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1 Tensor Products

1.1 Axiomatic definition of the tensor product
In linear algebra we have many examples of products. For example,

e The scalar product: V xF — V

e The dot product: R" x R" — R

e The cross product: R? x R? — C

e Matrix products: M,,xx X Mixn — Myxn

Note the three vector spaces involved aren’t necessarily the same. What these examples have
in common, is that in each case, the product is a bilinear map. The tensor product is just
another example of a product like this. If V; and V, are any two vector spaces over a field
IF, the tensor product is a bilinear map:

VixVo—=Vi®Vs,

where V] ® V5 is a vector space over F. The tricky part is that in order to define this map,
we first need to construct this vector space Vi ® V5.

We give two definitions. The first is an axiomatic definition, in which we specify the
properties that V7 ® V5 and the bilinear map must have. In some sense, this is all we need
to work with tensor products in a practical way. Later we’ll show that such a space actually
exists, by constructing it.

Definition 1.1. Let V}, V4 be vector spaces over a field F. A pair (Y, 1), where Y is a vector
space over F and p : V) x Vo — Y is a bilinear map, is called the tensor product of V; and
V4 if the following condition holds:

(*) Whenever /3 is a basis for V; and (3, is a basis for V4, then

p(Br x Bo) = {p(r1,22) | 1 € B1, T2 € [a}

is a basis for Y.



Notation: We write V; ® V5 for the vector space Y, and x; ® xo for pu(xy, xs).

The condition (*) does not actually need to be checked for every possible pair of bases
01, P2: it is enough to check it for any single pair of bases.

Theorem 1.2. Let Y be a vector space, and p: Vi X Vo — Y a bilinear map. Suppose there
exists a bases vy for Vi, vy for Va such that p(y1 X v2) is a basis for Y. Then condition (*)
holds (for any choice of basis).

Proof. Let (31, B2 be bases for V] and V5 respectively. We first show that p(/3; x (33) spans
Y. Let y € Y. Since u(y; X 72) spans Y, we can write

y= Z ajip(215, 22r)

ak

where z1; € 71, 201 € 72. But since 4 is a basis for Vi z1; = >, bjjxy;, where 2y, € 4, and
similarly zop =Y CkmTom, where 9, € (2. Thus

y=_apn(d_bai, Y ChmTam)
l m

j7k

= Z ajkblekm,U(:Ella $2j)

J.k.lm

so y € span(u(5y X fa)).

Now we need to show that u(f3; x ;) is linearly independent. If Vi and V5 are both
finite dimesional, this follows from the fact that |u(8; x 52)| = |u(7 X 72)| and both span
Y. For infinite dimensions, a more sophisticated change of basis type of argument is needed.
Suppose

Z dlm,u<x1l7 x2m) =0 )
lm

where x1; € (31, T2, € [P2. Then by change of basis, 1, = Zj eijz1;, where z; € v, and
Tom = Y p fmk22k, Where zo € 5. Note that the e;; form an inverse “matrix” to the by
above, in that Zj ey;bjr = Oy, and similarly Y, fikChms = Omms. Thus we have

0= Zdlmﬂ('xllv me) =0
I,m
— Z dlm#(z €1j215, Z fmk22k)
lm J k
= Z Z dlmeljfmk’u(zlj’ ZQk)

7k Im



Since f1(y1 X 72) is linearly independent, >, dimej fmr = 0 for all j, k. But now

dl/m’ = Z dlmdll’amm’
lym
= Z dim (Z bjz/61j> (Z Ckm’fmk)
Ilym J k
= Z bj Cromy <Z dlmeljfmk)
ik l,m

=0
for all I',m’. O

The tensor product can also be defined for more than two vector spaces.

Definition 1.3. Let Vi, V5, ... Vi be vector spaces over a field F. A pair (Y, 1), where Y is
a vector space over F and p: V) x Vo x -+ x Vi — Y is a k-linear map, is called the tensor
product of Vi, V5, ... V} if the following condition holds:

(*) Whenever f; is a basis for V;, i = 1,...,k,

{u(zy, 2o, ... xp) | 25 € B}
is a basis for Y.

We write V1 @ Vo® - - - @V, for the vector space Y, and 21 @ o ® - - - @ xy, for p(zq, xa, ..., Tk).

1.2 Examples: working with the tensor product

Let V, W be vector spaces over a field IF. There are two ways to work with the tensor product.
One way is to think of the space V ® W abstractly, and to use the axioms to manipulate the
objects. In this context, the elements of V' ® W just look like expressions of the form

Zaivi & w;
where a; € F, v; € V, w; € W.
Example 1.4. Show that
(1L1) @ (1,4) + (1,-2) @ (~1,2) = 6(1,0) @ (0, 1) + 3(0, 1) @ (1,0)
in R? ® R2.
Solution: Let x = (1,0), y = (0,1). We rewrite the left hand side in terms of x and y, and
use bilinearity to expand.
=rRr+drRyt+yRr+4yy)
+(—zRrx4+2rQy—2yRr — 4y RY)
=6z @y+3y®x
= 6(1,0) ® (0,1) +3(0,1) ® (1,0)



The other way is to actually identify the space Vi ® V5 and the map Vi x Vo — V; ® V4
with some familiar object. There are many examples in which it is possible to make such
an identification naturally. Note, when doing this, it is crucial that we not only specify the
vector space we are identifying as V; ® V3, but also the product (bilinear map) that we are
using to make the identification.

Example 1.5. Let V =Fp  and W = F7,. Then V@ W = M,,»,(F), with the product
defined to be v ® w = wv, the matrix product of a column and a row vector.

To see this, we need to check condition (*). Let {ej,...,e,} be the standard basis for
W, and {fi,..., fn} be the standard basis for V. Then {f; ® e;} is the standard basis for
M.,5n (). So condition (*) checks out.

Note we can also say that W&V = M,,«,(F), with the product defined to be w®v = wv.
From this, it looks like W ® V and V ® W are the same space. Actually there is a subtle
but important difference: to define the product, we had to switch the two factors. The
relationship between V @ W and W ® V' is very closely analogous to that of the Cartesian
products A x B and B x A, where A and B are sets. There’s an obvious bijection between
them and from a practical point of view, they carry the same information. But if we started
conflating the two, and writing (b,a) and (a,b) interchangeably it would cause a lot of
problems. Similarly V @ W and W ® V' are naturally isomorphic to each other, so in that
sense they are the same, but we would never write v ® w when we mean w ® v.

Example 1.6. Let V' = Flz], vector space of polynomials in one variable. Then V ®
V' = F[z1,x9] is the space of polynomials in two variables, the product is defined to be

f(@) ® g(x) = f(x1)g(22).
To check condition (*), note that 5 = {1, x,x9,3,...} is a basis for V', and that

6®6Z{$l®x]|27]:07172737}
= {z'2}]4,5=0,1,2,3,...}

is a basis for Fzy, xs).
Note this is not a commutative product, because in general

f(x) ® g(x) = f(21)g(w2) # g(21) f(22) = 9(2) ® f(7).

Example 1.7. Let V, W be finite dimensional vector spaces over F. Let V* = L(V,F) be the
dual space of V. Then V* @ W = L(V, W), with multiplication defined as f @ w € L(V, W)
is the linear transformation (f ® w)(v) = f(v) - w, for f € V¥, w e W.

This is just the abstract version of Example 1.5. If V = F2, and W = F7,, then
V* =TF7 .. Using Example 1.5, V ® W is identified with M,, ., (F), which is in turn identified
with L(V, ).

Exercise: Prove that condition (*) holds.

Note: If V and W are both infinite dimensional then V* ® W is a subspace of L(V, W)
but not equal to it. Specifically, V*@W = {T € L(V,W) | dim R(T") < oo} is the set of finite
rank linear transformations in L(V,W). This follows from the fact that f ® w has rank 1,
for any f € V*, w € W, and a linear combination of such transformations must have finite
rank.



Example 1.8. Let V be the space of velocity vectors in Newtonian 3-space. Let T' be
the vector space time measurements. Then V ® T is the space of displacement vectors in
Newtonian 3-space. This is because velocity times time equals displacement.

The point of this example is that physical quantities have units associated with them.
Velocity is not a vector in R?. It’s an element of a totally different 3 dimensional vector space
over R. To perform calculations, we identify it with R3 by choosing coordinate directions
such as up forward and right and units such as m/s, but these are artificial constructions.
Displacement again lives in a different vector space, and the tensor product allows us to
relate elements in these different physical spaces.

Example 1.9. Consider Q" and R as vector spaces over Q. Then Q" ® R = R" as vector
spaces over QQ, where the multiplication is just scalar multiplication on R™.

Proof the condition (*) holds. Let 3 = ey,..., e, be the standard basis for Q", and let -y
be a basis for R over Q. First we show that 3 ® v is spans R". Let (ay,...a,) € R". We can
write a; = Y b;jjx;, where z; € v. Thus (ay,...,a,) = E” bijei ® xj. Next we show that
£ ® v is linearly independent. Suppose Z” cije; ® x; = 0. Since

E Cij€i®xj:<2 C1jTj, vy E an.%'k),
i,J J J

we have . c;jz; = 0 for all i. Since {x;} are linearly independent, ¢;; = 0, as required.

1.3 Constructive definition of the tensor product
To give a construction of the tensor product, we need the notion of a free vector space.

Definition 1.10. Let A be a set, and [ a field. The free vector space over F generated by
A is the vector space Free(A) consisting of all formal finite linear combinations of elements
of A.

Thus, A is always a basis of Free(A).

Example 1.11. Let A = {#,0 &, }, and F = R. Then the Free(A) is the four-dimensional
vector space consisting of all elements a#d + bQ + cde + d<p, where a,b,c,d € R. Addition
and scalar multiplication are defined in the obvious way:

(alh + 00 + cd +dO) + (B + V0 + &+ dO)
=(@+ad)d+O+V)0+ (c+ )b+ (d+d)O

E(ad + b9 + cde + dO) = (ka)d + (kb)Q + (kc)do + (kd)<)

When the elements of the set A are numbers or vectors, the notation gets tricky, because
there is a danger of confusing the operations of addition and scalar multiplication and the
zero-element in the vector space Free(A), and the operations of addition and multiplication
and the zero element in A (which are irrelevant in the definition of Free(A)). To help keep
these straight in situations where there is a danger of confusion, we’ll write B, and [J when
we mean the operations of addition and scalar multiplication in Free(A). We’ll denote the
zero vector of Free(A) by Oppee(a).-



Example 1.12. Let N={0,1,2,3,4,...}, and F = R. Then Free(N) is the infinite dimen-
sional vector space whose elements are of the form

(apEH0)B (e 1) B ---H (a, Im),

for some m € N.

Note that the element 0 here is not the zero vector in Free(N). It’s called 0 because it
happens to be the zero element in N, but this is completely irrelevant in the construction of
the free vector space.

If we wanted we could write this a little differently by putting z* in place of i € N. In
this new notation, the elements of Free(N) would look like

aor’ + ayzt 4 .. apma™,

for some m € N, in other words elements of the vector space of polynomials in a single
variable.

Definition 1.13. Let V and W be vector spaces over a field F. Let
P = Free(V x W),

the free vector space over F generated by the set V' x W. Let R C P be the subspace
spanned by all vectors of the form

(u~+ kv, w+lz) B ((—1) B (u,w)) B ((=k) & (v,w)) B (=) & (u,x)) B ((—kl) & (v, x))

with k,l € F, u,v € V, and w,z € W.

Let mp/x : P — P/R be the quotient map. Let p : V x W — P/R be the map
/J,(U, w) = 7T-73'/73(<U> w))

The pair (P/R, u) is the tensor product of V and W. We write V@ W for P/R, and
v®w for p(v,w).

We need to show that our two definitions agree, i.e.. that tensor product as defined in
Definition 1.13 satisfies the conditions of Definition 1.1. In particular, we need to show that
w is bilinear, and that the pair (P/R, u) satisfies condition (*).

We can show the bilinearity immediately. Essentially bilinearity is built into the defini-
tion. If the P is the space of all linear combinations of symbols (v, w), then R is the space
of all those symbols that can be simplified to the zero vector using bilinearity. Thus P/R is
the set of all expressions, where two expressions are equal one can be simplified to the other
using bilinearity.

Proposition 1.14. The map p in Definition 1.13 is bilinear.

Proof. Let k,l € F, u,v € V, and w,x € W. We must show that

p(u+ kv, w+lx) = p(u, w) + kp(v, w) + lp(u, ) + klp(v, z) .



We know that mp/z(2) = 0 for all z € R. In particular, we have

0= 7T7)/'R(<U + kv, w + lx)
B ((=1) 8 (u,w)) B (=) B (v,w)) B (1) & (u,2)) B ((—kl) & (v,2)))
= 7T7)/'R(<U + kv, w + l:v))

— mpsr ((u, w)) = krpr (v, w)) — lmp/r ((u, 7)) — klrp ((v, 2))
= p(u+ kv, w + lz) — plu, w) — kp(v,w) — lp(u, x) — klp(v, x) ,

and the result follows. Il
To prove that condition (*) holds we need some technology.

Lemma 1.15. Suppose V' and W are vector spaces over a field F and T : V. — W is a
linear transformation. Let S be a subspace of V. Then there exists a linear transformation
T:V/S — W such that T(x+S) = T(x) for allx € V if and only if T(s) =0 for all s € S.

Moreover, if T exists it is unique, and very linear transformation V/S — W arises in
this way from a unique T

Proof. Suppose that T exists. Then for all s € S we have T(s) = T((s + S) = T(0y/s) = 0.
Now suppose that T'(s) = 0 for all s € S. We must show that T(x + S) = T(x) makes T
well defined. In other words, we must show that if v,v" € V are such that v+ S =v" + S,
then T(v+ S) =T(v) = T(v') = T(v' + S). Now, if v+ S =v'+ 5, then v — o' € S. Thus
T(w)=T®)=T(v—12")=0and so T(v) =T(v') as required.
The final remarks are clear, since the statement 7(z + S) = T'(z) uniquely determines
either of T, T from the other. O]

Theorem 1.16 (Universal property of tensor products). Let V., W, M be vector spaces over
a field F. Let V@ W = P/R be the tensor product, as defined in Definition 1.13. For any
bilinear map ¢ : V. x W — M, there is a unique linear transformation ¢ : V@ W — M,
such that g_b(v ® w) = ¢(v,w) for all vyw € V. Moreover, every linear transformation in
L(V @ W, M) arises in this way.

Proof. Since V' x W is a basis for P, we can extend any map ¢ : V xW — M to a linear map
¢ : P — M. By a similar argument to Proposition 1.14, one can see that ¢ is bilinear if and
only if ¢(s) = 0 for all s € R. Thus by Lemma 1.15, there exists a linear map ¢ : P/R — M
if and only if ¢ is bilinear, and every such linear transformation arises from a bilinear map
in this way. O]

More generally, every linear map Vi ® Vo ® - - - ® V}, — M corresponds to a k-linear map
VixVox.---xV,— M.

Theorem 1.17. Condition (*) holds for the tensor product as defined in Definition 1.13.

Proof. Let = be a basis for V', and 7 a basis for W. We must show that pu(8 x v) is a
basis for P/R. First we show it is spanning. Let z € P/R. Then we can write

z = alﬂ'P/R((ula 9171)) + -+ amWP/R((Um, l’m))
= ayp(ur, x1) + - - + Qmpt(Um, )



with a1,...a, € F, uy,...u,, €V, and zq,...x,, € W. But now u; = Zjbijvj with v; € 38
and z; = ), c;;wy with wy, € 7. Hence

z = alu(ul, 1)+ O (U, Ton)

= Z Q;fb Z bljv_] ’ Z bzkwk
i=1 j
Z Z azszczk,u Uy, wk)
i=1

Next we show linear independence. Suppose that
> dijpu(vi,w;) =0
12

with v; € 8, w; € 7. Let fi € V* be the linear functional for which fi(v;) = 1, and fi(v) = 0,
for v € B\ {vg}. Define Fy, : V x W — W to be Fi(v,w) = fr(v)w. Then Fy is bilinear,
so by Theorem 1.16 there is a induced linear transformation Fj, : V ® W — W such that
Fu(p(u, k) = fe(u)z. Applying Fj, to the equation > i digp(vi, wy) = 0, we have

0=F; (Z dijpu(vi, wj))

i?j

=D disfu(vi)w;
i

= Z dkjwj s
j

for all k. But {w;} are linearly independent, so dy; = 0. O

Exercise: Let V @ W be the tensor product as defined in Definition 1.13. Let (Y, i) be a
pair satisfying the definition of the tensor product of V' and W as in Definition 1.1. Prove
that there is a natural isomorphism ¢ : V ® W — Y such that ¢(v ® w) = pu(v,w) for all
veV,weW. (In other words, show that the tensor product is essentially unique.)

1.4 The trace and composition of linear transformations

Let V be a finite dimensional vector space over a field F. Recall from Example 1.7 that
V*® V is identified with the space L(V') of linear operators on V.

Proposition 1.18. There is a natural linear transformation tr : V@V — F, such that
tr(f®@v) = f(v) forall feV*, veV.

Proof. The map (f,v) — f(v) is bilinear, so the result follows by Theorem 1.16. O

The map tr is called the trace on V. We can also define the trace from V ® V* — F,
using either the fact that V' = V** or by switching the factors in the definition (both give
the same answer).



Example 1.19. Let V = F . Let {ey,...e,} be the standard basis for V, and let

{f1,..., fn} be the dual basis (standard basis for row vectors).
From Example 1.5, we can identify V* ® V with M,,,. A matrix A € M,, can be
written as

A= Z Aije; fi
2
= Z Aijfi ®ey.
2%
Therefore

tI‘(A) = Z Awtr(fz & €j)
i
= Aiifiley)
i
=) Aydy
i

=An + A+ + Apn

Now, let V1, V5, ..., Vi be finite dimensional vector spaces over IF, and consider the tensor
product space V3 ® Vo @ - - @ Vj.. Suppose that V; = V" for some ¢, j. Using the trace, we
can define a linear transformation

tr; Vi@ V=M 0V 10Viy1® -V, 10V V
satisfying
trij(vl®---®vk):tr(vi®vj)(vl®---®vi_1®vi+1®---®vj_1®vj+1---®vk).

This transformation is sometimes called contraction. The most basic example of this is
something familiar in disguise.

Example 1.20. Let V;, V5, V3 be finite dimensional vector spaces. From Example 1.7 we
have V" @ Vo = L(V1, Vo), V5" @ V3 = L(Va, V3) and V" @ V3 = L(V4, V3). The map

tro3 : Vi@V @ VeV - VeV,
can therefore be identified with a map from
trag : L(V1,V2) @ L(Va, Vs) — L(V1, V).
By theorem 1.16, this arises from a bilinear map
L(V1, V) x L(Va, V3) — L(V4, V3).

This map is nothing other than the composition of linear transformations: (7,U) +— U o T.



Proof. Since composition is bilinear, and the space of all linear transformations is spanned
by rank 1 linear transformations, it is enough to prove this in the case where T" € L(V1, V5),
and U € L(V,, V3) have rank 1. If T € L(V4, V2) has rank 1, then T'(z) = f(z)v, where v € V5,
f € V. As in Example 1.7 we identify this with f ® v € V]* ® V4. Similarly U(y) = g(y)w
where w € V3, g € V5, and U is identified with ¢ ® w € V5* ® V5. Then

UoT(z)= f(z)g(v)w = tr(v® g) f(z)w
so U o T is identified with
tr(v @ g)(f @ w) =traa(f @V g W),

as required. Il

2 The polynomial algebra

The universal property for tensor products says that every bilinear map V. x W — M
is essentially the same as a linear map V ® W — M. If that linear map is something
reasonably natural and surjective, we may be able to view M as a quotient space of V @ W.
Most interesting products in algebra can be somehow regarded as quotient spaces tensor
products. One of the most familiar is the polynomial algebra.

Let V be a finite dimensional vector space over a field F.) Let

TO(V):]F, Tl(V)ZV, and Tk(V)ZY®V®~-®V:V®k_
k

Let C* be the subspace of T¥(V) spanned by all vectors of the form
(331®"‘®$i®"'®$]’®“'®$k>—(ffl®"'®$j®“'®$i®"‘®$k),

with z1,...x, € V,and 4,5 € {1,...,k}.
The tensor product is not commutative, but when we quotient by the space C*, we impose
the commutativity relation and obtain a commutative product.

Definition 2.1. The k" symmetric power of V is the quotient space Sym* (V) = T*(V) /C*.
We write zy - 2y -+ - 2 (or 2129 - - - 21) for Tra(yyor (21 @ 22 ® - -+ @ T).

Note the following facts.
1. The map VF — Symk(V)7 defined by (z1,x9,...,2%) — 1 - Ty - x) is k-linear.

2. ;- xymyexy =x - xycx o foralli, j e {1,... k}andall zy,...x, € V.
(In other words “-” is commutative.)

3. If {v1,vs,...,v,} is a basis for V, than any element of Sym*(V) can be written as a
polynomial of degree k in vy, vs, ..., v,.



4. There is a bilinear map Sym*(V') x Sym'(V) — Sym**/(V) such that

<x1-x2---xk7y1 -y2..-yl) ’—)xl.xQ-..xk-yl-yz---yl.
When expressed in terms of a basis, this map is just polynomial multiplication.

In other words, Sym* (V') can be thought of as the space of polynomials of degree k in the
elements of V', and the operation “-” is just ordinary commutative polynomial multiplication.
When the elements are expressed in terms of a basis, these look exactly like polynomials.

Example 2.2. Consider the product (1,1,1) - (—=1,1,1) - (0,1,—1) € Sym*(R?) Let z =
(1,0,0), y = (0,1,0), z = (0,0,1). When we expand this product in terms of z,y,z we
obtain:

(1,1,1)-(-1,1,1) - (0,1, -1) = (e +y+2)(—z+y+ 2)(y — 2)

=2y — 2?2+ P+t —yt — 2P

If we want to consider polynomials of mixed degrees, we can look at the direct sum of all
the symmetric products of V:

Sym*(V) := Sym°(V') ® Sym' (V) @ Sym*(V) @ Sym*(V) @ - - -

The multiplication Sym* (V) x Sym’(V) — Sym*™ (V) makes Sym*(V) a commutative ring.

3 The exterior algebra

3.1 Definition and examples

The exterior algebra is constructed similarly to the polynomial algebra. Its properties are
analogous to those of the polynomial algebra, but the multiplication that arises is not com-
mutative. As before V will be a vector space over a field F.

Let A* be the subspace of T#(V) spanned by all vectors of the form

T1 QT2 QT
with z1,... 2, € V where z; = z; for some 7 # j.

Definition 3.1. The k™ exterior power of V is the quotient space A*(V)) = TH(V)/A¥.
We write o1 A g A -+ A g Trryy are (01 @ 22 ® -+ - @ p.).

Example 3.2. If V is any vector space, then A° = {0} and A! = {0}. Therefore A*(V) =
TO(V) =F, and A'(V) =TH(V) = V.

We have the following properties:
1. The map VF — /\k(V), defined by (z1,x9,...,2%) — 1 Axg A -+« A xy is k-linear.

2. Forall zy,...2, € V, 21 ANag A ...z, = 0 if ; = x; for some @ # j.



3. For all z1,...x, € V and all i # j, we have
TIN AT AT A A= =Ty A ATy A Az A Ay,
Proof.

O=a A A(zi+z) A A(mp+x) A Ay
=2y AN NN NN NT + Ty AN AT N NN AT
RS WANREAN 2 I ANEVAN IV ANIEVAN A o A BVANCICCIVAN 7 IVANEIEVANY & JVANCEAR ¥
=TI N NN NN ANT g AN AN AN NTE N AT L

We can use these properties to simplify expressions.
Example 3.3. Let V =R? 2 = (1,0), y = (0,1). Then

(a,b) A (e,d) = (ax + by) A (cz + dy)
=ac(x ANz) +ad(x Ny)+be(y Az) 4+ bd(y A y)
=0+ad(x ANy)+bc(y Nz)+0
= ad(x Ny) — be(y A x)
= (ad — be)(z N\ y)

Note that the coefficient of z Ay is det (¢ 5).
On the other hand, if we do a similar calculation with three terms,

(a,b) A (c,d) A (e, f) = (ax + by) A (cx + dy) A (ex + fy)
=ace(r Nz Ax)+ade(x ANy ANx)+bee(y Nz Ax)+bde(y ANy A x)
+acf(e Nx ANy)+adf(x ANy Ay)+bef(yANa Ay)+bdf(y Ay Ay)
=0

we get exactly zero. It looks the the dimensions of dim A" (R2) are given by the table below.

k 0 1 2 31 4] 5
dim A" (R?) 1 2 1 0[0]0
basis of A"(R2) | {1} | {z.y} [{zAy} |0 |0 ] 0

However, at this point we haven’t completely proved this. We still need to show that = Ay
is not the zero vector in A*(R?).

As with the symmetric products, there is a multiplication map between the exterior
products. This allows us to think of “A” as a multiplication operator. This product is not
commutative.

Proposition 3.4. There is a natural bilinear map N* (V) x N'(V) — NPV such that

(Vi Avg A  Avg,wy Awg A+ Awy) =03 Avg A Aug Awp Awg A=+ Awy



Proof. Bilinearity means linearity in each component, with the other held fixed. Therefore
it is enough to check that there is a linear map satisfying

VI AU A AU, = VL AUy A= AV Awg Awg A -+ A w;
for fixed wy, ..., w; € V. First note that the map
O(v1, V2, ..., V) =V AV A v - Av Awy Awg A -+ A wy

is k-linear, so by Theorem 1.16, there is an induced linear map ¢ : T*(V) — A" (V), such
that

P @U@+ @u) =V AVg A= Avg Awy Awg A -+ Aw

Note that for all s € A we have ¢(s) = 0. Since A\"(V) = T#(V)/ A, by Lemma 1.15, there
is an induced linear map from A*(V) to A*"(V), as required. O

Definition 3.5. The collection of the spaces /\k(V), for k =0,1,2,..., together with the
operation A is called the exterior algebra on V.

More specifically, the space

ANV =N a ANV e NV)e ANV @---

is a ring, with multiplication defined by the wedge product. A vector space over F which
also has the structure of a ring is called an F-algebra.

Example 3.6. Let V =R3 x = (1,0,0), y = (0,1,0), 2 = (0,0,1). We have
(a,b,c) A (d,e, f) = (ax + by + cz) A (dz + ey + fz)
=ae(xr ANy) +bd(y Nzx)af(x Az)+cd(z ANx)bf(y A z)+ ce(z Ay)
= (ae —bd)(x Ny)+ (af —cd)(x AN z)+ (bf —ce)(y A z).
To compute (a,b,c) A (d,e, f) A (g, h,i) we just multiply this resulting expression by gz +
hy +iz.
(a’ b7c) /\ (d’ e?f) /\ (g’ h’Z)
= ((ae = bd)(x Ny) + (af —cd)(x A z) + (bf —ce)(y A z)) A (gz + hy + iz)
= (ae —bd)i(x Ny A z)+ (af —cd)h(z ANz Ay)+ (bf —ce)z(y Az A x)
= ((ae = bd)i — (af —cd)h+ (bf —ce)z)(x Ny A z)

Here we've used y A2 Ax = —x AzAy=xAyA z. Note that the coefficient is equal to

a b c
det |d e f
g h 1

and moreover, the expression we obtained is exactly the cofactor expansion along the bottom
TOwW.



Example 3.7. Let V = R* with basis {z,y, z,w}. We have

(xAy+zAW)AN(xAy+zAw)=xAyAzAy + TAyAzAw
+ 2ANWANZAYy + 2ANWAZAW
=z ANYANzAw — TANWNANZAY
=z ANYANzANw + cANYNzAw
=2rANyNzAw

It may at first be surprising that the answer we obtained is not zero, but as we will soon see,
this product really is non-zero. What this proves is that A y + z A w is not a pure wedge
product, i.e. z Ay+zAw # uAwv for any u,v € R Indeed, (uAv) A (uAv) =0 for all u,v.
However, expressions which are not pure wedge products can be multiplied with themselves
to give a non-zero vector.

Proposition 3.8. If a € N"(V), w e A(V), then a Aw = (—=1)"w A .

Thus although the wedge product is not commutative, it is reasonably close commutative.
A product with this property said to supercommutative.

Proof. fa=vy Avg A+ ANvg, w=wy Aws A --- Awy, then we can get from vy Avg A -+ A
v Awy Awg A -+ ANwy, to £wy Awg A== Awyp Avy Avg A -+ A v by swapping adacent v’s
and w’s. Each swap contributes a factor of —1, and it takes exactly kl swaps. Il

3.2 Linear independence

As we have already seen, the exterior algebra has many determinant-like properties. One of
the key properties of the determinant, is that the determinant of a square matrix is non-zero
if and only if its rows (or columns) are linearly independent. Our next goal is to prove the
following theorem, which says that the wedge product generalizes this idea.

Theorem 3.9. Let V' be a vector space over a field F. A set of vectors {vy,va,..., v} is
linearly independent if and only if vy ANvg A -+ AN #0 € /\k(V)

The “if” direction is easy. Unfortunately, at the moment we don’t have any tools for
proving that two vectors in A"(V) are not equal. One of the best ways to prove that a
vector is non-zero is to apply a linear transformation to it. If the result is non-zero, the
vector must be non-zero. This will be our strategy.

The following theorem is analogous to the universal property for tensor products.

Theorem 3.10. Let V, M be vectors spaces over F. For any k-linear, alternating function,
¢ : V¥ — M, there exists a unique map ¢ : N*(V) — M such that ¢(vy Avg A --- Awy,) =
d(v1,v9, ..., v) for all vy, vy, ..., v € V. Moreover every linear map /\k(V) — M arises in
this way.

Proof. Since ¢ is k-linear, by Theorem 1.16, there is an equivalent linear map g TRV —
M. We must show that ¢ descends to a map from A\*(V) = T*(V)/A* to M. By Lemma 1.15,
such a map descends if and only if 5(5) =0 for all s € A*, and moreover every such linear
map arises in this way. But by the definition of A* this is equivalent to the fact that ¢ is
alternating, as required. O



We can use Theorem 3.10 to obtain linear functionals on /\k(V)

Theorem 3.11. Let fi, fo,..., fr € V*, where V* is the dual space to V. There is a well
defined linear functional Fy, s, 5 : N*(V) — F, such that

filvr)  fi(ve) - filox
fa(vr)  fa(va) - folwx

S—

Fi (i Ava A Aog) = det
Je(v) fe(v2) - filvw)

Moreover, if fl, fs,....fl e V* and fy N fa NN fo = iAo N A fle N(VF), then
Epifoentc = Pt

In light of this second part, we write f1 A fa A+ A fe(vr Ava A~ Avy) for Fy, 4, g (01 A
(S WARERIAN ’Uk).

Proof. The first statement follows from Theorem 3.10 and the fact that determinant is k-
linear alternating in the columns. The second statement is equivalent to saying that for
any given vy, vs, ... vy, there is a well defined linear map from G : A*(V*) — F such that
G(finNfan---Nfe) =Fp po g (v1 Avg A--- Avg). This follows from Theorem 3.10 and the
fact that the determinant is k-linear and alternating in the rows. O]

Proof of Theorem 3.9. First, suppose that {vy,vq,..., v} is linearly dependent. Then we
can write one of these vectors as a linear combination of the others; without loss of generality,
say vp = a1V1 + AUy + - -+ + ap_1vk_1. Then

Ul/\Ug/\"'/\Uk:’U1/\UQ/\"'/\Uk,1/\(a1@1+CL2U2+"'+CLk,1Uk,1)
=@V ANV N ANUp_1 ANV1 + asv; ANvg N -+ NVp_1 N\ Vg
+ - 4+ ap_qvy Avg A AU N\ Vp—1
=0

Now, suppose that {vy, va, ..., v} is linearly independent. Since this set can be extended
to a basis, we can define linear functionals fi,..., fp € V* such that f;(v;) = d;;. But then
by Theorem 3.11 we have

o1 ---
fl/\fg/\"'/\fk(vl/\’Ug/\"'/\Uk):det . . . :1,
SO vy Avg A Ay # 0. O

Corollary 3.12. If dimV < k then dim \"(V) = 0.

Proof. 1If dimV < k then any k vectors will be linearly dependent, so any k-fold wedge
product is zero. O



Using similar ideas, we can compute the dimensions of /\k(V) when V' is finite dimen-
sional, for all £k < dim V.

Theorem 3.13. Let V' be an n-dimensional vector space over a field F, and let §; =
{e1,...en} be a basis for V. For each k <n, let

ﬁk:{eil/\ew/\---/\eik | 1< <12<<2k§n}
Then, (3, is a basis for N*(V)). In pariticular, dim \*(V) = ()

FExercise: Prove Theorem 3.13.

3.3 Functoriality and the determinant
Let T : V — W be a linear transformation. For any non-negative integer k, we can define a
linear transformation T, : A*(V) — A"(W) satistying

Ti(vy Avg A+ Awvg) :=T(v)) AT (vg) A+ AT (vy)

for all vy, vq,..., v, € V. To see that T, exists, by Theorem 3.10 it is enough to check that
the map
(v1,v2, . v) = T(vr) AT (v2) A== AT (vy)

is bilinear and alternating, which is straightforward.

Proposition 3.14. Let V and W be vector spaces over a field F, and let T € L(V,W). For
any non-negative integer k, the following are true.

(i) If T is surjective then T, € LN (V), N*(W)) is surjective.

(ii) If T is injective then T, € L(N"(V), N*(W)) is injective.

(iii) If T is an isomorphism then T, € LIN*(V), N"(W)) is an isomorphism.
Proof. For (i) suppose T is surjective. It suffices to show that every vector w; Aws A ... wy €
A"(W) is in the range of T,, which is clear.

For (ii) suppose T is injective. Let v be a basis for V, and extend {T'(w) | w € 7} to a
basis ( for W. If

0="T, < Z Qirig..ig Wiy N Wiy N - A w%)

1<t <9< <ip<n

= > iyig...ir T (Wi ) AT (wip) A=+ AT (wiy,)

1< <ig << <n

where {wy,ws, ..., w,} is an ordered finite subset of v then all a;,;,. ;, must be equal to zero.

(Exercise: Prove this.) Thus 7, is injective.
Finally (iii) follows from (i) and (ii). O



One consequence of this is that if W is a subspace of V, then /\k(W) can be regarded as
a subspace of A"(V). More formally, let i : W — V be the inclusion map. This is injective,
so i, : N*(W) — A¥(V) is injective. Thus we can identify A*(W) with R(i,) € AF(V).

Proposition 3.15. Let Vi, V5, V3 be vector spaces over F, and let T € L(V4,V3), U €
L(V,,V3). For any non-negative integer k, we have:

(i) (UT). = U.T. € LN"(V1), A*(Va)).
(1) If T is an isomorphism, then (T,)™! = (T1),.

Exercise: Prove Proposition 3.15.

Theorem 3.16. Let A € M,,».,(F), and let V = F”

col”

Then for all w € N"(V), we have
(L)) = det(A)w,
where Ly € L(V) is the linear transformation L(z) = Ax.

Proof. Let {e1,es,...,e,} be the standard basis for V; let {f1, fa, ..., fu} be the dual basis.
Since dim A\"(V') = 1, it suffices to prove the result for w =e; Aeg A -+ Ae,. We have

fl/\fg/\"'/\fn((LA)*(el/\62/\"'/\€n)):fl/\fg/\"'/\fn(Ael/\ABQ/\"'/\A€TL)

fi(Aer)  fi(Aex) -+ fi(Ae,)

fa(Aer)  fo(Aea) --- fo(Aen)

= det =det A

fn(Ael) fn<A€2) T fn(Aen)
Since fi A fo A+ A folex Nea A+ Aey) = 1, the result follows. O

Corollary 3.17. Let V' be an n-dimensional vector space over F, and T € L(V'). Then for
allw e N"(V), we have T, (w) = det(T)w.

Proof. Let ® : V — FZ

col

be any isomorphism. Then by definition, det T' = det(®T®!).
0. (To(w))) = (PTE ™). (Du(w)) = (det T)(Ps(w)) = Pu((det T)w) .

Since @, is an isomorphism, the result follows. O

3.4 Plucker relations
The exterior algebra is useful in studying finite dimensional subspaces of a vector space.

Theorem 3.18. Let V' be an vector space over a field F. Let Wy, Wy be k-dimensional
subspaces of V', with bases {x1,xa,...,xx} and {y1,y2, ..., yx} respectively. Then

Ty NTo N ANxp=cyr Nya AN+ N\ yg

for some non-zero scalar ¢ € F if and only if W1, = Ws.



Exercise: Prove Theorem 3.18.

In other words, vectors in /\k(V) which are pure wedges represent k-dimensional sub-
spaces of V', up to a non-zero constant. It is therefore an important questiont to ask which
vectors in A\"(V) are pure wedges.

Our first criterion for determining when a vector w € A"(V) is a pure wedge product is
the following.

Theorem 3.19. Let V vector space over F, and let w € N*(V) be a non-zero vector. Let
W,={zx eV ]|zAw=0}. Then dimW,, <k, and dim W, = k if and only if w is a pure
wedge.

Before we can prove this, we need to develop some further results.

Lemma 3.20. Let V' be a vector space over F. Let f € V*. For each k, there is a map
X7 N(V) = AU (V) such that for all vy, va, ... v, €V,

Xf(vl/\v2/\.../\fuk):f(vl)fUQ/\fU?)/\.../\ka: — f(UQ)Ul/\U?)/\-.-/\Uk;
+ . 4+ (—1)k_1f(2)k)’01/\'UQ/\"'/\Uk—l'

Proof. The right hand side is k-linear and alternating in (vy,vs,...v;), so this follows by
Theorem 3.10. O

More generally, we have the following important theorem.
Theorem 3.21. Let V' be a vector space over F, and let k > 1| be a positive integers. There
exists a bilinear map:

Loy k k-1
XNV XAN(V) = A (V)
such that
X(AANSa N AN fry o0 Avg A Aog) = X0 X, © 0 Xy (Vi Avg A e Avg)

forall fi, fo,.... i€V vy 09,...,0, € V.

Proof. We need to show that for fixed vy, vs,..., v, € V, the map

(fl,"':fl)}_)szonz_1o"'OXf1<Ul/\v2/\"'/\vk)

is [-linear and alternating. The [-linearity is clear. To see that this map is alternating, we
need to check that the right hand side is 0 if f; = f; for some i # j. To prove this, first one
checks that x;o xy = 0 for all f € V*. This implies all that xsox, = —X4 © Xy, SO We can
swap adjacent pairs (picking up a factor of —1 with each swap) until f; and f; are next to
each other. But then we have

Xfloxflqo'”oxfl:inzO"'OXinijO'HOXfl207

as required. Il



Exercise: If k =1, prove that
X(ﬁ/\fg/\---/\fk,vl/\vg/\---/\vk):f1/\f2/\---/\fk(vl/\vg/\---/\vk).

Lemma 3.22. Let V' be a subspace of V, and let z € V' \ V'. There is a linear functional
f € V* such that x;(x N0) =6 for all® € N (V') C N (V).

Proof. Let f € V* be a linear functional such that f(z) =1, f(y) = 0 for all y € V’. Then
we have 0 = xp(x A0) = f(x)0 +0=06. O

Lemma 3.23. Let V, w and W, be as in Theorem 3.19, and let x € W, be a non-zero
vector. Then w = x A a for some o € /\k_l(V’), where V' is a codimension one subspace of
V' that does not contain x.

Proof. Let V' be any codimension one subspace of V' which does not contain x. Let f € V*
be the linear functional of Lemma 3.22. We can write w = x A a + 3, uniquely, where
a € /\kfl(V/), and § € /\k(V/). But 0 = xf(z Aw) = xp(z AB) = 5,0 w =2 Aa, as
required. O]

Proof of Theorem 3.19. Suppose w = vy A vg A --- A vg. By Theorem 3.9, since w # 0,
{v1,v9,..., v} is linearly independent. Again by Theorem 3.9, W, = span{vy,vs, ..., vs},
hence dim W, = k.

Now suppose that dim W, = k. We proceed by induction. The result is trivial for k = 1.
Assume the result is true for all smaller values of k. Let x € W,, be a non-zero vector. By
Lemma 3.23 we can write w = 21 A a, where @ € A*7'(V’), and V" is a codimension one
subspace of V' that does not contain z. Let W’ = W,_,NV’. We claim that 2’ A a = 0 for all
' € W'. To see this let f € V* be the linear functional of Lemma 3.22. Then we have

0=xs("ANw)=xs(—z A2 Na) = —2' N

Since V' has codimension one, dim W' = dim W — 1 = k — 1. Thus the inductive hypthesis,
A=V ANV N NVUgp_1,80 W =T ANV ANUa A -+ \NVUp_1.

Finally, if dimW,, > k we could apply this second argument with two different k-
dimensional subspaces Wy, Wy € W,,. But then we would have w € A"(W1)NA"(W5), which
contradicts Theorem 3.18. Therefore we must have dim W,, < k for all w € A*(V). O

For some purposes, Theorem 3.19 is not the best answer to the problem of determining
which elements of \"(V) are pure wedges. The following criterion has the advantage that
it can be used to give explicit necessary and sufficient equations that the coefficients of a
pure wedge product must satisfy (when everything is expanded in terms of a basis). These
equations are called the Pliicker relations.

Theorem 3.24 (Pliicker relations). Let V' be a vector space over F, and let k be a positive
integer. A vector w € /\k(V) is a pure wedge product if and only if, for all £ € /\kil(V*) we
have

X w)Aw=0.

We need two lemmas.



Lemma 3.25. Let V' be a vector space over F, and let k > [ be a positive integers. Let
W = span{vi, ..., v}, where vy, ve,...v € V, and let fi, fo,... fi € V*. Then
X(AAfa Ao A fr i Avg A= Aw) € AFTIW).

Proof. For [ =1 the statement is immediate from the definition of x;. Using

X(ANfaNANfi, vt Avg Ao Avg) = X0 X5, 00X (1 Ava A Ay),
the general case follows by induction. O
Lemma 3.26. Let V' be a vector space over F, and let w € /\ (V) be a non-zero vector. Let
= {x(&,w) | €€ N1V}, Then dim W, > k.

Proof. Let f1, fa, ... fr € V* be linear functionals such that fiAfoA- A fr(w) = 1. (Exercise:
Prove that these exist.) Let & = (= 1) fy A=+~ A fiit A fixx A+ A fr.. Then,

filx(&w)) = ()" "fjoxp 0 0 Xp 0Xp 00 Xp (W)
= (D) TAA A fia Afip A A S A fi(@)
In particular, the set {x(&1,w), x(§2,w), ..., X (&, w)} is linearly independent. ]

Proof of Theorem 3.24. Suppose that w = vy A vy A --- A v is a pure wedge. Let W =
span{vy,...,v;}. Then w € A*(W). By Lemma 3.25, x(€,w) € A' (W), so x(£,w) Aw €
A" W), Since dim(W) < k, by Corollary 3.12 this implies x (&, w) Aw = 0.

Suppose that for all £ € /\k 1(V*) we have x(§,w)Aw = 0. Let W, be as in Lemma 3.26,

and let W, be as in Theorem 3.19. Then x Aw = 0 for all z € Ww. So Ww c W,. By
Lemma 3.26 dim W, > k, whereas dim W, < k. Thus dim W, = k, which by Theorem 3.19
implies that w is a pure wedge product. O

Example 3.27. Let V = R, with basis {e,es,...,e5}. Let {fi, f2,..., fs} be the dual
basis. Consider a general vector w € A\*(V).

W = Z ;€4 VAN €;j.
1<i<j<5
In this case the Pliicker relations are:
X(fe,w) Aw =0, for k=1,2,3,4,5.

Expanding this out, we obtain

- X(fkv w) ANw
= X(.fka E aijei A\ €j) A\ ( E A1m € A\ €m)
1<i<j<5 1<i<m<5
E apje; — E aike;) d " mer A em)
j=k+1 1<l<m§5
= E E AjQim €5 N €p N ey, E E Qi Qim €5 N\ €1 N\ ey
j=k+1 <m =

{lvm}m{kvj}:{b {l m}ﬂ{z k}= 0



It is possible to simplify this further, but at the expense of messier notation. However, from
here we can see quite explicitly what happens for any specific value of k. For example, if
k=1 we get.

5
0= Z a1Qpm €5 N €1 N\ e,
7j=2 <m
{t:m}n{1,j}=0

= g 1201, €2 N\ € N\ ey + g a13G1m €3 N\ e /N\ e

I<m l<m
{l,m}n{1,2}=0 {{,m}N{1,3}=0
+ Z A14Qpm €4 N\ €N\ €, + Z A15a1m €5 N\ e; N\ e,
I<m <m
{l,m¥N{1,4}=0 {l,;m}N{1,5}=0

= (a12a34 (] N €3 A €4 -+ a12Q35 €2 A €3 A\ €5 + A19Q45 €9 A €4 A 65)
+ (a13a24 €3 A €9 VAN €4 + aizass €3 A €9 A eé; + a13Q45 €3 A €4 A\ 65)
+ (a14a23e4 Nea Nes + argagseqs Neg Aes + aisasseq Nes A es)
+ (CL15CL23 €5 A €9 N €3 + 15024 €5 A\ €9 A €4 + a15Q34 €5 A €3 A 64)
= (a12a34 — Q13024 + a14G23)e2 N €3 A €4
+ (a12a35 — ai3a25 + a15a23)ea A eg A es
+ (@12a45 — A14G25 + A15a24)€2 N €4 N €5

+ (ai3a45 — arsass + agsazs)es A eg A es
Thus, we must have
12034 — Q13024 + Q14023 = 0
12035 — A13025 + Q15023 = 0

12045 — Q14025 + Q15024 = 0

13045 — Q14035 + a15a34 = 0.

Each other value of k£ produces four similar looking equations, but in fact there are only
5 equations in total, because each equation comes up four times in this process. The last
equation is (unsurprisingly):

23045 — Q24035 + Agsa34 = 0.

By Theorem 3.24, w is a pure wedge if an only if its coefficients satisfy these five equations.

3.5 Inner products and volumes

Let I be either C or R, and Let V' be an n-dimensional vector space over [F, and let (-,-) be
an inner product on V.
Recall that an inner product on a V' satisfies three conditions:

1. For all z,y,z € V, and ¢ € F, we have (z + cy, z) = (z,2) + c(y, 2).



2. Forz,y €V, (z,y) = (y, 2).
3. For all non-zero vectors x € V', (x,z) > 0.

If IF is the field of real numbers, then the complex conjugation is trivial.

Theorem 3.28. There is an inner product (-,-), on N*(V)) such that

(T, y1) (w1,92) - (T1, W)

T2, Y T2,Y T2,Y
(Ty NTa N AT, Y1 AYo, Ao yg)r = det <2, 2 <2, 2) <2' k)

(lk, y1> <37k7 3/2> T <$k, Z/k>

As usual, we define the norm of a vector ||w|[x = /{w, w).

Proof. The existence of such a form satisfying condition 1 follows from Theorem 3.10. Condi-
tion 2 follows from this holds for the inner product on V', and the fact that det A = det A. To
prove condition 3, it is enough to show that there is a basis for /\k(V) which is orthonormal.
Exercise: If {ey, ..., ey} is an orthonormal basis for V, then the basis for A*(V) constructed
in Theorem 3.13 is orthonormal. [l

Recall that if vy, vy, ... v, € R™ are linearly independent vectors, there is a parallelopiped
determined by these vectors whose volume is | det A|, where vy,. .., v, are the columns of A.
This works more generally on any vector space V with an orthonormal basis {ej,...,e,}.
If v; = T(e;) for some linear transforomation 7', then the volume of the parallelopiped
determined by vy, vs, ..., v, is | det T'.

This inner product on /\k(R") can be used to compute the volume of a parallelopiped in
R"™ when k < n.

Theorem 3.29. Let vy, ... v, € R™ be linearly independent vectors. Then the k-dimensional
volume of the parallelopiped determined by vy, va, ..., vy is [[vg Avg A~ A vg||g.

Proof. Let W = span{vy,...,v;}. Let {wy,ws, ..., wi} be an orthonormal basis for W. Note
that the linear transformation from W — R* which takes w; to the standard basis vectors
is volume preserving. Then v; = Tw; for some linear transformation 7" € L(WW). Then

Vi Avg A Avg = To(wy Awg A=+ Awg) = det(T)wy Awg A -+ A wy .
Therefore, ||v; Avg A--- Avgllx = | det T'|, which equals the volume of the parallelopiped. [
We can also compute volumes of simplices.

Definition 3.30. A k-simplex in R” is a k-dimensional polyhedron, with k£ + 1 vertices
Vo, V1, - - -, U € R™, where {v3 — vg, 09 — vg, ..., 0x — v} is a linearly independent set.

For example, a 1-simplex is a line segment, a 2-simplex is a triangle, a 3-simplex is a
tetrahedron.

Theorem 3.31. Let S be the k-simplex with vertices 0,v1,vs,...,v5. Let P be the paral-
lelopiped determined by vy, vs, ..., v,. Then vol(S) = vol(P).



Proof. Let W be the subspace spanned by {v1,...,vx}. Since dim W = k, any linear trans-
formation from W to R* preserves the ratios of k-dimensional volumes. Thus it enough to
prove this for the case where the vertices are n = k, and v; = e; + €5 + - -+ + €;, where
{e1,..., ey} is the basis for R¥. In this case, the volume of the parallelopiped is 1, and the
volume of the simplex is

1 x1 T2 Tk—1
/ / / . / ldxpdxy_q . ..drodx,
x1=0 Jx9=0 Jx3=0 x=0

which one can easily show is equal to % ]



