Appendix A: Derivation of the real-space representation of
the effective interaction projected in a basis set

The exact Coulomb electron-electron operator can be
expressed in real-space second quantization as
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where ¥ (X) and @' (X) are annihilation and creation
field operators, and X = (r,o) collects the space and
spin variables. The Coulomb electron-electron operator
restricted to a basis set B can be written in orbital-space
second quantization:
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where the summations run over all (real-valued) or-
thonormal spin-orbitals {¢;(X)} in the basis set B, V!
are the two-electron integrals, the annihilation and cre-
ation operators can be written in terms of the field oper-
ators as
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Therefore, by defining
wB(Xh XQ, X3a X4)
= > VA (Xa)hi(Xa) g (X2)ei(Xa) (A5)

ijkl € B

we can rewrite W2 in real-space second quantization as
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In the limit of a complete basis set (written as “B — 00”),
T/VCBC coincides with Wee:
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which implies that
lim w® (X1, Xy, X3, Xy) =
B—oo
1 (A8)

0(X; —Xy) 6(Xg — X3) ———.
ry — 5

It is important here to stress that the definition
wB(X 1, Xy, X3,X,) tends to a distribution in the limit
of a complete basis set, and therefore such an object must
really be considered as a distribution acting on test func-
tions and not as a function to be evaluated pointwise.
This is why we need to use an expectation value in order
to make sense out of wB(Xy, Xy, X3,Xy).

From equation (A1), the expectation value of the
Coulomb electron-electron operator over a wave function
U is, after integration over X3 and X47
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which, by introducing the two-body density matrix,
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where n{?) (X1, X,) = n) (X1, X5, X5, X;) is the pair
density of ¥. Equation (A11) holds for any wave function

¥. Consider now the expectation value of W2 over a
wave function U5. From equation (A6), we get
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where n(z,)g (X1, X2, X3,X,) is expressed as
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and I'22 [U5] is the two-body density tensor of W%

29 (W) = (UP|a) af o | UF). (A14)
By integrating over X3 and X, in equation (A12), it
comes:
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where we introduced the function
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From the definition of the restriction of an operator to the
space generated by the basis set B, we have the following
equality
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which translates into
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Therefore, by introducing the
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one can rewrite equation (A18) as
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