For z = 1, the series converges for ¢ > —1 and diverges for ¢ < —1. For z = 1, the series

converges absolutely for ¢ > 0. For x = —1, it converges absolutely for ¢ > 0 and diverges for ¢ < 0. If
q = n is a natural number, the series 1.110 is reduced to the finite sum 1.111. FI 11 425
n
n
1.111 n _ ( ) k n—k
(a+x) Z p)re
k=0
1.112
(oo}
1. (1+2)"" :1—:U+x2—x3—|—-~-:Z(—l)k_lxk_l
k=1

(see also 1.121 2)

2. (1+z)?=1-22+32"—42*+ ... = E (—1)F gkt
k=1
1 1-1 1-1-3 1-1-3-5
3.11 1 1/2:1 T 2 3_ 4
(L+2) T3t x+246x 9.4.6.8° T
1 1-3 3.5
71/2: - -2 2_ 3
4. (1+x) 1 2x+2' x 716"
T o0
1.113 —:E ka® 2<1
(1—x)2 2 T [ﬂc < ]
1.114
q (x\  qlg—3) (x\2  qlqg—4)(g—5) rx\3
Lo v o e L (2) (2) 4 a=Dla=5) 2y,
(1+Vita) [ )" \3) * 31 1) T
[x2 <1, gisareal number]

AD (6351.1)

25



26 The Exponential Function

1.121

N ® g2 (q2—22) (q2—42)...[q2—(2k)2} p2k+2
2. (x+ 1+x) =1+ 1)

k=0
2 (2 —12) (¢ —3?%) ... [¢* — (2k — 1)?
+qx+qz (q ) (q 3 ) [q ( k ) ]$2k+1
k=1

2k + 1)!

[xQ <1, gqisareal number]

1.12 Series of rational fractions

1.121
T o0 21@71332’“—1 o0 xz’“—l )

L 1—:(::];1—&—332'“’1:;1—332" [+* <1]
1 > 2k—1

2. I_lzgx%l“ 2% > 1]

1.2 The Exponential Function

1.21 Series representation

1.211
o Lk
11 T _ z
1. € = Z —|
k=0
o0 k
. (zlna)
2 =) g
k=0
o0 2k
—z? _ k‘r_
3 et = 1;)( D
10 et = tim (1+2)
n—o0 n
. o~ 2k +1)
1.212 (1 +x) :;OT
T T >\ Bopa?F
1.213 —=1—-= 2
er — 1 3" 22" (2h)! [ < 2]
1.214 ¢ —e(1 222 5z® 15zt
. e =e +I+T+ﬁ+ o +...
1.215

z?  3z* 8z 325 5627

2l 4! 506 T

(EQ 4334 31.’176
coszT __ o v

1. eSiIlm:1+x+

+...

AD(6351.2)

AD (6350.3)

AD (6350.3)

FI 11 520

AD (6460.3)

AD (6460.4)

AD (6460.5)



1.232 Series of exponentials

27

5 tanz _ 1 z? 323 9zt 372°
. e = +x+i+?+f+ =

1.216

) 2 9p3  5gt
1. earcsmx:l_i_x_’_‘r__’_i_i_i_i_“.

2! 3! 4!
2 3 4
arctanx __ €T €T Tx
2. e —1+.’L‘+§_§_T+...
1.217
T | =TT > 1
1. e xk;oo S (cf. 1.421 3)
0 5 D f. 1.422
: eTT _ o—Tx - xkz 2 + 2 (C Ct 3)

1.22 Functional relations

1.221

1. a:}; — ea:lna

1 1

2. a%%e® = qglssa =g
1.222

1. e® = coshx + sinh z

2. e’ = cosz + isinx

1 o —b 2,.2

1.223 " — " = (a — b)zexp {i(a + b)x} . [1 + —(a%zizx ]

1.23 Series of exponentials

. 1
1.231 E a"* = —— Ja>landz<0or0<a<1andz >0
P 1—a*

1.232
1. tanhzx =1+ 22(—1)%_2’”’ [z > 0]
k=1
2. sechz = 22(—1)’“67(2’”1)"” [ > 0]
k=0
3. cosechxz = 2 Z e~ (Zkt1)e [z > 0]
k=0

2n

4.* sinx = exp l—zcoz ac] [0<a <
n

n=1

AD (6460.6)

AD (6460.7)

AD (6460.8)

AD (6707.1)

AD (6707.2)

MO 216



28 Trigonometric and Hyperbolic Functions 1.311

1.3-1.4 Trigonometric and Hyperbolic Functions

1.30 Introduction
The trigonometric and hyperbolic sines are related by the identities
sinhz = % sin(iz), sinz = % sinh(ix).
The trigonometric and hyperbolic cosines are related by the identities
cosh x = cos(iz), cosx = cosh(iz).

Because of this duality, every relation involving trigonometric functions has its formal counterpart involv-
ing the corresponding hyperbolic functions, and vice versa. In many (though not all) cases, both pairs of
relationships are meaningful.

The idea of matching the relationships is carried out in the list of formulas given below. However, not
all the meaningful “pairs” are included in the list.

1.31 The basic functional relations
1.311
1. .
1. sinz = % (e”” — e_””)
= —isinh(iz)
) 1 _
2. sinhz = 3 (e‘” —e "”)
= —isin(iz)
3 cosx = 1 (e”’ + e_ix)
' 2

= cosh(iz)

4. coshz = % (e® +e7 )

= cos(ix)
sinx 1 )
5. tanz = = — tanh(iz)
cosr 1
sinhz 1
6. tanhx = = —tan(iz)
coshx i
Cos T 1
7. cotr = —— = = i coth(iz)
sin x tanx
coshz 1
8. cothz = = = i cot (ix)

sinhz ~ tanhz

1.312

2

1. cos?x +sin’z =1



1.314

The basic functional relations

29

1.313

®© N oA WD

©

10.

11.

12.

1.314

cosh?x —sinh?z =1

sin (x + y) = sinz cosy £ sinycosz

sinh (z &+ y) = sinh x coshy & sinh y cosh
sin (x +4y) = sinx coshy + isinh y cosx
sinh (z & ¢y) = sinhz cosy + i siny cosh z
cos(x +y) =coszcosy Fsinzsiny

cosh (z + y) = coshx coshy + sinh z sinh y
cos (z +iy) = cosx coshy Fisinzsinhy

cosh (z & iy) = coshz cosy + isinh x sin y

t +t
tan (z £ y) = —n L E1ANY
1 Ftanztany
tanh z + tanh y
tanh (z £ y) =
anh (7 £ ) 1+ tanh z tanh y
t + i tanh
tan (z 4+ iy) = an.:r itanhy
1 Fitanxtanhy
tanhx £t
tanh (z £ dy) = AT rany

1+ itanhxtany

1 1
sinz +siny = 2sin§ (a::ty)cos§ (xFy)
1 1
sinh z & sinh y = 2sinh 5 (x £ y) cosh 5 (xFy)

1 1
COS T + cosy = 2¢os §(m+y)cos 5(90 —y)
1 1
coshx 4+ coshy = 2 cosh i(x + y) cosh E(x )

1 1
cosx — cosy = 2sin i(ery)sin §(yfz)

1 1
coshx — coshy = 2sinh §(x + y) sinh §(x —y)

i +
tanz + tany = M
COS T COS Y
sinh (x +
tanhz £+ tanhy = w
cosh x cosh y
1 1
sinx 4+ cosy = £2sin [2(x+y) + Z] sin [2(:1: —y)+ g
1 1
= £2cos {§(w+y) F ﬂ cos [5(56—1/) - 2]

= 2sin B(miy) + ﬂ cos [%(aﬂFy) ¥ 2]
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1.315

10.*

11.7

12.*

13.%

1.315

- W N

b\ > b
asinx bcosx =a 1+(a) sin {xiarctan (5)]

tasinxz 4+ becosx = by/1+ (%)ZCOS [13 F arctan (%)}

asing & beosy = g4/ 1+ (g)zsin[
0= (atveos [ x|, r=G-vsin| 3]

2
acosx +bcosy=1ty/1+ (%) cos[

t
= —sy/1+ G)Qcos B(m Fy) — arctan (é)] [s # 0]

s = (a—b)sin B(wiy)} . t=(a+b)cos [%(xiy)]

sin? z — sin? y = sin(z + y) sin(z — y) = cos? y — cos

sinh? z — sinh? iy = sinh(z + y) sinh(z — y) = cosh? 2 — cosh?

2

cos? z — sin? yy = cos(x + y) cos(z — y) = cos® y — sin

sinh? z + cosh? y = cosh(z + y) cosh(z — y) = cosh® z 4 sinh? y

(cosz +isinx)" = cosnz + isinnx

(coshz + sinh z)" = sinh nx + cosh nw

1
3 (1 —cosx)

x 1
inh & = 44/ (cosha — 1
sinh - 2(cos x—1)
T 1
cosifi\/i(lJrcos:r)
nE = /L cosha + 1)
cosh o =4/ 5 (coshz

T 1—cosx sinx

T
in s — +
SlIl2

L) vt ()

1
—(x Fy) + arctan

[n is an integer]

[n is an integer]

tan — = - =
2 sinx 1+ cosx

[q # 0]



1.321 Trigonometric and hyperbolic functions: expansion in multiple angles 31
xr coshzx—1 sinh x
6. tanh — = - =
2 sinh x coshz + 1

The signs in front of the radical in formulas 1.317 1, 1.317 2, and 1.317 3 are taken so as to agree
with the signs of the left-hand members. The sign of the left hand members depends in turn on the value

of x.

1.32 The representation of powers of trigonometric and hyperbolic functions in terms
of functions of multiples of the argument (angle)

1.320

1.

Special

1.321
1.

sin?" z = 22% {S(_Dn_k?(?;) cos2(n — K)o+ (2:)}

k=0
—1
Go2n L (_l)n K n—k 2n 3 2n
sinh“" z = g {kzo(—l) 2 f cosh2(n — k)x + .
1 = 2 —1
. 2n—1 . n+k—1 - :
sin T = Sons kio(—l) ( i ) sin(2n — 2k — 1)z
n—1

. 2n—1 (_1)n—1 n+k—1 2n—1 :
sinh T= e ;(—1) i sinh(2n — 2k — 1)z

cos®™ x = € "il 2 2n cos2(n —k)x + an

- 2n = k n
w2 2n
cosh™ z = oon Z 2 . ) cos 2(n — k)x + .

k=0
1 (21
cos™ g = J2n=3 < i ) cos(2n — 2k — 1)z
k=0

1 21

cosh® 'z = Jon=3 < i ) cosh(2n — 2k — 1)z
k=0

cases
. 9 1
sin”z = 3 (—cos2z+1)
. 3 1 . .
sin”z = - (—sin3z + 3sinz)
. 4 1
sin* e = 2 (cosdx — 4 cos 2x + 3)

sin® x = T: (sinbx — 5sin 3z 4+ 10sin )

KR 56 (10, 2)

KR 56 (10, 4)

KR 56 (10, 1)

KR 56 (10, 3)



32 Trigonometric and Hyperbolic Functions 1.322
1
5. sin® x = D) (—cos 6z + 6 cosdx — 15 cos 2z + 10)
1
6. sin’ x = 61 (—sin 7z 4 7sin 5z — 21sin 3z + 35sinz)
1.322
1
1. sinh? z = 3 (cosh 2z — 1)
1
2. sinh® z = 1 (sinh 3z — 3sinh z)
1
3. sinh® ¢ = 3 (cosh4x — 4 cosh 2z + 3)
4. sinh® z = % (sinh 52 — 5sinh 3z + 10sinh z)
1
5. sinh® z = 5 (cosh 62 — 6 cosh 4z + 15 cosh 2z + 10)
1
6. sinh” 2 = ol (sinh 7z — 7sinh 5z 4 21 sinh 3z 4+ 35sinh x)
1.323
1
1. cos’z = 5 (cos2z 4+ 1)
1
2. cos®z = 1 (cos 3z 4+ 3cosx)
1
3. cos x = 3 (cosdx 4+ 4cos2z + 3)
1
4. cos® z = T (cos 5 4+ 5cos 3z + 10 cosx)
1
5. cos® x = 3 (cos 6z + 6 cos4x + 15 cos 2z + 10)
1
6. cos’ x = o (cos 7z 4 7 cosbx + 21 cos 3z + 35 cos x)
1.324
1
1. cosh? z = 5 (cosh2z + 1)
1
2. cosh® z = 1 (cosh 3z + 3 cosh x)
1
3. cosh*z = 3 (cosh4x + 4 cosh 2z + 3)
1
4. cosh® z = T (cosh 5z + 5 cosh 3z + 10 cosh )
1
5. cosh® z = 3 (cosh 6z + 6 cosh 4z + 15 cosh 2z + 10)
1
6. cosh” = — (cosh 7z + 7 cosh 5z + 21 cosh 3z + 35 cosh z)

D
>~



1.332 Trigonometric and hyperbolic functions: expansion in powers 33

1.33 The representation of trigonometric and hyperbolic functions of multiples of
the argument (angle) in terms of powers of these functions

1.331

. _ . n _ . n _ .
1.7 sinnz = ncos" ' zsinz — (3)008” 31‘81113:6—%-(5)005" Sesin®x—...;

. _ _ n—2 _ _
=sinz { 2" cos™ 1:13—( 1 )2” 3cos" B

-3 —4
+ (n 5 )2”5008"5m— (n 5 )2”7C0s”7x+...

AD (3.175)
[(n+1)/2] n
2. sinhnz ==z Z <2k: 1> sinh?* =2 z cosh" ~2F 1 ¢
k=1
[(n—1)/2] nek—1
=sinhz Z (—1)’“( k‘ >2”_2k_1cosh"2k1x
k=0
3. cosnx = cos" x — (Z) cos" 2 zsin x + (Z) cos" tsintx — ...
=2""tcos" x — ?2”*3 cos" 2z + g " I 3) 2" % cos"
—4
—g <n 5 )2”_7 cos" Ca4 ...
AD (3.175)
[n/2] n
43  coshnz= Z (2k) sinh?* z cosh™ 2%
k=0
[n/2]
1 —k—-1
=2""1lcosh" z +n Z (_l)kE <n ko1 >2"2k1 cosh" % ¢
k=1
1.332
4n? — 22 4n? — 22) (4n? — 42
1. sin2nac=2ncos:c{sinx— nTsin?’x—F ( )5|( ) sin®x — ... AD (3.171)
_ (_1)71,—1 cos T 22n—1 sin2”71 T — 2’”’1—'_22271,—3 Sin2n73 x
2n —3)(2n — 4 5
+ ( n )2(| n )2277,—5 Sin?nf‘) T
n—4)(2n — n —
2 4)(2 5)(2 6

- 2 22 Tgin® T 4 . } AD (3.173)
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2n —1)2 — 12
2. sin(2n — )= (2n — 1) {sinw - % sin®
2n—1)2 —12] [(2n —1)? — 32
+ [@n—1) ]5'[( n-1 ] sinf®x—... AD (3.172)
2n —1 .
_ (_1)n—1 22n—2 Sin2n71 T — nl' 22n—4 Sin2n73 T
2n—1)(2n — 4
4 (2n )2(' n )22n76 Gin2n—5 4
2n —1)(2n — 5)(2n — 6
— (2n = 1)( n3' )@n )22”_8 sin®" T 4 .. } AD (3.174)
2 4n? (4n? — 22 4An? (4n? — 2) (4n? — 42
3. cos?nle—%sian—&——n (Z| )sin4x— ! (n 6?(71 )SinGx—l—...
AD (3.171)
— (_1)77, 2277,71 Sin?n xr — 2_”221’7,73 SinZn—Q T
1!
+ 2”(2;_ 3) 92n—5 g 2n—4 o _ 2n(2n — ;1')(277 -5) 92n—T7 g 2n—6 o 4 }
AD (3.173)a
2n —1)%2 — 12
4. cos(2n — 1)x = cosx {1 - % sin? 2
2n —1)2 -12] [(2n —1)2 — 32
+ [( ) ]4'[( ) ] sinfz — ... AD (3.172)
2n—3
= (=1)"tcosx {22 2sin®" 2y — nTQQ”_‘l sin®" 4z
2n —4)(2n —5
+ ( n )2(' n )22n—6 sin2"76x
2n —5)(2n — 6)(2n — 7
_ (25 n3' )@2n )22"8sin2”‘8x+...} AD (3.174)

By using the formulas and values of 1.30, we can write formulas for sinh 2nz, sinh(2n — 1)z, cosh 2nz,
and cosh(2n — 1)z that are analogous to those of 1.332, just as was done in the formulas in 1.331.

Special cases

1.333
1 sin 2x = 2sinx cosx
2 sin3z = 3sinx — 4sin® z
3. sindx = cosx (4 sinz — 8sin® :E)
4 sin 5z = 5sinx — 20sin® 2 4+ 16sin®
5 sin 6z = cosz (6sinz — 32sin® x + 32sin® z)



1.337

Trigonometric and hyperbolic functions: expansion in powers

35

1.334

sin 7z = 7sinz — 56 sin® 2 + 112sin® x — 64 sin”

sinh 2z = 2sinh x cosh x

sinh 3z = 3sinh z + 4sinh® =

sinh 4z = coshz (4 sinh z 4+ 8 sinh® x)

sinh 5z = 5sinh z + 20sinh® z + 16 sinh® =

sinh 6z = cosh z (6sinh « + 32sinh® z + 32sinh” z)

sinh 7z = 7sinh z + 56 sinh® z 4+ 112 sinh® 2 + 64 sinh” 2

cos2x = 2cos’x — 1

cos 3z = 4cos® & — 3cos

cos4x = 8cos x — 8cos® x + 1

cos bz = 16 cos®  — 20 cos® © + 5cos

cos 62 = 32 cos® z — 48 cos? x 4+ 18 cos? z — 1

cos Tz = 64cos” & — 112 cos® z + 56 cos® z — Tcosz

cosh2z = 2cosh®z — 1

cosh 3z = 4 cosh® z — 3cosh z

cosh4x = 8cosh* z — 8cosh? z + 1

cosh 5z = 16 cosh® x — 20 cosh® z + 5 cosh =

cosh 6z = 32 cosh® z — 48 cosh* # + 18 cosh? z — 1

cosh 7z = 64 cosh” z — 112 cosh® z + 56 cosh® x — 7 cosh

cos 3z

T = 1—3tan’z
cos3 x
cos4x
= 1—6tan’z + tan* z
cos*x
cosHr
. — 1—10tan?z + 5tan’
cos® x
cos 6z
e = 1—15tan’z + 15tan 2z — tan® =
cosb x
sin 3x 3
— = 3tanx — tan” x
cos3 x
sin4dx

= dtanz — 4tan’ x
costx
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N sin 5 3 5
7. ——— =5tanz — 10tan” z + tan”
cos® x
in 6
8.* % =6tanz — 20tan’ z + 6 tan®
cos® x
3
9.* C?S3 T cot®z — 3cotz
sin® x
4
10.* c?s4 T cot*z —6cot’z + 1
sin®
5 5
11.* C?SS T _ otz — 10cot® 2 4+ 5cot x
sin® z
cos 6
12.* ._633 =cotb z — 15cot* x + 15cot? z — 1
sin® x
. sin3dz 9
13. —— =3cot"z—1
sin® z
sin 4x 3
14.* —— = 4cot’z —4cotx
sin® z
inb
15.* s%n5 T 5cot*z — 10cot? z + 1
sin® z
in 6
16.* STHG T 6 cot® z — 20 cot® = + 6 cot
sin® x
1.34 Certain sums of trigonometric and hyperbolic functions
1.341
— n—1 n
1. Z sin(z + ky) = sin <[L’ + 5 y) sin ?y cosec % AD (361.8)
k=0
iy n—1 ny 1
2. Z sinh(z + ky) = sinh (m + Ty) sinh 72/ 7
k=0 9
2 n—1 n
3. ; cos(z + ky) = cos <JC + 2y) sin ?y cosec % AD (361.9)
= n—1 n 1
4. Z cosh(z + ky) = cosh [ © + ——y | sinh ny
2 2 ginh 4
k=0 9
2n—1 om 1
5. Z (=1)* cos(z + ky) = sin ( = + y | sin ny sec Y JO (202)
2 2
k=0
n—1
-1
6. Z(—l)k sin(x + ky) = sin (z + nT(y + 7r)> sin w sec 2 AD (202a)

k=0
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Special cases
1.342
1 z": sin kz = sin nt 1:vsin ne cosec E AD (361.1)
. = 5 5 .
k=1
- n+1 nx z
2.10 kx = in — —+1
];)cos = cos — —asin —- cosec 5 +
nr . 1 | sin (n + %) z
= cos — sin rcosec—=— |1+ ————=—
2 2 2 sin 3
AD (361.2)
n
3. Z sin(2k — 1)2 = sin’® nx cosec = AD (361.7)
k=1
- 1
4. — = —si
Z cos(2k — 1)z 5 Sin 2nx cosec x JO (207)
k=1
1.343
n 3 2n+1
1 —1)" cos (==x
Lo > (1)Fcoska = -5+ =D (x ) AD (361.11)
k=1 2cos =
2
" sin 2nx
2. —1)**+lgin(2k — 1)z = (-1)" "1 — AD (361.10
> (=12l 1) = (1) T (361.10)
n n
3. Z cos(4k — 3)x + Z sin(4k — 1)z = sin 2nz (cos 2nx + sin 2nx) (cos z + sin x) cosec 2z
k=1 k=1
JO (208)
1.344
n—1
1 in — = cot — AD (361.19
Zsm cot 5 ( )
k=1
n—1
2mk?
2. ,; sin 7; = g (1 + cos %T —sin n77r) AD (361.18)
n—1
27k?
3. ];)cos 7; = ? (1 + cos % + sin n%r) AD (361.17)

1.35 Sums of powers of trigonometric functions of multiple angles

1.351

1. Z sin? kz =
k=1

[(2n + 1) sinz — sin(2n + 1)z] cosec

cos(n + 1)z sinnx

NI I

2sinx

AD (361.3)
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- n—-1 1
2. Z cos? kx = 5 + 5 cosna sin(n + 1)z cosec
k=1 n  cos(n + 1)zsinnz
=+ :
2 2sinx
AD (361.4)a
n
3 1 1 3 1 3 3
3. ; sin® kx = 1 sin ;_ T sin % cosec g 1 sin W sin % cosec 71‘ JO (210)
n
3 1 1 3 1 3 3
4. ; cos® kx = 7 ¢08 n ;— x sin % cosec g + 708 %x sin % cosec ; JO (211)a
- 1
5. Z sin® kx = 3 [3n — 4 cos(n + 1) sin nx cosec x 4 cos 2(n + 1) sin 2nx cosec 2z JO (212)
k=1
n 1
6. Z cos* kx = 3 [3n 4 4 cos(n 4 1) sin nx cosec z + cos 2(n + 1)z sin 2nz cosec 2] JO (213)
k=1
1.352
n—1 . 2n—1
n cos x
LN " ksinks = ki (, 2 ) AD (361.5)
— 4sin® 5 28in 5
n—1 . 2n—1
nsin T 1-—
210 N kcoska = (. z ) _ o AD (361.6)
— 2sin 5 4sin” 3
1.353
n—1 . ona nt+1l o 1
L) prsinks = psinz —p SMna + p Zm(n )z AD (361.12)a
— 1—2pcosz+p
9 nilpk sinh kg — psinhz — p” sinh nz + p™*! 2inh(n -1z
= 1—2pcoshz + p
n—1
1— o n+1 -1
3. > peoska = pCosT — P cosnT +p . cos(n — 1)z AD (361.13)aj
P 1—2pcosxz+p
n—1
1-— hz — p™ cosh "1 cosh(n — 1
4 Y preoshke = —POET P O tp = (n =D JO (396)
P 1—2pcoshz+p
1.36 Sums of products of trigonometric functions of multiple angles
1.361
. 1
1. Z sinkzsin(k + 1)z = 1 [(n 4 1)sin 2z — sin 2(n + 1)x] cosec x JO (214)
k=1
n
. . n 1 .
2. Z sin kz sin(k + 2)x = — cos 2z — 5 cos(n + 3)x sin nx cosec x JO (216)

2
k=1
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= 1 2
3. 2 ; sin kz cos(2k — 1)y = sin (ny + n—2|— 1:) sin n(z ;_ y) cosec
- . n+1 . n(2y —x) 2y —x
—sin | ny — x | sin cosec
YT 2 2
JO (217)
1.362
1 i:(?k'Qx)Q—(2”' x)Q in’ AD (361.15
. sin oF) = sin on sin“ x (361.15)
k=1
- 1 )\’ 1 z\?
2. ; (2—k sec 2—k> = cosec® r — (Q—n cosec 2—n) AD (361.14)
1.37 Sums of tangents of multiple angles
1.371
"1 x 1 T
1. kZ:O2—ktan2—k = o cot o — 2cot 2z AD (361.16)
e T L | ) 1 L,
k=0
1.38 Sums leading to hyperbolic tangents and cotangents
1.381
1
tanh | z ' 2(2k+1 )
n—1 n sin "
1. Z 5 = tanh (2nz) JO (402)a
P 14 tanh” x
9 (Zk +1 >
tan U
4an
1
tanh | z
n—1 ’I’LSln2 (—) 1
n
2. 5 = coth (2nz) — — (tanhz + coth x) JO (403)
— 1 tanh” x 2n
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tanh | z 2
L/ 2k+1
n—1 (2’]’L + 1) Sin mﬂ' tanhl‘
3. o = tanh (2n + 1)z — JO (404)
Py 14+ tanh” z 2n+1
tan? M
202n+1)"
2
tanh | x o=
n (2n + 1) sin® (7>
2(2n+1) cothx
4 =coth(2n+1)x — JO (405
; tanh? z ( ) 2n+1 (405)
= 1+
tan? L
(2n+1)
1.382
n—1 1
1. /21 = 2ntanh (nx) JO (406)
k=0 [ sin s
$ + ltanh (f)
sinh x 2 2
n—1 1
2. A = 2n coth (nz) — 2 coth z JO (407)
=1 [ sin? [ 28
7271 4+ lt h <_)
simhz 2 3
n—1
1 2 1
3, ~@n+1)tanh ( Z2EYT) C om0 (408)
o[ 2k+1 2 2
k=0 [ sin — T
202n + 1) + 1tanh (f)
sinh z 2 2
= 1 2n+ 1)z x
4 Z - o = (2n 4 1) coth (?> — coth B JO (409)
B e G BT x
SSt UG
simhe 23
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1.39 The representation of cosines and sines of multiples of the angle as finite

products
1.391
n—2
2 sin? x
1. smna::nsmzcoszH 1-— T
k=1 sin® —
n
% sin? z
2. = 1 — >
cosnT H (k= T1)r
k=1 sin® ——
2n
n—1
2 sin® x
3. smnx:nsmzH I_W
k=1 sin® —
n
n—1
2 sin? x
4. COS’I’L.’L':COSQUH 1—W
k=1 sin® ——
2n
1.392
n—1 k’]’(’
1. sinnz = 271 H sin <x + —>
n
k=0
& 2k —1
2. =on-1 i
COS NI H sin <x + on 77)
k=1
1.393
n—1
2k 1
1. H cos <x + ;ﬂ‘) = on T cosnx
k=0 1 n
= 51 [(—1)5 — Cosmc]
n—1 n 1
1
2.11 H sin (x + —7'(') ( 2n) — sinn
1
= (271 )1 (1 — cosnx)
nl 2km
1.394 H {x2 — 22y cos <a + —) + yg} = 22
n
k=0
1.395
n—1
1. cosnz — cosny = 271 H {cos:c—cos <y+

k=0

[n is even]

[n is even]

[n is odd]

[n is odd]

[n odd]

[n even]

[n odd]

[n even]

" 22"y cos na + "

)

0 (568)

JO (569)

JO (570)

JO (571)a

0 (548)

JO (549)

JO (543)

JO (544)

JO (573)

0 (573)
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nt 2k
2. coshna — cosny = 2"~ 1 H {cosh;v — cos (y + —) } JO (538)
k=0 "
1.396
n—1
k n 1
1. <x2 — 2z cos = + 1) =2 5 KR 58 (28.1)
n 4 —1
k=1
n 1.2n+1 1
2. 22 = KR 58 (28.2
H(:U xcosn 1 > ] 58 (28.2)
k=1
- 2k |
2 _
3. kli[l (:U + 2z cos o 1 > = a1 KR 58 (28.3)
n—1
2k +1
4. <x2 — 27 cos (2k + Lm + 1> =z 41 KR 58 (28.4)

1.41 The expansion of trigonometric and hyperbolic functions in power series

1.411

1.

6.11

i L a2
sinz = Y (-1)' ——
[
prd (2k+1)!
i 2k
sinhz = —_—
[
= (2k+1)!
o0 . a2
cosx:Z(—l) k)]
k=0
o 2k
x
coshxzzm
k=0
o0 22k 22k_1 B T
tanz = Z %|3%£2k ! {xQ < —
k=1
® w17 o0, 92k (92k _ |
tanhe = o — & 4 25 L7 2 B
e T TT A kzzl k)
{xQ <
1 2%(Bo] gpy 2 2
1z 2% 2P 1 =2%By, o,
B R T A S O]

FI 11 523
FI 11 523a
FI 1l 522a
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E. 2
9. secr = Z | 2k| x2k [372 < %} CE 330a
2 5t 61aS -
10. ho=1-—— 4> — :
0. sechw > "1 0 " 2::
2
{xz’ < W—} CE 330
4
1 o0 2 22k—1 —~1)IB 2k—1
11. cosecT = o + ( (2]2:)|' 2] [x2 < 7r2] CE 329a
k=1 ’
1 1 72° 3laP 1 X2(2%%71 —1) By,
12. he=—- — = [ T 2k—1
cosech T = 6" 360 15120 T x kz::l (2k)! v
[2? < 7% JO (418)
1.412
o0 92k—1,.2k
1. sin?z= Z(—l)kﬂw JO (452)a
k=1 ’
o0 92k—1 .2k
2. coslz=1- Z(—N“W JO (443)
k=1 ’
1 32+ —3
- _Vk+1 2k+1
3. sin”z = 2 kZ( 1) k1) x JO (452a)a
1 & (3% +3)x
4. cos® x = 1 Z 4)) JO (443a)
1.413
oo g 22R g2
1. sinhx = Cosecka(—l) + W JO (508)
=1
> 22k$4k
2. coshx = secx + sech(— K ah)! JO (507)
ok—1,.2k—1
3. sinhz = secx Z 1)le/2] Tl)' 0 (510)
oe1)2] ok—1,2k—1
4. cosh z = cosecx kZ(—l) e JO (509)
=1
1.414
> n? +02) (n? 4+ 2%) ... [n? + (2k)?]
1. cos [nln (x—l— 1+x2)} =1- -1 Al x2k+2
S 2l

[2? < 1] AD (6456.1)



44 Trigonometric and Hyperbolic Functions 1.421
(n? 4+ 12) (n? 4 3?) ... [n? 4 (2k — 1)?] 22+ +1
2. sin {nln(x—i— 1+$2)} —n:n—nz k+1 )( 22k+[1)! ( ) ]
[2* < 1] AD (6456.2)
Power series for Insinx, Incosz, and Intan z see 1.518.
1.42 Expansion in series of simple fractions
1.421
1. tan 2 455% ! BR* (191), AD (6495.1)
. n—=— _— , .
2 7Tk1(2/€—1) — 2
4 1
210 tanh = = =2
N T k12t a2
k:l
3. cot L i ! i i AD (6495.2), JO (450a)
. = — 4+ — = - 2),
T Tt — kP el T ?
- e
2z 1
4. cothmy = — — kz PN (cf. 1.217 1)
- 2(2k — 1
5. tanQE:xQZ 5 Y 2( 22) 5 " JO (450)
2 o (12 —22)7 (32 —22)” .. [(2k — 1)% — 2?]
1.422
T 4 o 2k — 1
1. =) ()R AD (6495.3
Y T s R A 7 g (6495.3)a
T 4 & 1 1
2. 2= == JO (451
R T mA (2k1:17)2+(2k1+x)2} (451)a
1 2rx (—D)F
3. cosec T = —— + % ]; a?(Q —)k2 (see also 1.217 2) AD (6495.4)a
1 & 1 1 2 o 2%+ k?
2 . _ 1 _ A
4. cosec” Tr = — k_z_ k2 + 2 ’; (2 k:2)2 JO (446)
l1+axcosecr 1 o= (=1)FF!
5. - = JO (449
222 x? ]; (z2 — k272) (449)
6 2 i (1" JO (450b)
. cosec Tr = —
T e at—k?
1423 2T T ot L_y L JO (477)
. —— cosec® — + —cot — — — =
4m? 4dm 2 —=(1- k2m?2)?
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1.43 Representation in the form of an infinite product

1.431
1. sinm:wH(l—m> EU
k=1
oo I2
2 51nhx:xH(l+k2 2) EU
k=1
a 422
3 = 1-— EU
cosz k[[o ( o %2)
= 4z
4 coshx:H 1+ T 122 EU
k=0
1.432
2 0 2 2
1.1 cosx —cosy =2 (1 — x_) sin? ¥ L — (1 — xi) AD (653.2)
y? 2. (2km +y)° (2km — y)?
22 Y x? x2
2. coshz — cosy =2 (1 + ) sin? 2 <1 + ) <1 + ) AD (653.1)
32 2 kl;[l (2km + y)? (2km — y)?
Tr ., TE (—1)kx
1.433 —_— = — = 1 BR* 189
(:os4 sm4 ]]:[1|:+2k—1:|
1 _oo +2 2 2
1.434 cos?x = —(m+ 222 [ |1 = (=2 MO 21
34 cos“x 4(71'—1— x) kl_[[ ( S 0 216
1.435 s1n7|.'(x+a)_x+a1—[<1_ x ><1+ x > MO 216
sinTa et k—a k+a
) o] 2
sin” wx T
1.436 1— = 1— MO 216
sin? 7a k:li[oc l <k;—a) ]
- [e%} 2 2
1437 ST _ IT [1- ( v ) MO 216
sin x et T+ km
1.438 coshx —cosa ﬁ 14 T 2 MO 216
’ 1—cosa _k__ 2km + a
1.439
1. sinz=a[]cos 2% (2| < 1] AD (615), MO 216
k=1
sinz = 4 5/
2. — = 11 [1 — gsin (37)] MO 216

k=1
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1.44-1.45 Trigonometric (Fourier) series

1.441
o0 . k _

1. Zsmkxzwzx 0< 2 < 27] FI 111 539
k=1
. cos kx 1

2. > =5 n[2(1—cosa)] [0 <z < 27] FI 111 530a, AD (6814)
k=1
o~ (—D)Flsinkz z

3 > - =3 [-7 <z < ) FI 11 542
k=1
Nt k

4. Z(—l)k_l¥ =lIn (2005 g) [-7 <z < 7] FI 111 550
k=1

1.442
L sin(2k — 1)z 7

1.1 sin@k— Lo _ 7, - FI 1l 541
kz:; ok~ 1 ; Sienz [-7 <z <] 5
—~cos(2k — D)z 1 x

2 Z 0% — 1 fglncotg 0 <2<

BR* 168, JO (266), GI 111(195)

> 2% —1 1
5 S 1Slﬂ(2k - L (_ n g) {_g <z< g} BR* 168, JO (268)a
k=1
> 2k — 1)x 7r
4,10 S R Gl L S —= 2]
> (1) % — 1 1 3 =" 73
= S Tce<T
] 2 2
BR* 168, JO (269)
1.443
18 =~ cos krx [)n—192n— 1 2 L (o B k
. 7k‘2n —( ) 'Z k 2n—kpP
k=1 =0
1 x
L (o)
(="~ 5
[0<x<2, p:g— g” CE 340, GE 71
5 > sinlmx_( 1)r-tg2n a2t 2 fon 41 B
2 il = (2n+1)' . k 2n—k+1P
1 (27.r)2n+1 T
)
(=1) 2 (2n+ 1)1\

{O<x<1; ngf{fﬂ CE 340
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coskx 7w wx 2?
. = — — — 4+ — <xr<2 FI 111 54
3 ; i 5 T [0 <z <2n] 547
o0
kr w2 x?
4. T} Lt DL r<az< FI 11l 544
. sinkz 7wz wx? a8
‘ _ Tz mrt T <z<
5 kZ:l I 5 Tt [0<a<2n
coskx 7wt wx® wx® a2t
6. _— = — _— — 0<x<?2 AD (6617
; B0 12 T2 m 0= < 2] (6617)
o . 4 2.3 4 5
sinkx 7w*x Twx T T
7. = — — _— — — 0<xr<2 AD (6818
; BT 00 36 | 48 240 0= < 2m] (6818)
1.444
= sin2 1
1. smk ;Ck +1 i = sin 2z — (7 — 2x)sin® 2 — sinz cos z In (4 sin? )
o k1)
[0 << BR* 168, Gl 11l (190)
= 20k +1
2. cos2(k + 1)z = cos2x — (Z,x> sin 2z + sin® z In (4sin2x)
— k(k+1) 2
[0<z <] BR* 168
o L k 1
3. ;(—1)’“% :sina:—g(l—l—cosx)—sinxln‘Zcos;‘ MO 213
stz 20052
4. ;( 1) Rl cosT — 3 sinz (14 cosz)In|2cos MO 213
= sin(2k+ Dz« 0 ™
. ) L e [——< <—]
5. > (1) 2k+12 4" 2 =7=7%
k=0 _ 71'( ) T < 3
=1 T—x 5 = T 27"
MO 213
6 2 cos(2k— 1)z w (7r ) e
. i L - FI 11l 54
6 ; ok —1)2 1 5 |z] [-7m < < 546
> cos 2kx 1 =« T
. it LS <z< = 1
7 kZ:l(Qk—l)(Zk—i—l) DR R [O*x*Q} 1O (591)
1.445
> ksinkz wsinha(r — )
1. = — 0 2 BR* 157, JO (411
Pt k2402 2 sinhar [0 <@ <2 (411)
2. S [0< a2 <27] BR* 257, JO (410)

i coskz 7 cosha(r —x) 1
k=1

24+ a2 2a sinhar 202
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3 i (=1)*coskx 7 coshax 1 [ <z<n] FI Il 546
: = — o —r<z<T
— k2 + o2 2ac sinhamr 202 - -
> ksinkx  wsinhox
4. —1)F1 = - - < FI 111, 546
kﬂ( ) k2 +a?  2sinhar [-m <@ <]
= ksinkx sin {a[(2m + )7 — 2]} .
8 1 K2 —a? 2sin am if & = 2mm, thenz-n:()}
2mm <z < (2m+ 2)7, « not an integer] MO 213
6 coskz 1 mcos[a{(2m+ )7 — z}]
' = k? —a? 202 2 asinam
2mm <2x < (2m+2)7, « not an integer] MO 213
(o) .
ksln kx sin[a(2mm — x)] .
)k _ —
7. zjl 2 " 5 s on 1fx—(2m+1)7r,thenz--~—0},
[(2m — 1) <z < (2m + 1)7, & not an integer] FI 11l 545a
S i 1 coskr 1 7 cos[a(2mm — x))
' Pt k2—a2 222 2 asinar
[(2m — )7 <z < (2m + 1)7, @ not an integer] FI IIl 545a
g+ i eine _ weP 2 ginh(ya) + P sinh [y(27 — )]
' = (=024 g cosh(27y) — cos(273)
[0 < a< 27
> 1)k 1 cos(2k + 1)z 7r 1
1.446 = —cos’z —  cos
Z 2k — D)2k + )2k +3) 8 T 3"
—g <z< g BR* 256, Gl Il (189)
1.447
- psinx
1. Fsinkr= ——————
Z:p ST 2p cos x + p?
[lp| < 1] FI 11 559
= 1 —pcosx
2. k kr= —————
kzzop COSRT =77 2pcosx + p?
[lp] < 1] FI 11 559
o
1— 2
3. 1+22pkcoskm: P

1—92pcosz + n2
] 1—2pcosz+p

[lp] < 1] FI Il 559a, MO 213



1.449 Trigonometric (Fourier) series 49
1.448
1 Z PP sin kx ¢ psinx
. = arctan
— k 1—pcosx
[0<z<2m, p*<1] FI 11 559
ok
p” cos kx 1 ) 9
2. ; p :—iln(1—2p005x+p)
0<z<2m, p*<1] FI 1l 559
00 2k—1 .
P sin(2k — 1)z 1 2psinx
3. = —arct
kZ:l 5k 1 2arcan1_p2
[0<az<2m p?<1] JO (594)
o 2k—1 2
2k —1 1. 1+2 3
n Zp cos(2k )m:_ln + pcosa:+p2
— 2k —1 4  1—2pcosx+p
0<az<2m, p*<1] JO (259)
. i (1) 1p2k—1gin(2k — 1)z _ 11+ 2ps%n£E —s—pz
Pt 2k —1 4 1—-2psinx+0p
0<z<m, p?<1] JO (261)
oo
(=) 1p2—lcos(2k — 1o 1 2pcos T
6. ; T ziarctan —
[O <z<m p*< 1] JO (597)
1.449
o0 k. k
1. Z%:e“o”sm(psinz)
k=1
[p* <1] JO (486)
2. Z % = eP % cos (psinx)
k=0 ’
[p* <1] JO (485)
Let S(z) = —2cosz + L and C(z) = L sinw.
oo
3.* nz::l 3 i pe S(nx) = g [C(ax) — cot(ma)S (ax)] OD<z<2m, a#0,+£1,£2,..]
R PEm—cr " [S(az) — cot(ra)C(ar)
. nx) = — — — [S(ax) — cot(ma)C(ax
— n2 — a2 202  2a
0<z<2m, a#0,+£1,£2,..]
N .
5. Z R (nx) = = cosec(ma)S(ax) [-r<x<m a#0,£1,£2,...]



50 Trigonometric and Hyperbolic Functions 1.451
6. i(‘l)n_lc( j—— LT (ra)C(az) [~r<a< £0,41,42,.. ]
. 2 g ne) = — 5 + 5 cosec(ma)C(az Tr<z<m a#0,+£1,£2 ...
7 i n—1 S(nz) = T {C(ax) + tan (—) S(ax)}
2 (2n—1) 1
D<z<m a#0,+1,+2,...]
. = 1 T
8 ngl e C(nx) P [S(ax) — tan (—) C’(a:v)]
D<z<m a#0,+1,+2,..]

> —1 n—1 T ra
00 3 Gt = e () ()
2 (-1 (2n -1 - ra
o 3G o = Fee () Clan

Fourier expansions of hyperbolic functions

1.451
= (12407 (12427 12

+ (2k)?]

1. sinhz:cosxz

{—ggxgg, 00,4142, ]

5 ST<3 aA0ELE2. ]

sin?Ft1 g

+(2k—1)%] o,

|
k=0 (2k + 1)!
12 412) (12 4+ 32) ... [12
2. coshx—cosx+cOS$Z ( )( (%kw [
k=1
1.452
o  2k+1 2% + 1)6
1. sinh (z cos §) = sec (z sin 6) T cos(2k + 1)
(2k +1)!
k=0
- 2%k0
2. cosh (z cos 0) = sec (x sin §) Z %

=0

oo Qk M 2
3. sinh (z cos §) = cosec (z sin §) Z %};lke
k=1 :

2. 22k sin(2k 4+ 1)6

4. cosh (z cos 0) = cosec (z sin 0) ];) @kt 1l

s~ x

[2* < 1]
[2* < 1]
[2° <1, zsind #0]
[+ <1, wsinf #0]

JO (504)

JO (503)

JO (391)

JO (390)

JO (393)

JO (392)



1.480 Lobachevskiy's “Angle of Parallelism” 51
1.46 Series of products of exponential and trigonometric functions
1.461
= 1 sinx
1. “ktsinkr = - —— t>0 MO 213
kzzoe SILPE = 5 coshit — cos [ ]
2. 1+ 22 k sinh { [t > 0] MO 213
. e *eoskr = ————
cosht — cosx
2T tY Lo
o0 sin® ——— + sinh” ¢
1.462° Z mk“mk*y 2t Ly 2 MO 214
4 2T Y 12
=1 sin” —— + sinh” ¢
1.463
T cos ¢ . . _ - x" cos ne 2
1. e cos (zsin p) = Z% 0 (% < 1] AD (6476.1)
2. e’ % gin (z sin ) Z " blnn(p [332 < 1] AD (6476.2)
1.47 Series of hyperbolic functions
1.471
> sinh ka cosha - .
1. Z T sinh (sinh z) . O (395)
k=1
= cosh kz cosh = .
2. Z — =€ cosh (sinh z) . JO (394)
k=0
= 1 1 (2m + )7z 2m+Dr] 7
3. —tanh —— 4+ rtanh———| = —
2} %+ 1 [ g vt 16
1.472
- . psinh x 9
1. ¥ sinh kz = <1 JO (396
;p SRR = 1 —2pcoshx + p? [p } (396)
2 i Fcosh k L~ peoshe P> <1] 1O (397)
. x = a
k:()p 1 — 2pcoshx + p? P

1.48 Lobachevskiy’s “Angle of Parallelism” II(x)
1.480 Definition.

1. II(z) = 2arccot e” = 2arctane™™

x> 0]

LO 111 297, LOI 120



52 Trigonometric and Hyperbolic Functions 1.481

2. M(z) =7 — (—x) [z < 0] LO 111 183, LOI 193

1.481 Functional relations
1

1. in IT = LO Il 297
sinT(z) coshx
2. cosII(z) = tanhx LO 11l 297
1
3. tan I1 = LO 11l 297
anIl(z) sinh x
4. cot II(z) = sinhx LO 11l 297
. sin IT(z) sin T(y)
D. II LO 11l 297
sinflz +y) = 1+ cosTI(zx) cos(y)
cosII(z) 4 cosTI(y)
6. 11 = LO 111 183
cos Iz +y) 1+ cosII(z) cos (y)
1.482 Connection with the Gudermannian.
T
() = Ti(z) ~
(Definite) integral of the angle of parallelism: cf. 4.581 and 4.561.
1.49 The hyperbolic amplitude (the Gudermannian) gd x
1.490 Definition.
Todt
1. gdx = /o i 2 arctan e® — % JA

gda
2. a::/ ﬂzlntan gd—x—kz JA
o cost 2 4

1.491 Functional relations.

1. cosh z = sec(gd x) AD (343.1), JA
2. sinh z = tan(gd x) AD (343.2), JA
d 1+ sin(gd
3. e = sec(gd z) + tan(gd x) = tan (4 + g2x) = jozl(r;(dgx)w) D (343.5), JA
4. tanh z = sin(gd x) AD (343.3), JA
x 1
o. tanh 5= tan (5 gd a:) AD (343.4), JA
1
6. arctan (tanh x) = 3 gd 2z AD (343.6a)
1.492 If v = gdz, then ix = gd iy JA

1.493 Series expansion.

d > (—1)k
1. 8T _ Z (=1) tanh2 1 L JA
2 2k+1 2



1.513

Series representation

53

> 1
2. - = ; ta112k+1 (5 gd x)
23 a® 617
3. do=2——+— —
BT =TT T 50 T Bod0
(edz)®  (gdx)®  61(gdx)’
4. =gd
S ] 5040
1.5 The Logarithm
1.51 Series representation
1.511 In(l+2) = x—lx Jrlx
) N 2 3
1.512
1 hr=(x—-1)—=(x—-1)*+-(x—-1)3
r—1 1 /z—-1 1 /z—1
2 Inz = - -
z+1 3 \x+1 S5\z+1

-1 1 -1
3. lnx:x +_(x
x 2

1+z <1
1 1 :2 2k—1
11—z ZQk—lx
k=1
r+1 > 1
2 1 =2
M gg;(zk 1)z2h—1

JA
JA
™
[gdx < 5] JA
lc+1m
1 <2 <1]
k+1ﬂ
0<z<2]
[eS) 1 r—1 2k—1
2 -
2 2% — 1 (x + 1)
k=1
[0 < z]
_ i 1fz—-1 k
N k T
[z > 3] AD (644.6)
[2? < 1] FI Il 421
[2° > 1] AD (644.9)
[x < —1orz>1] JO (88a)
1<z <1] JO (88b)
[-1<z<1] JO (102)



54 The Logarithm 1.514
1 1 S
6. l_xlnl_xzzu’ckzﬁ (2 < 1] JO (88e)
k=1 n=1
(1—z)? 1 1 zh1
7. 1 = s —_ [-1<z<1 AD (6445.1
25 "1z 22 +Zkk+1)(k+2) [Flse<d] (6445.1)
k
1.514 ln(1—2xcos<p—|—x 22005 L zk; ln(x—i— 1+x2)_arcsmhx
(see 1.631, 1641 1.642, 1.646) [2° <1, xcosp#1] MO 98, FI Il 485
1.515
1-1 1-1-3 1-1-3-5
1.1 1(1 V1 2) 24 =12 4 6_
VR = T Tyt T 66
> 2k —1)!
:1112—2(—1) A )2
P G
[2* < 1] JO (91)
1 1 1-3
2. 1(1 V1 2):1 - -
AR A 2-3x3+2-4~5x5
1 (2k —1)!
lnx+x+z ) et k(% — 1)1(2k + 1)a2k+1
[2® > 1] D (644.4)
oo
2% LYk —1)k!
2 2\ __ 2k+1
3. \/1—|—a:1n(x—|— 1—|—a:>— Zl —2k+1)!
(2% < 1] JO (93)
A n(z+vVita?) & _1,622"“(k!)2 241 2
. —Z( ) o E (2% <1] JO (94)
V1422 P (2k + 1)!
1.516
o) k+1 _k+1 k
(1) 1
1 {1+ =) — [2? < 1] JO (86), JO (85)
— k+1 n
[eS) k n
1 3 = (—D)Fright? 1 1
2. 5 (1 +2)} _; T ;”“mzlg [2? < 1] AD (644.14)
0 2k 2k—1 n+1
-1
3 In(1+2)-In(l —x) Z% (=1 (2% < 1] JO (87)
k=1 n=1 n
1 (1+x. 1+x J— xk=1
4. — 1 2In(l —z) p = —
4:10{ 7z T g T2 x)} 2x+;(2k—1)2k(2k+1)
0<z<1] AD (6445.2)



1.521 Series of logarithms (cf. 1.431) 55
1.517
1 1—1 o k+1 k—1
1.6 — 91 —1In(1 — t
21 { n(l+e) - —=arc an‘/g} Zl 2k—1 2k (2k + 1)
0<z<1] AD (6445.3)
1 o ak—2 2k 1( 1)1
2. 3 arctanxln = Z o Z o — 1 [m2 < 1] BR* 163
1 o 1)k+1g2k+1 2k 4 )
3. 3 arctanxln 1422 ’; 2k 1 nz::l - [m > 1] AD (6455.3)
1.518
Z‘4 JUG
1. 1 =lnz——————— — ...
nsine =l 6 180 2835
o0 k:22k 1B
=Inx+ Z 2%
=1
0 <z <7 AD (643.1)a
2 4 6 8
2.3 lncosx:fx—fx—fx—fﬁf...
2 12 45 2520
B f: 22h1 (228 — 1) |Boy| 5, 1 i sin®* x
- k(2Kk)! T k
k=1 k=1
z? < ™ FI 11 524
4
z? 7 62 127
. Intanz=1 =+ —at 6 5.
3 ntanr =i+ 3 t90" Tass” Tis900” T
22k:—1 _ 1) 22kB2k:$2k
=1 k+1
net Z R (20))!
{0 <z< 2} AD (643.3)a
1.52 Series of logarithms (cf. 1.431)
1.521
> 422 s s
1. ;1n<l—m>:1ncosz _§<5U<_
2. Zln(l—m>:1nsinx—lnx 0<z<m]



56 The Inverse Trigonometric and Hyperbolic Functions 1.621

1.6 The Inverse Trigonometric and Hyperbolic Functions

1.61 The domain of definition

The principal values of the inverse trigonometric functions are defined by the inequalities:

™
1. ) <arcsinz < —; 0 <arccosz <7 -1 <z<1] FI 11 553

o 3

™
2. -3 <arctanzr < -; 0 <arccotx < [—00 <z < +0o0] FI 11 552

|

1.62-1.63 Functional relations

1.621 The relationship between the inverse and the direct trigonometric functions.

1. arcsin (sinz) = x — 2nmw {an — g <z <2nm+ 5}
=—z+ 2n+ )m {(2n+1)71'7§§17§(2n+1)ﬂ'+z}
2. arccos (cosx) = x — 2nm 2nm <z < (2n+ 1)7]
=—x+2(n+ )7 [2n+ )7 <2 < 2(n+ 1))
3. arctan (tanz) = x — nw mrfg<x<mr+i
4. arccot (cotx) =z — nxw [nr <z < (n+1)7]

1.622 The relationship between the inverse trigonometric functions, the inverse hyperbolic functions,
and the logarithm.
1

1. arcsinz = —

1
In (zz +V1- z2> = = arcsinh(iz)
i

)
1 1
2. arccosz = — In (z 4+ /22 — 1) = — arccosh z

2 2

1 1+ 1
3. arctan z = % In T fzz =7 arctanh(iz)
1, iz—1
4. arccot z = % In Z s i arccoth(iz)
1
5. arcsinh z = In (z +V22+ 1) = — arcsin(iz)
i
6. arccosh z = In (z +V22— 1) = 1 arccos z
1
7. arctanhz = = In te_ — arctan(iz)
2 1—-z 1

1 1 1
8. arccoth z = 5 In z i_ 153 arccot(—iz)




1.624 Functional relations 57

Relations between different inverse trigonometric functions

1.623
1. arcsinx + arccosx = g NV 43
v
2. arctan x + arccot x = 5 NV 43
1.624
1. arcsin x — arccos v/ 1 — xz [0 S X S 1] NV 47 (5)
= —arccos /1 — z2 [-1 <z <(] NV 46 (2)
2. arcsinz = arctan _r [m2 < 1]
V1 — 22
. —x2
3. arcsin x — grecot [0<z<1]
x
T — 2
= arccot yi==z® _ r  [F1<z<0 NV 49 (10)
x
4 arccos T = aresin /1 — 2 0<z<1]
=g —arcsiny1—z2 [-1<z2<0) NV 48 (6)
12
5. arccos r — arctan ———— [0 <z S 1]
x
N )
— 74 arctan - © [-1<a <] NV 48 (8)
x
x
6. arccos T = arccot T [l1<z<1] NV 46 (4)
—x
7 t in NV 6 (3)
. arctan x = arcsin ——
V1+ 22
1
8. arctan T = arccos ——— [z > 0]
1+ 22
1
= — arccos ——— <0 NV 48 (7
—— <0 @
9. arctan x = arccot — [z > 0]
x
1
= —arccot — — 7 [z <] NV 49 (9)
x
10.1"  arccot z = arcsin L [z > 0]
V14 a:21
=7 — arcsin ——— z <0 NV 49 (11
iz o<l ”
x
11. arccot r = arccos ———— NV 46 (4
V1422 ()



58 The Inverse Trigonometric and Hyperbolic Functions 1.625
1
12.  arccotx = arctan — [z > 0]
1
=7 +arctan — [z <] NV 49 (12)
x
1.625
1. arcsin x + arcsin y = arcsin (a:\/l — 2+ yV/1— x2> [zy <0 or 2® +y* < 1]
:w—arcsin(m\/l—yQ—i—y\/l—x?) >0, y>0and 22+ > 1]
= —W—arcsin(xx/l—yQ—ky\/l—x?) [ <0, y<O0anda®+y®>1]
NV 54(1), GI | (880)
2. arcsin z + arcsin y = arccos (\/ 1—22y/1—9y2 - :Ey) [x>0, y=>0]
= — arccos (\/1—x2\/1—y2—xy) [r<0, y<0] NV 55
. . a1 —y? +yV1 —a? 2 .2
3. arcsin x + arcsiny = arctan zy<Qorz”+y <1
V1—22\/1—-y?—zy [ )
ay/1—y? +yV1 - a2 2, .2
= arctan +7 x>0, y>0andz”+y“>1
V1—a?\/1—y?2—uay [ )
zy/1—y2 +yV/1— 22 9 9
= arctan —-m <0, y<Oandz+y*>1
V1—a2\/1—y?2—2ay [ )
NV 56
4. arcsin x — arcsin y = arcsin (x\/l — 2 —y/1— xz) [zy > 0 or 2° +y* < 1]
:W—arcsin(z\/l—yQ—y\/l—IZ) [x>0, y < 0and 22 + 9% > 1]
= —W—arcsin(a:\/l—yQ—y\/l—x2> [ <0, y>0anda®+y*>1]
NV 55(2)
5. arcsin z — arcsin y = arccos (x\/ 1—22y1—9y2+ zy) [xy > y]
= — arccos (\/1—x2\/1—y2+azy) [z < y] NV 56
6. arccos & + arccos y = arccos (xy —V1—122y1- y2) [x4+y > 0]
= 27 — arccos (xy— V1—22y1 —yQ) [z +y <0 NV 57 (3)
7.1 arccosx — arccosy = — arccos (;Uy +V1—-22/1- y2) [ > 9]
= arccos (xy +V1—122y1- y2) [ <] NV 57 (4)



1.627 Functional relations 59
8. arctan x 4 arctany = arctan 1:10 +y [zy < 1]
— 1y
:7T+arctanx+y x>0, zy>1]
1 -2y
:—7r—|—arctanm+y [t <0, zy>1]
1—2ay
NV 59(5), GI | (879)
r—y
9. arctan x — arctan y = arctan [zy > —1]
1+ 2y
z—
= t > 0, < -1
T+ arc an1+xy [x xy ]
r—y
= —7 + arctan [z <0, zy<-—1]
1+ 2y
NV 59(6)
1.626
1
1. 2 arcsinz = arcsin (2:10\/ 1- x2> x| < —}
I V2
1
:ﬁ—arcsin<2x 1—3:2) —<x<1}
v N
= —7 — arcsin (23’5\/1—.1‘2) —-1<z< ——}
) NV 61 (7)
2. 2 arccos z = arccos (22° — 1) 0<z<I]
=21 —arccos (22° —1)  [-1 <z <0 NV 61 (8)
3. 2 arctan x = arctan 2 [lz| < 1]
x
= arctan =2t [z > 1]
= arctan T2 [z < —1]
NV 61 (9)
1.627
1 =
1. arctanz + arctan — = o [z > 0]
x
T
= -2  [z<0 Gl 1 (878)
l—z
2. arctan z + arctan =— [z > —1]
14z 4 5
=—7 [z<-1] NV 62, GI | (881)
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1.628
1. arcsin 5 = —7 — 2arctanz [z < —1]
x
= 2arctanx [-1<z<1]
= — 2arctanz [ > 1]
NV 65
_ 2
2. arccos 5 = 2arctan [z > 0]
1+z
= —2arctanx [z < 0] NV 66
20 — 1 1 2¢ —1
1.629 x2 — — arctan (tan ’ 7T) = E(x) Gl (886)
™
1.631 Relations between the inverse hyperbolic functions.
x
1. arcsinh z = arccosh /22 + 1 = arctanh —— JA
V2 +1
2]
2. arccosh z = arcsinh /22 — 1 = arctanh ve JA
3 tanh inh ——— h—— th > JA
. arctanh x = arcsinh ——— = arccosh ———= = arccoth —
1 — 22 V1— 122 x
4. arcsinh z 4 arcsinh y = arcsinh (x\/l +y2EyV/1+ xz) JA
5. arccosh x + arccosh y = arccosh (xy ++/(22-1) (y? - 1)) JA
Tty
6. arctanh x + arctanh y = arctanh JA
1+ 2y
1.64 Series representations
1.641
1 T n 1 n 1-3 1-3-5 n
. arcsinz = — — arccosx = —
ST Tt s Y
> 2k)! 113
TR
o 2°F (KN (2k + 1) 222
(2% < 1] FI 11 479
1 1-3
2. inhx = 773 o — .
arcsimnh x :z:oo 3 + 1.5 ;
_ Z 1)k (2/*?) 2k
= 2
—~ 22k (k)2 (2% +1)
=2 F (335 *SEQ)
2% < 1] FI 11 480



1.645 Series representations 61
1.642
11 1-3 1
1. arcslnhx—ln2x+22 ﬂ@—’—
(2k)!x—2k
=In2x + k+17 rz>1
S lr>1)
AD (6480.2)a
o (2k)lz 2k
2. arccosh z = In2x — Z % [z > 1] AD (6480.3)a
= 22k (k1) 2k
1.643
SCS 565 .CE?
1. t =r——+—=———+...
arctanxr = x 3 + 5 - +
i 1)kg2h+1
P Zk +1
(2% < 1] FI 11 479
23 % p2k+1
2. arctanhx =z + — + — + Z [m2 < 1] AD (6480.4)
3 c=0
1.644
00 ' .’172 k
1. arctanx =
\/—2202% 2k+1)(1+w2)
z 113 22
=== F (355 <
N (2’2’2 1+x2> [% < o]
AD (641.3)
™ 1 1 1 1 T o 1
2. tanz = — — — — - Y | L e — AD (641.4
O = S Ty T 33 T b | 1o 2 kZ_O( T (641.4)
1.645
T 1 1 1-3 T = (2k)lz~ (kD)
1. = — — — — — = — — B St
e = S ™ L T 9 33 T 2.4 545 2 z% (k)2 22K (2K + 1)
T 1 113 1
[N 7 (R p— 2 1
2 (2’2’2’x2> [+* > 1]
AD (641.5)
) oo 22k ) 2 p2k+2
2. (arcsinz)? = Z CEE [2? < 1] D (642.2), Gl Ill (152)a
3! 1 3! 1 1
. N33 2 2 g2 7
3. (arcsinz)” =z +§3 (1+32> ﬁ?) -5 <1+32+52>z + ...
2 <)

BR* 188, AD (642.2), Gl Ill (153)a



62 The Inverse Trigonometric and Hyperbolic Functions 1.646
1.646
1 > —1)k(2k)!
1. arcsinh — = arcosechz = Z 2k( )2 (2k) g1
x i 2°F (K1) (2k + 1)
(2% > 1] AD (6480.5)
1 = 2k)!
2. arccosh — = arcsechx = In — — Z (—)Qx% 0<z<1] D (6480.6)
x Pt 22k (K" 2k
2 kL (2k)!
3. arcsmh — = arcosechx = ln -+ Z Mx%
22k (k:') 2k
k=1
0<z<1] AD (6480.7)a
1 x—(2k+1)
4. h=-= he =) —n—— 2>1 AD (6480.
arctan - arccoth kz_o 1 [ac > ] (6480.8)
1.647
) o~ tanh(2k — 1) (m/2) _ x'nt? Qi (—1)7=1 (2% — 1) (24724 — 1) By, Bl s
’ P (2k — 1)4n+3 2 = (29)!(4n — 25 + 4)!
(_1)n (22n+2 _ 1)2 B§n+12
[(2n +2)1)°
n=20,1,2,
5 i Ysech(2k — 1) (7/2)  mint? 2n71 (=1)7B3; B}, _s; -1)"B3,”
' P (2k — 1)4n+1 © 24n+3 — (27)!(4n — 2j)! ’

n=12,...

(The summation term on the right is to be omitted for n = 1.) (See page xxxiii for the definition of B}.)



2 Indefinite Integrals of Elementary
Functions

2.0 Introduction

2.00 General remarks

We omit the constant of integration in all the formulas of this chapter. Therefore, the equality sign (=)
means that the functions on the left and right of this symbol differ by a constant. For example (see
201 15), we write

/ dx
— — —arctanxz = — arctanx
1+ 22

although

s
arctanx = —arctanxz + —.

When we integrate certain functions, we obtain the logarithm of the absolute value (for example,
Ik \/% =1In fz +v1+ $2|) In such formulas, the absolute-value bars in the argument of the logarithm
are omitted for simplicity in writing.

In certain cases, it is important to give the complete form of the primitive function. Such primitive
functions, written in the form of definite integrals, are given in Chapter 2 and in other chapters.

Closely related to these formulas are formulas in which the limits of integration and the integrand
depend on the same parameter.

A number of formulas lose their meaning for certain values of the constants (parameters) or for certain
relationships between these constants (for example, formula 2.02 8 for n = —1 or formula 2.02 15 for
a = b). These values of the constants and the relationships between them are for the most part completely
clear from the very structure of the right-hand member of the formula (the one not containing an integral
sign). Therefore, throughout the chapter, we omit remarks to this effect. However, if the value of the
integral is given by means of some other formula for those values of the parameters for which the formula
in question loses meaning, we accompany this second formula with the appropriate explanation.

The letters z, y, t, ... denote independent variables; f, g, ¢, ... denote functions of =, y, t, ...; f,
g, o, ... f", 9", ©", ... denote their first, second, etc., derivatives; a, b, m, p, ... denote constants, by
which we generally mean arbitrary real numbers. If a particular formula is valid only for certain values
of the constants (for example, only for positive numbers or only for integers), an appropriate remark is
made, provided the restriction that we make does not follow from the form of the formula itself. Thus,
in formulas 2.148 4 and 2.424 6, we make no remark since it is clear from the form of these formulas
themselves that n must be a natural number (that is, a positive integer).
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Introduction

2.01 The basic integrals

1. /x” dx = L (n#-1)

5. /sina:dx:fcosx

6.11 /cos:vdac =sinz

dx
7. / 5— = —cotx
sin® x
dx
8.11 / 5— = tanz
cos? x

d 1.1
16. / v = arctanhx = = In o

1— 22 2 1—=x

17 /L = arcsinx = — arccos x
' Vi—z2 B

18 / _dz

vaz+1

19. /i

vz —1

20. /sinhxda: = coshx

21. /coshxdx = sinh x

d
29.11 /sinhg;x = —cothz
23. /dia; = tanhz
cosh” x

24. /tanhxdm = Incoshx

25. /cothxd:z: = Insinhz

26. / du zlntanhg

sinh x

cos? x

sinx
9. / dr = secx

Ccos T
10. / 5— dx = — cosecx

sin“ x

11. /tanxdwz—lncosx

12. /cotxda: = Insinzx

13. /dm :lntang

sinx

d
14. / T _Intan (Z+£> = In (secz + tanx)
cos T 4 2

dx s
15. —— = arctanx = — — arccotx
1+ 22 2

= arcsinhz = In (x + Va2 4+ 1)

= arccoshz = In (x + V2 — 1)
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2.02 General formulas

1.

2.

8.11

10.

11.

12.

13.

14.

15.

16.

17.

/afdm:a/fdx

/[afibgoicz/}i...] dm:a/fdatib/godxic/z/}dxi...

d

o frde=s

[raa=s

/f’sﬁ dx = fo — /st/ dx [integration by parts]

[ £ dn = o™ — g F0D D L (<1 f o (<1 [ f o

/f )dx = /f [z = ¢(y)] [change of variable]
()n+1
/(f)fdsc—m_1 n# 1]
For n = -1
f’d:v_n
S
bn+1
/(af+b)”f’dx—%
flde  2y/af+b
Vaf+0b a
/f’cpfsa’fdx:j
¢° ¥
/L/@_@/f dx:lni
/ / dx
ffiso f<p o(f£¢)
f/
W:m(fwi‘“a)
fdx
/(f+ )(f +b) a—b_/f—|—a a—b/f+b
For a =5

/fdx B dx —a/ dzx
(f+a? J f+a (f +a)?

fdx dx B pdx
/(f +o)m /(f +on ! /(f +o)"
fldx 1 af

———— = — arctan —
P2+ 4% f2  pq p
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18 /L;ﬁéi_:_l_HQf—p

@fP=p* 2pq qf +p

fdx dx
19. 1—f:7x+/1—f
20 f2dx :l fdx 1 fdx
' f2—a?2 2) f—-a 2J) f+a
fldzx
NG

flde 1 f
N R AT

21.

= arcsin =
a

fldx 1

23. f\/ﬁ = E arcsec E
f'o—f¢') d /

24. /W = arctan ;
(ffo—fe)de 1 f—¢p

A = L

2.1 Rational Functions

2.10 General integration rules

F(x)
f(x)
no common factors, we first need to separate out the integral part F(z) [where E(x) is a polynomial],
if there is an integral part, and then to integrate separately the integral part and the remainder; thus:

/Fj(fii;ix :/E(x)dx—k/% da.

Integration of the remainder, which is then a proper rational function (that is, one in which the degree
of the numerator is less than the degree of the denominator) is based on the decomposition of the fraction
into elementary fractions, the so-called partial fractions.

2.101 To integrate an arbitrary rational function , where F(z) and f(x) are polynomials with

2.102 Ifa, b, ¢, ..., m are roots of the equation f(z) =0 and if o, 3, v, ..., u are their corresponding
multiplicities, so that f(z) = (z—a)*(z—b)? ... (x—m)*, then ?Exg can be decomposed into the following
x

partial fractions:

o() _ Aq Aa1 Ay Bg Bg_1 By

fx)  (z—a) + (x —a)et teet et (z —b)? * (z — b)P-1 teet T

o M M, M
(x—m)x  (z—m)r=1 T x—m’

where the numerators of the individual fractions are determined by the following formulas:

v (a) v 5= (m
Aa—kt1 = “:71()!7 Bg_jy1 = (kil()!)’ ey My k1= Ti)!)»
e o= el —mp
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Tl 51a
If a,b, ... ,m are simple roots, that is, if « = 8 = ... = u=1, then
o) A B M
f(x)_x—a+x—b+ tr—m
where
p(a) p(b) p(m)
= , B = , cee M= )
f'(a) f'(b) f'(m)

If some of the roots of the equation f(x) = 0 are imaginary, we group together the fractions that represent
conjugate roots of the equation. Then, after certain manipulations, we represent the corresponding pairs
of fractions in the form of real fractions of the form

Mll’—i-Nl ng—f—Ng + Mpl‘—‘er
d
2.103 Thus, the integration of a proper rational fraction ?E ; reduces to integrals of the form / i
x (x —a)>

Mx+ N
or / AT 2Bx ++ T dz. Fractions of the first form yield rational functions for o > 1 and logarithms
x x

for a = 1. Fractions of the second form yield rational functions and logarithms or arctangents:

i} /@gdz)a B g/ Eifix_a;z ~ a- 1)(57 a)*!
2. /%ZQ/%zgln@—cﬂ

; / Mz + N NB—MA+ (NC — MB)z
. T =
(A+ 2Bz + Cz?)P 2(p — 1) (AC — B?) (A + 2Bz + Cz2)P*
(2p — 3)(NC — MB) / da
2(p—1)(AC —B?) J (A+ 2Bz + Cz2)""
xX 1 x + B 2
4. = for [AC' > B
/ At2Br 1 02 vao - ™ Vi - I or [40> B]

B 1 . Czx+B—-+VB2—AC
C2YBZ-AC |Cz+ B++VB2— AC

for [AC < B?]

5 /(Mx+N)dac
’ A+2Bx + Caz?
M NC - MB Cx+ B
=_—In|A+2B Ay = for A B?
20n| + x+C’x|+C\/mactam or[C’> ]
M NC - MB B2 —

= 55 n|A+2Bx+ Ca?| + for [AC < B?]

1
25OVBE—AC |Cz+ B+ VB2 - AC

The Ostrogradskiy—-Hermite method

2.104 By means of the Ostrogradskiy-Hermite method, we can find the rational part of / % d
T

without finding the roots of the equation f(x) = 0 and without decomposing the integrand into partial
fractions:
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o(x) M N dzx
2 e = — + FI 11 49
/ f(x) D Q
Here, M, N, D, and @ are rational functions of z. Specifically, D is the greatest common divisor of
the function f(z) and its derivative f'(z); Q = %; M is a polynomial of degree no higher than m — 1,

where m is the degree of the polynomial D; N is a polynomial of degree no higher than n — 1, where
n is the degree of the polynomial ). The coefficients of the polynomials M and N are determined by
equating the coeflicients of like powers of x in the following identity:

px) =M'Q-M(T-Q)+ND

!
% and M’ and Q' are the derivatives of the polynomials M and Q.

where T =

2.11-2.13 Forms containing the binomial a + bk

2.110 Reduction formulas for z; = a + bz* and an explicit expression for the general case.

ghtlzm amk
1. nmd — k nm—ld
/x k0T km—i—n—i—l_'—km—i—n—&—l/x “k v

_ vt & (ak)*(m+1)m(m—1)...(m—s+1)z""°
m+1520[mk+n+1][(m—1)k+n+1]...[(m75)k+n+1]
(ak)Ptm(m —1)...(m —p+1)(m —p) /xnzm Pl g,
[mk+n+1[(m—-Dk+n+1]...[(m—pk+n+1] k

LA 126(4)

T

Lt m+1

2y, km+k+n+1/xnzm+1da§
k:(m+ 1) ak(m + 1)

e _ bkm
n+1 n+1

n+1 k m+1
2, ”+1_k/ nek me1
d LA 125 (2
* bk(m+1)  bk(m+ 1)) " * @)

fars
/
fara
5. /x M de = eI alnt1-k) /w”_kZ;de LA 126 (3)
J+
fo
J+

LA 126 (6)

2"z dx =

x”+kz£“71 dx

b(km+4+n+1) blkm+n+1)

T 77L d(L‘ —

n+1 m+1 1
2y b(km +k+n+ )/xn-i-k-zl';n dr LA 126 (5)

an+1) a(n+1)
& 1) kI (2L

k —1
= = ( +5) a+1+ib
e +0)” = bZ =T (S +it1)

=0
[a, b, k > 0 are all integers]
Zldm _ b_mi m'J' (m + ) .* xk(]+i+1)
k —)(J+i+1)!

n+1
k

J= -1 [a,b,k,m,n real, k#0, m >0 an integer]
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Forms containing the binomial z; = a + bx

2.111
Zm+1
L. Vdr = —L——
/Z1 v b(m+1)
For m = —1
@ = 1lnz
z1 a b !

9 /x” dr z™ na /x”_l dx
. 21" 2P n+1-m)b (n+1—m)b 2

For n = m — 1, we may use the formula

58 /xml dr _ Ml n l/me dx
' 2 2 m—1)p b

Form=1
x"dr " azr™~! a’xn? a"“lz  (=1)"a"
= — — . -1 n—1 1
/ 21 nb  (n—1)b? + (n —2)b3 +(=1) 1-bm pnt1 A

n—1
"™ dx kak—1gn—k a na” !
4. — -1 k—1v% & -1 n—1 -1 n+1 1
= e e+ D e ¢ (0

k=1
x dx T a
5. —_— = =1
o2 b
6 /Z‘le’ z? ax+a21
. = — nz
2 2% 2 !
2.113
d 1
1 /f——
23 bz
5 x dr T n 1 | a n 1 |
—_—— = —— nz nz
22 bzy B2 B2z b2
3 /xde T a? 2a1
. == - — — nz
2 bz B!
2.114

1 /@ __ 1
' 23 2023
5 /xdm__[z+i}i
' 2 Lb o 202 2}
z?dz 2ax
3. / zi” = { b2 2b3} lnzl

3 dx 23 a? 5631 1 a
45 rer_ 9842 9% p 2% 1 2 39
/ 3 {b TR T 2b4} 2 Smina
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70 Rational Functions
2.115
1 /dz B 1
' 2 3bz
9 / vdv [ 1
' 2 20 6b21 23
3 /wzdw__w_z ar  a*] 1
' 2 b v 3b3] 2}
4 /x3 dx 3ax2  9ad3x n 11a3] 1 " 1 !
. = —+ —Inz
2 b2 2p2 T oebt | 23t
2.116
1 /d:z: _ 1
' 20 dbzi
9 /xdx _ {ﬁ n a ] i
' 23 b 1202] 2
3 /wzdfﬂ_x_z o @11
’ 23 20 3b% 0 1203 2}
4 /:cgdx_ :c3+3a9:2 +a2z+ a®] 1
' 23 b 2p2 b3 4b*] 2t
2.117
1 / dr -1 b(2—n— m)/
' "2 (n—1)azn—1zm1 a(n—1) an
) dv_ 1
. 2 (m—1)bzn !

A / dzx _ (_1)kbk71 N (_1)nbn711 ﬂ
atz (n — k)akzn—F a™ x
2.118
1 dv _ 1A
T2 a T
5 / de 1 b Z1
2z axr a2
b b2 21




2.124 Forms containing the binomial a + bz*

71

dz 1 + 20 1 2b
2= 2 ad

2z a?

dx

2.121

1. — —
xz3 a?| 23 a?

dx 9b 3%z
22 222 a

2.122

1. —

T E 5bx b2x?] 1
= 7

2a2 + as

dx [ 226 10b%z
=
1

Z

- _|_ -
2z 3a? a3

dx

—ln —
T

x [ bx} 1 il 21

21

i P
21 at x

3b 3% 1 3.
w322 QazQ 2a2x  a?

T

1 3b z1
2 at

6b3x} 1 6b2

at

1 z1
__41n_

a x
403227 1 4b =z
+ — 2 | .3 + — ln —
a 27 x

2.123

5b 5502  25b%w n 1064227 1 1002 . 2
232t 2a:52 2a%z  3a at a’

S
23 a8 T x

x [ 25 13bx Th2 2

xz? 12a 3a? + 2a3

bgl‘s 1 1 z1
ol Bow it
a* | z{ a x

2

227 ar 12a2  3a3

=
J5%
e
=
e [—b%
=
Es
IE=
e
E=

dz { 1 1256 65b%x

_35b3x2 5b4x3} 1 5, »n

- — 4 2m
2a* ab |zt bz

7 a?x  4a3

at 2a5 ab 4

1 3b 12552 6503z 105b% 2 156°237 1 1552
3. = P— + + + —
sc3z - 2ax

7
2] a

2.124 Forms containing the binomial zo = a + bz?.

dx

_ 1 lna—i-xi\/%
2ivab  a — zivab

/xdm 1
2. m m—1
25 2b(m — 1)z4

1 b
= —— arct if [ab > 0
. \/_arc anx\/; if [a |

(see also 2.141 2)

if [ab < 0] (see also 2.143 2 and 2.1433)

(see also 2.145 2, 2.145 6, and 2.18)
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Forms containing the binomial z3 = a + bz3

Notation: o = ¢ %
2.125
1 /:c” dov "2  (n—2)a /x”3 dx
' 2 2 M+ 1-3m)b b(n+1—3m) 2
nd n+1 4 — n
9 /x T x 71_n+ 3m [z 731: LA 133 (1)
z5" 3a(m —1)zg" 3a(m—1) J 2
2.126
d 1 2
1. r_a flanr\/garctan V3
z3 3a |2 22 —oax+a? 200 — x
a (1 (v + a)? 2 — «
=—<-ln—4——"— t
3a {2 nxQ—am—i—aQ + V3 arctan a3 }
(see also 2.141 3 and 2.143)
2 _
2. %:—L 1lnw— 3arctan2x a
23 3ba |2 22— az +a? aV3

(see also 2.145 3. and 2.145 7)

2d 1 1
3. /:C a: ——ln(1—|—z3a*3) = —lInz;

23 3b 3b
2de ©  a [dx
4. - __- /= 2.126 1
/ z3 b b zZ3 (See )
5 /x4dx_x2 a [xdr (sce 2.126 2)
’ z3 o 2b b z3 See &
2.127
dx T 2 dx
1. R 2.126 1
/ 22 3azzs  3a) 23 (see )
rdr x? 1 [zdx
9. rov _ o, - [rer 2.126 2
/ 22 3azs + 3a) 2z (see )
3. /x2 ;l:r _ 1
23 3bz3
3 dx T 1 dxr
4. - = 4+ — | = see 2.126 1
/ 22 3bzs * 3b) 2 (see )
2.128
1 / dv 1 b(3m +mn —4) / dz
’ T (n— l)ax"—lzgn_l a(n—1) xn=32n
d 1 —4 d
9. / T —+2 +3m / - LA 133 (2)
25 3a(m — D)an1z 3a(m —1) J anzy
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2.129
3
1 de 1, 2
xz3 3a 23
d 1 b d
2. / - — 2= (see 2.126 2)
2223 ar a) z3
dx 1 b [ dx
3. = - — | — see 2.126 1
/x323 2022 a) =z (see )
2.131
d 1 1 3
T A
T25 3azz  3a 23
dx 1 4b22] 1 4b [xdx
2. B i R4 2.126 2
/I2Z§ [ax 3a? ] z3 3a2/ 23 (see )
dx 1 Sbx| 1 50 [ dx
3. =222 2.126 1
/J;3z§ [2ax2 + 6a2} 23 3a2) z3 (see )
Forms containing the binomial z;, = a + bz*
a [ a
Notation: o = {/ - = —=
otation: « \/; @ b
2.132
d 2 2 2 2
1.8 —— In Z tarv2+a + 2arctan % for ab > 0 (see also 2.141 4)
zg  4daV?2 22 — azv2 + a? a?—x
/ /
=2 im? ta + 2arctan — for ab < 0 (see also 2.143 5)
4a x—ao of
d 1 b
2. /sc Lo arctan :102\/j for ab > 0 (see also 2.145 4)
za 2v/ab a
1 2ivab
= — In 2 e Z a4 for ab < 0 (see also 2.145 8)
4ivab  a— xz2ivab
2d 1 2 2 2 2
3. /x T lnx ary2+a +2arctani$7\/—2 for ab > 0
Z4 4ba/2 22 + azV2 + o2 a’—zx
1 /
——M{lnii_zl—Qarctang} for ab < 0
23 dx 1
4. =—1
/ Z 4p
2.133
" dx L dm —n—5 [a"dx
1. = - o LA 134 (1)
zy da(m — 1)z da(m—1) J 2
9 /x" dr "3 (n—3)a /;U"4 dx
' 2 2 M1 —4m)b b(n41—4m) 2y
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2.134

2.134

dx T

1. — =+
z;  4daz
T dx x?

2. /—2 = —+
z3 dazy

2% dx 3
3. =+
2y 4dazy

3 d:r
4a
i T dx
2a 24

1 [z%dx

4a 24
1

4 /Jc‘3 dr x?
' 27 dazy

4bZ4

(see 2.132 1)
(see 2.132 2)

(see 2.132 3)

dx

dx
2.135 - - -
anz (n—1)azn—1tz""

dx b/ dx
m—1 —3.m
.172'4 a X Z4

Forn=1

=
xz}f‘_

Inz

dx

1. = — —

T2y a

/d:c 1 b/:r
2. s = — =
2224 ar a 24

1 b(4m+nf5)/
xn

(n—1)a

Inzy 1 2t
= — n —

4q 4a

2 dx

2.14 Forms containing the binomial 1 £ z”

2.141

L / dxr
1+=x

=1In(l+z)

1
= arctanx = — arctan ( )
x

"
=
/

1+z 1 V3
n————— + —arctan ——
Vi—z+22 V3 2—x

dzx 1+x\/_+:c2+ 1 ; T
arctan

1+a% 1—x\/§+x2 2v/2 1

d 92 2% + 1
2.142 / v =23 Pycos o
1+ zn nk:O n

1
=—In(l+=z
n

n

nd

- _Zpkc% <2k-+1 )

k=0

4
2y

m

(see 2.132 3)

(see also 2.124 1)

(see also 2.126 1)

(see also 2.132 1)

L.
23 . (2k+1
+ - ,;,0 Qpsin ( - 7r>

for n a positive even number

Tl (43)a
)

for n a positive odd number
TI (45)

2 g (2
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where
1 2k +1
P, = §1n <x2 —2xc0s< + 77) +1)
0 " z sin (%T'Hw) . T — cos (%—+1w)
= arctan = arctan —————5;—"—~—=+
" 1 — xcos (%ﬂ) sm(2k+17r)
2.143
d
1 /1,xx:_ln(1_x)
d 1.1
2. /1 _Ix2 =3 In 1% = arctanh x l<z<1] (see also 2.141 1)
d 1 —
3. /ﬁ—fl=21ni+1:—amcothx [z>1, z<-1]
d 1. V1 2 1 3
4. /—x S e e + — arctan i (see also 2.126 1)
1—23 3 11—z V3 2+
d 1.1 1 1
5. /1_—24 =4 In 1% + 5 arctanx = 5 (arctanh x + arctan x)
(see also 2.132 1)
2.144
d 1.1
1. /1—2”:_ 1i—i——ZPkcos—7T+ Zkam—w
for n a positive even number TI (47)
1 2k +1 x + cos ZEtly
where P, = =In ( 22 4 2z cos + +1), Q@ = arctan
2 sin 2}“—“
n
71;3 n;S
d 1 2 2k+1 2 2k +1
2. /1_in:fﬁln(1fx)+ﬁZPkcos n+ 7r+EZkain n+ v
k=0 k=0
for n a positive odd number TI (49)

1 2k
where Py = 3 In <x2 —2xcos —m + 1) ,
n

2.145

xdx
1. =z —In(1
/l—i—x x —In(1+ 2)

zdr 1 9

/ xdx 1 (14 z)?

1
L T aret
14 a3 6n1—$+x2+\/§arcan

Qr = arctan

V3

(see also 2.126 2)
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4. /% = %amctfcmac2

5. /{Ciiz =—In(l—2)—=

6. /1x_d§2 = f% In (1 - x2)

7. /% = f% In 1(_’_1;7_?; — % arctan 2x\/4% ! (see also 2.126 2)
8. /% = iln 11_—? (see also 2.132 2)

2.146 For m and n natural numbers.

/xm_l dx 1 & mm(2k — 1) md1_o 2k — 1 e
———=——) cos————Inql—2zcos ——m+x
1+ a2 2n 2n 2n

k=1
1< mm(2 x —cos 2E=Lp
+= E sin ( ) arctan ————2=
n in T
k=1 2n
[m < 2n] Tl (44)a

" dx In(1 + ) R mm(2k — 1) 2k — 1
= (—1)™H! - Ind1—2 2
/1+x2”+1 (=1) 2n +1 2n+1kz:1cos 2n+1 n{ xc032n+17r+x}

2 n 2k — 1 x — cos Zi=1
+ Z sin m( ) arctan — %E?H
2n—|—1k:1 2n+1 sin 5,77
[m < 2n] Tl (46)a

1—227  2n n

-1
le~ . kmm T — cos %"
+— E sin arctan —
n n s

=1 S n

3.1 /& -1 {(-=1)""'In(1+2) —In(1—-2)} — iyi:lcos kmn In(1- 25r:<:osk—7r + 2?
' 2n n

[m < 2n] TI (48)

an—l dx 1
/1 e e P R

R mm(2k — 1) 2k — 1
_1 m—+1 1 1 2 2
+(-1) 2”"‘1,;COS 1 n< + xcos2n+17r+x
2 & 2% —1 x + cos Z=Lx
+(—1)m+12 Zsin m ) arctan ————— %fﬁ“
n—|—1k:1 2n+1 sin 5 4™
[m < 2n] Tl (50)
2.147
/xmdx 1/xmdx 1/xmdx
1—z2» 2J1—2n 2) 142"
/ ™dr 1 g1 i m—1 / ™2 dx LA 139 (28)
(1+22)" 2n—-m-—1 (142" 2n-m—-1/ (1422)"



2.149 Forms containing the binomial 1+ 2" 77
™ gt ™2
5 /1+x2dm:m—1_/1+x2dx
4 / ™ dx _ 1 zmt ~ m-—1 / ™2 dg
’ (1-22)" 2n—m-1(1—22""' 2n-m-1J) (1-2a2)"
1 gl m—1 ™2 dg
T 21— 20— 2/(1 — 2]
LA 139 (33)
5 /xmdx _ Ml +/xm_2da:
’ 1— 22 m—1 1— a2
2.148
1 / dx N 1 1 _ _2n+m—3/ dz _ LA 139 (29)
™ (14 22) m—1gm=1(14 z2)""! m—1 xm=2 (1 + 2?)
Form=1
dx 1 1 dx
/m (T+22)" ~ 2n—2 (1+22)""" - /a: (1422)"" LA 139 (31)
Form=1landn=1
/ dx zln T
d0+e?)  ViTa
5 / dx _ 1 _/ dx
’ zm (1 + 22) (m —1)zm—1 xm=2 (1 + 22)
3. / e _ 1 a +2n_3/ do FI 11 40
(I+22)" 2n—=2(1 422" 2n-2) (1422)""
N / do @ S(Zn—1)(2n—3)(2n—5)~-~(2n—2k—t1) (%n—?))!! retan
(1+22)"  2n—14~ ok(n—1)(n—2)...(n— k)1 +22)"* 2" (n—1)
Tl (91)
2.149
dx 1 2n+m —3 dx
L. /xm = (m— 1)z 1 (1—22)""] Ea—— /xm_2 A2 LA 139 (34)
Form=1
dx 1 dx
/x L—22)"  2(n—1)(1—22)" " * /33(1 — 22" ! LA 139 (36)
Form=1landn=1
/ dx o T
z(1-2?) V1—2?
2. / doe 1 23 / d LA 139 (35)
(1-22)" 2n—-201-22)""" 2n-2) (1—-22)""
; / de @ S(Zn—1)(2n—3)(2n—5)...(2n—2k+1)+ (2n-3)  1+a
' (1—22)"  2n—14 2%k(n—1)(n—2)...(n—k)(1—22)"F 20-(n—-1!" 1-=z

TI (91)
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2.15 Forms containing pairs of binomials: a + bx and a + Bz

Notation: z=a+bx; t=a+0zx; A=al—ab

nym Zn+1tm ”A nym—1
2.151 2"t dr = — 2"t dx
(m4+n+1)b (Mm+n+1)b

2.152

1./d5§2t

z b b
/tm dx 1 tm mA /tm1 dx
2.153 = —
2n (m—n+1bzr"1  (m—n+1) z"
B 1 gl m—n+2)3 [t"dx
 (n—1)A 1 n - 1A Zn—l

B 1 $m /tm 1
N (n—l)bz"—1 n—l b) znt
t

dx 1

2.154 — =—In-
zt A . z

2155 / de 1 1 B (m+n—2)b/ dx
ngm (m _ 1)A tm—lzn—l ( tm 12’"

_ 1 1 n (m+n-—2 ﬂ/
~ (n—1)Atm—lzn-1 (n—1)A tmzn—l

rdr 1 /a «
2.1 —=—(=-lnz—=1
56 /zt A(b nz ﬂnt)

2.16 Forms containing the trinomial a 4 bz* 4 cx?*

2.160 Reduction formulas for Ry = a + bz* + ca?*

mRptt 2k + 2
1. /J?m_lRZ' dr = T Rk (m+ k+ nk)b/xm-&-k—leL dr — (m+ k+ kn)c/xm+2k—1R;€L dx

ma ma ma

mRn bk 20k
2. /xm’lRZ dp = 2tk 2T [ amekotpnet gy 2O [ oma2k-1pnd gy
m m m

m—2k pn+1 o _
3. /xmflR;;dx:”(; i {m %);‘ /mm*%*lRZd:c——(m k+kn)b/xm*’f*1£¢zdm

m+2kn)c  (m+ 2kn)c (m 4+ 2kn)c
™Ry 2kna 11 bkn kel pn—1
m+2k5n+m+2kn “ k x+m—|—2kn “ k “

2.161 Forms containing the trinomial Ry = a + bx? + ca?.

b 1
b? —dac, g= ——|—§\/b2—4ac7

2
a
h=+vb?—4 ==, 1=2a(n—-1)(*—4 - _
ac, ¢ \/:, a(n )( ac), CoS v > ac

Notation: f =

NS
DN | =




2.172 Forms containing a + bz + cz?® and powers of 79
dx
1. —
Ry
c dx dx
= - h*>0] LA 146 (5
h{/cx2+f cx2—|—g} [h* > 0] (5)
1 249 [e] 2 _
= —————<sin & In Tt 2qreosy 4 + 2cos & arctan u [h2 < 0] LA 146 (8)a
4eqs sin o x? — 2qx cos § + ¢> 2 2qx sin §
zdz 1. cx’+f 2
2 — h* >0 LA 146 (6
/ Ry  2h cx?+yg [ ] (©)
2 _ 2
= ————— arctan w [h2 < 0] LA 146 (9)a
2c¢q? sin o ¢?sina
2?dr ¢ dx f
3. == h?* >0 LA 146 (7
Ry h/cx2+g /cx2+f [ > 0] @
A @_bcw3+(b2—2ac)x+b — 6ac @_’_% 2% dx
' R IRy l Ry 1 Ry
. dx bex® + (b2 —2ac)x  (4n—Tbe [22dx  2(n—1)h> +2ac— b [ dx
' Ry IR?_, ! Ry! ! Ry!
[n > 1] LA 146
6.9 / dv 1 (m+2n73)b/ dz (m+4n75)bc/ dz
’ ™Ry (m—1)azm1RY! (m—1)a ™ 2Ry (m—1)a xm 4Ry

LA 147 (12)a

2.17 Forms containing the quadratic trinomial a + bx + cz? and powers of x

Notation: R =a +bx + cz?; A =4dac—b?
2.171 +1
1. /meR” dz = —2 R — am /aszlR” dx — M/me” dx
c(m+2n+2) c(m+2n+2) c(m+2n+2)
TI (97)
n n+1 _ n _ n
5. /R de R +b(n m+1)/R da:+c(2n m+2)/R dx LA 142(3), TI (96)a
amtl ama™ am axm am am—l
dx b+2cx (4n—2)c [ dx
. = — Tl (94
i R~ nART A ) R (9%)2
A de ZCx—l—bZQk 2n+1)2n-1)2n —=3)...2n =2k +1)c* _ (2n -1l [dz
’ Rntl 2n 41 pors n(n—1) - (n—k)AF+1Rr—k nlAn» R
TI (96)a
dx 1 V=A — (b+2cx) -2 b+ 2cx
217211/ 1 = tanh ———  for [A <0
R VA bt von oA v =1 for[A <0
-2
= e for [A =0, b and ¢ non-zero]

b+ 2cx
n

for [A > 0]
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2.173
de  b+2cx 2c [dx
1. /ﬁ = TR — f (See 2.172)
dr b+ 2cx 1 3c 6c® [ dx
2. — = — 4+ — — | — 2.172
A {2R2+AR}+A2 R (see 2.172)
2.174
1 o dr amL (n—m)b /zml dx n (m—1)a /xm2 dx
' R*  (2n—m—1)cR"! (2n—-m—1)c R (2n —m —1)c R
For m = 2n — 1, this formula is inapplicable. Instead, we may use
5 xZn—l dx B l x2n—3 dzx B g x2n—3 dx B [_) xQn—Q dx
’ R ¢ Rl c R c R
2.175
rdr 1 b [dx
1. ? = 2_C InR — 2_C f (See 2-172)
rdx 2a+bxr b [dx
2. = — - — | — 2.172
R? AR AJ R (sce 2.172)
rdx 2a +bxr  3b(b+2cx) 3bc [dx
_ _ _ _2vefar 2.172
3 / RS AR 9AZR A2 / R (see )
22de = b b2 — 2ac [ dx
4. =———1 —_— | — 2.172
/ R c  2c2 nl 2¢2 R (see 72)
z2dx ab+ (b2 - 2ac) x  2a [dz
. = — | — 2.172
] / R cAR AR (see 2.172)
6 /x2 dz  ab+ (b® —2ac)z  (2ac+b?) (b+2cx)  2ac+ b2/ dx
' R 2cAR? 2¢A2R A2 R
(see 2.172)
2¥der x> bxr b?—ac b (b2 — 3ac) dx
i =+ ——hR-—u—2 [ —
7 / R 2¢c 2 + 2c3 nlt 2c3 R
(see 2.172)
3. /x3dm:ilnR+a(2acb2)+b(3acb2)x_b(6acb2) @
R? 2c2 AR 2c2A R
(see 2.172)
23 dx 22 abr  2a? 1 3ab [ dx
. (=) 2= 2.173 1
) / R3 ( c * cA + 0A> 2R?2  2c¢cA ) R? (see )
2.176 / dr -1 b(m+n—2)/ dz c(m+2n—3)/ dz
) ™R (m — 1)azm—1Rr—1 a(m —1) xm~1Rn a(m—1) xm—2Rn
2.177
dx 1, 2? b [dx
L. R P 2.172
/QCR 2a . R 2a (see 72)



2.177 Quadratic trinomials and binomials 81
dx 1 x? 1 b(b + 2cx) b 2ac dx
2. o~ mT 1- - (e ) [
Py 2a2nR+2aR{ A } 2a2(+A R
(see 2.172)
/ dx 1 1 1 2 b dx b dx b dzx
3. = + + == — - = - — =
zR3  4aR?  2a2R  2a3 R 2a) R3 2a%2) R?2 2a3) R
(see 2.172, 2.173)
dr b x? 1 b? — 2ac [ dx
A AL N @ 2.172
/IQR 22 R ax 2a? R (see 72)
N L RN Y
’ 22R2 a3 R a2zR a?AR A \ a3 a? a R
(see 2.172)
dzr 1 3b dzx 5¢ [ dz
6. /W = —W — E/W — E ﬁ (See 2.173 and 2.177 3)
. /dx __ac—b2 na:_2+i_ 1 b(3ac—b2) dzx
’ 23R 2a3 R a?x  2azx? 2a3 R
(see 2.172)
C [ (L By L (A ey s e e
’ 23R2 2ax2  2a?z ) R a? a xR? 202 ) RZ?
(see 2.173 1 and 2.177 2)
9 / dx (-1 2b 1 " 6b2 _ 3c / dz lObc/ dx
’ 23R3  \2ax2 a2z ) R? a? a T R3 a? | R3

(see 2.173 2 and 2.177 3)

2.18 Forms containing the quadratic trinomial a + bz + cz? and the binomial o+ Bx

Notation: R=a+ bz +cz®; z=a+fzr; A=ab*—abf+ ca?;
B =03 —2ca; A =4dac—b?
m—1 pn+1 B _ 1 A
1. /sz” dr = pz"" R — (m +n) /szlR" dxr — (m—)/zde" dx
(m+2n+1)c (m+2n+1)c (m+2n+1)c
9 /R" de 1 R™ 2nA 