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1 Introduction

Pseudorandom sequences, i.e., deterministic sequences on finite alphabets with properties
reminiscent of random sequences, are an intensively studied subject. We refer to the series of
papers by Mauduit, Sarkozy and coauthors [I}, 4, 5, 12, [13] among many others. A great part
of the mentioned work deals with correlation measures for binary sequences and the problem
to find large classes of finite pseudorandom binary sequences with small autocorrelation. Let
T =xor; - xy € {—1,1}" be a finite word over the alphabet {—1,1}. Then the correlation
measure of order m of x is defined as

M

Un(x) = r}\l/[ag Z Tptry Tty *** T, | (1.1)
n=0
where the maximum is taken over all » = (ry,79,...,7,) With 0 < r; <7y < --+ <1, and
M such that M +r,, < N. In case of infinite words x = zgz; - - - the correlation of order m
is defined as
M
Vi, M) = g Togry Ty (1.2)
n=0

with fixed r. In contrast to U,,(x), this definition does not take “large-range correlations”
into account. In fact, 7, could be Q(N) for the finite word correlation [I2]. Recently,
Mauduit and Séarkozy [14] generalized several measures for pseudorandomness to finite se-
quences over k-letter alphabets. These distribution measures have been studied by Bérczi [3]
from a probabilistic point of view.

The aim of the present paper is to study the discrete correlation among members of
arbitrary infinite sequences over k symbols, where we just take into account whether two
symbols are identical. In the sequel, we denote by N the set of non-negative integers, and we
assume that sums start with index 0 (empty sums are supposed to be zero), unless otherwise
stated. We further denote by n mod & the unique integer n’ with 0 <n’ < k—1and n=n’
(mod k). We use “word” and “sequence” interchangeably.
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Let x = xpx1 - - - be an infinite word over an alphabet of size k. Without loss of generality
we may assume that z; € {0,1,...,k — 1} for : € N. For vectors (i1, i, ..., %,) with integers
i; (1 < j < m) satistying 0 < i3 < iy < -+ < iy, define the discrete correlation coefficient
d(i1,92, ... ,im) of order m by

5iv, is in) 0, ifay, =a, =--=uz;,;
y 02y v 0oy bm) — :
1, otherwise.

Moreover, define C,. for all fixed » = (ry,79,...,7) with 0 <r; <ry <--- <r, by
.1
C’”:hzvnllolgfﬁ ZN(S(n—l—rl,n—l—TQ,...,n—l—rm). (1.3)
n<

It is important to remark that for a random sequence (where every symbol is indepen-
dently chosen with probability 1/k) the quantity C, equals 1 —1/k™~! with probability one.
In this paper we investigate sequences with respect to this leading term. We first show by
combinatorial means that for any infinite sequence on k£ symbols the quantity C,. cannot be
too large for all » (Theorem [23]). Our result, however, does not rule out the existence of
deterministic sequences that actually attain our bound. We provide such a construction in
the case of m = 2 by introducing generalized Rudin-Shapiro sequences on k symbols, which
extends a construction by Queffélec [I5] and Hgholdt, Jensen and Justesen [7, [§]. The mo-
tivation stems from the fact that the autocorrelation C,, ,,) of the infinite Rudin-Shapiro
sequence on two symbols is small [I3] Theorem 4. Our construction, however, gives a large
class of sequences with small autocorrelation for any alphabet with cardinality k&, whenever
k is prime or squarefree.

The paper is structured as follows. In Section [2] we state the general bounds for the
discrete correlation in Theorems and 2.4l In Section [3 we give the definition of general-
ized Rudin-Shapiro sequences. Sections [ and [{] are devoted to the combinatorial proofs of
Theorem and [2.4] respectively. In Section 6]l we give the proof of Theorem by using
the Lovasz local lemma. Finally, in Sections [7] and [§ we give the proofs for Theorems B.1]
and by means of exponential sums.

2 General bounds for the discrete correlation

We wish to establish upper bounds for C,. as r gets “large”. To begin with, we normalize
the vector r. For an integer sequence T = (to,11,...) with ¢; +r; > 0 for ¢ € N, we define
shifted versions of C'., namely,

.1
C,,.,Tthnl_)loI(l)fN Z;Vé(n+t]v+7’1,n+tN+7’2,...,n+tN+rm).
n<

Proposition 2.1. Let 7 = (ry,re, ..., 7)) with 0 < 1y < 1y < -+ < 1y, and let T =
(to,t1,...) be a sequence of integers with t;+ry >0 for alli. If ty = o(N), then Crr = Cy.



Proof. We note that

N+ty—1
C’"T_hNHLloréf_ Z d(n+ri,n+ry...,n+ry,).
n=tyN
Since d(n + 11, n + 19, ..., n+1y) € {0,1} for all n, the above sum differs from the corre-
sponding sum in (L3]) by at most 2¢y. Thus if ty = o(N), then
C'TT—hZIannf— (Zé n+r1,n+r2,...,n+rm)+0(N)> =C,. O
> n<N

By taking T' = (t,t,...), Proposition 21| implies that Cy,y; = C, for all constants
t > —ry. We shall say r is normalized whenever 1y = 0 and r; < ro < -+- < 1y, and
henceforth only consider normalized r. In the m = 2 case, we then have r = (0,7;) and we
can establish an upper bound by taking the limit as r approaches infinity. We shall obtain
the following result.

Theorem 2.2. Let x be an infinite word over an alphabet of size k. Then

1
liminf Cg,y) < 1 — T (2.1)

r9—00

In the next section we provide the construction of deterministic sequences with equality
in (2.1). More precisely, we show that for generalized Rudin-Shapiro sequences (k prime or

squarefree) we have
1
inf {Co,n}t=1——.
Inf {Clor } k
To generalize Theorem to larger values of m, we must precisely define the notion of “r
getting large”. Let || - || be a norm on the finite dimensional vector space R™. We will prove

the following upper bound on C,. as ||r|| tends to infinity:

Theorem 2.3. Let x be an infinite word over an alphabet of size k. Then for any m > 2
and any norm || - ||, we have

/\lim (inf {Cy : v € N, v normalized, ||r|| > A}) < (2.2)

km—l
We note that Theorem is immediately implied by Theorem by taking m = 2.
Theorem is proven via a combinatorial argument in Section 4l
In order to also consider the local autocorrelation properties of sequences, we define a
related quantity. Again, let  be an infinite word over an alphabet of size k. For a given
vector r and positive integers d, we define

1n+d 1
D4 —m1n< Zéz+r1,z+r2,...,i+rm)). (2.3)

Note that for a random sequence on k symbols, we necessarily have D = 0 for all » and d.
We will prove that for a given vector 7, the value of C. of an infinite sequence is an upper
bound for all of the values of D¢:



Theorem 2.4. Let x be an infinite word over an alphabet of size k, T be normalized and
d> 0. Then D¢ < C,..

As an immediate consequence of Theorem 2.3 and Theorem [2.4] we obtain an upper
bound on D¢ as ||r|| tends to infinity.

Corollary 2.5. Let x be an infinite word over an alphabet of size k. Then for any m > 2,
d >0, and norm || - ||, we have

/\lim (inf {D¢ : » € N™, v normalized, ||r|| > A}) <1— (2.4)

fm—1 '
An interesting example occurs when we choose a fixed d > 0 and take
r=(0,d,2d,...,(m—1)d).

Then for each subword wyws - - - wy, of x with |w;| = d for all ¢, the number of indices j where
Hw;[j] : 1 <i <m}| > 1is at least dDZ. In this case, for sufficiently large d, we can get
arbitrarily close to the bound in (2.4)).

Theorem 2.6. For all € > 0 there exist an infinite word x over an alphabet of size k and
do = do(e) such that for all d > dy and r = (0,d,2d, ..., (m — 1)d) we have

Di>1—

m—1 —E.

3 (Generalized Rudin-Shapiro sequences

The quantity C, has been studied for various special sequences. A classical result of
Mabhler [I0] states that for the Thue-Morse sequences over k symbols, the summatory cor-
relation has no uniform leading term. On the contrary, Queffélec [I5] noted (referring to an
unpublished result by Kamae) that the Rudin-Shapiro sequence indeed has the desired lead-
ing term, whenever 7 is fixed. As for the hub of the present article, Mauduit and Sarkézy [13),
Corollary after Theorem 4] showed that for the correlation of order 2 one may let 5 = o(N)
without losing this property. The following definition gives an extension to alphabets of size
k> 2.

Definition 3.1. Let g : {0,1,...,k— 1} XZ — Z, (j,n) — ¢g(j,n) be a function which
is periodic in n with period k. Furthermore, let g be such that for all integers u,: with
0<u<u+i<k—1wehave

{(g(u+i,n)—g(u,n)) modk: 0<n<k—-1}={0,1,....,k—1}

Then we call a sequence (a(n)),>o over the alphabet {0,1,...,k — 1} a generalized Rudin-
Shapiro sequence if there exists a sequence of integers (a(n)),>o such that a(n) = a(n) (mod
k) and

a(nk + j) = a(n) + g(j,n), 0<j<k—-1, n>1 (3.1)

The function g is called an admissible function.

4



Example 1: A “canonical” admissible function g in the sense of Definition B.1]is
g(j,m) =j - (nmod k), (3.2)

which is Queffélec’s generalization for the ordinary Rudin-Shapiro sequence [15, Section 4].
In this case g(u +i,n) — g(u,n) = in (mod k), and {in: 0 < n <k — 1} runs for ¢ with
0 <17 < k—1 through all residue classes mod k, provided k is prime. In particular, for &k = 2

and
1, if j=1,n=1 (mod 2);
0, otherwise

9(j,n) = {
we get the Rudin-Shapiro sequence over the alphabet {0,1}, namely,
(a(n))n>0 =0,0,0,1,0,0,1,0,...,
where the corresponding sequence a(n) counts the number of subblocks (1,1) in the binary

expansion of n.

Example 2: For k£ = 2 and appropriate initial conditions, we get sequences which count
any fixed block of size two. For instance, by setting

9(1,0) =1, ¢(0,0) = ¢(1,1) = ¢(0,1) = 0,
the resulting sequence (a(n)),>o counts (mod 2) the number of subblocks (01) in the binary
expansion of n.
Example 3: For k = 3 an admissible function other than (8.2)) is given by

- [ 1, if j=n (mod 3);
9(Gn) = { 0, otherwise.

Here, the resulting sequence (a(n)),>o (with initial conditions a(0) = a(l) = a(2) = 0)
gives the cumulative number of appearances (mod 3) of subblocks (00), (11) and (22) in the
ternary expansion of integers.

The following theorem shows that generalized Rudin-Shapiro sequences resemble the
discrete autocorrelation behavior of random sequences if m = 2.

Theorem 3.1. Let
a(0),a(1),a(2), ..

be a generalized Rudin-Shapiro sequence over {0,1,... k — 1} with k prime. Moreover, let
0 <7y <ry. Then, as N — 0o, we have

1
Zé(n+r1,n+r2): <1—E)N+Ok ((TQ—ﬁ)lOg

n<N

+ 7"2) : (3.3)

o — T
where the implied constant only depends on k.
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In the proof, we give an explicit value for the implied constant. As an immediate conse-
quence we note

Corollary 3.2. In the setting of Theorem[31), if ro = o(N) then
1
Zé(n+r1,n+r2) ~ (1 — %) N.
n<N

It seems natural to consider the cross product of two generalized Rudin-Shapiro sequences
to prime bases to construct an extremal sequence for squarefree k. Let k = pips---pg be a
product of pairwise distinct primes, and put ¢; = 1, ¢; = pipa---pi_q for 2 <7 < d. We
define the sequence (a(n)),>o by

a(n) = a(n) mod k, (3.4)
where (a(n)),>o is defined by
a(n) = cra1(n) + coas(n) + - -+ + cqaq(n). (3.5)
Herein, (a;(n)),>o0 satisfies the recursive relation
ai(pin+j) = ai(n) + g;(j,n),  1<i<d, (3.6)

forn >1and 0 < j < p; — 1. Again, the functions g; are admissible functions in the sense
of Definition 3.1l for 1 < ¢ < d. Our next result gives an estimate for the correlation of order
two.

Theorem 3.3. Let k = pips - - - pqg with d > 2 be squarefree and denote by
a(0),a(1),a(2),. ..

a generalized Rudin-Shapiro sequence over {0,1,...,k—1} defined by (3-4), (3.3) and (3.4).
Moreover, let 0 < ry <19 and 0 <~ < 1. Then, as N — oo, we have

N/

ro—T

1
Z o(n+ri,n+rs) = <1 - E) N + Ok((m — )N 4 (ry — 7)) N7 log
n<N

+N7+r1>, (3.7)

where the implied constant only depends on k.

Corollary 3.4. In the setting of Theorem[3.3, if ro = o(NV/?) then

Zé(n+r1,n+r2)~ (1—%) N.

n<N



4 Proof of Theorem

We need the following lemma for our proof of Theorem [2.3]

Lemma 4.1. Suppose we have a multiset of n distinct objects of k types, and let d < n be a

fixed constant. Then among the (Z) subsets of d objects, the number containing at least one

pair of objects of different types is at most

n 1

Proof. Suppose we have b; objects of type ¢ for all 1 < ¢ < k. Then we have (IZ;) subsets
consisting entirely of objects of type i. Thus the total number of subsets P that contain at
least one pair of objects of different types is

P-()-2 ()

:%<n(n_1)"‘(n_d+1)_Zbi(bi_l)"'(bi—d—l—l)),

i=1

Consider the polynomial ¢(x) = z(z —1)---(x —d+ 1) = eyx + - - - + egx?. We rewrite our
expression for P in terms of ¢,

noo1lg 1\
E:EZ[%§<EZZ)Z’.’> for all v > 1,

and thus




We apply this bound to our expression for P to yield the desired result,

1 n? n?
E ¢ — €1n+€2k+"'+€dw

;w—l -tk (1) (Goe)

n

With our lemma in hand, we now prove Theorem 2.3 We proceed via contradiction.
Suppose that for some m > 2 and some norm || - || on R™, there exists an € > 0 such that

lim (inf {C, : 7 € N™ 7 normalized, ||r|| > A}) =

A—00 fm—1

— . Our limit implies that there is some
Ao € R such that for all normalized » € N™ with ||| > Ay we have

N-1
hmmf—Zé TH+r, i+ T Ty >

N—oo

1 €
|

(4.1)

We define p(r) = max {r;} —min {r;} to be the range of r and note that p(r) = r,, whenever
r is normalized. Let r* = (0,...,0,1) € R™ and let p be an integer such that p||r*|| > Ao.
Then whenever r is normalized with p(r) > p, we have ||r|| > ||pr*|| = p||r*|| > Xo. Hence,
for all normalized r with p(r) > p, we can pick n, € N by (4I]) such that for all N > n,.,
we have

1

—Z (t4+ry,i+re,. .. i+Ty) > — (4.2)
N — k
To construct our Counterexample, we ensure that we have selected p such that
p=m, (4.3)
and then pick ¢ € N such that the following both hold:
18m?(m — 1
(@) q> 18m7(m ~ 1) ); (4.4)
€
9 — 1)pm-t
) gt s 2mim - e (4.5)

Since there are finitely many normalized » € N™ with p < p(r) < ¢, we can then pick an
n € N such that the following both hold:

(a) n > n, for all normalized r with p < p(r) < gq. (4.6)

(b)

18gm!
> qm.

(4.7)



Now, for any set U C N with |U| = m, there is a unique normalized vector ¥ and
integer offset (U) such that the vector ¥ + p(U)1 is an ordering of the elements of U.
We write §(U) to denote the correlation coefficient associated to this vector, namely §(U) =
S(rY + w(U), v + u(U), ..., 7% + u(U)). We also write p(U) = max (U) — min (U) for the
range of U. Tt follows that p(U) = p(rY) = r¥, and u(U) = min (U). With these definitions
in hand, we consider the following sum, which will be counted in two different ways to achieve
our contradiction:

S = D I(%

a=0 | UH{a,...,a+q—1}
[Ul=m

We first use Lemma 4.1l to bound S from above. The sum

D I(%

UC{a,....a+q—1}
|[U|=m
counts the number of subsets of m elements from the multiset [z4, Zat1,- .., Tatq—1] that
contain at least one pair of distinct symbols of the k& possible symbols. Thus Lemma [£.T]

applies, yielding
n—1
qm 1 _ ng™ 1
ngoﬁc_km—l)— -~ (1—km_1). (4.8)

Next, we will attempt to bound S from below by expressing it in terms of partial sums
of the form seen in ([A2)). Our first goal will be to rearrange this sum according to the
multiplicity of 6(U) for each U. Sets U will be subsets of {a,...,a+ ¢ — 1} for more values
of a if they have lower range, so we sort the terms according to the value of p(U), yielding

S= > D I(%

b=m—1 a=0 | UC{a,...,at+q—1}
|U|=m
p(U)=b

For a given U C {0,...,n+ q — 2} with |U| = m, we have U C {a,...,a+q— 1} if and
only if min (U) > a and max (U) < a+q¢g— 1. Thus U C {a,...,a+ g — 1} for precisely
those a with pu(U) 4+ p(U) — (¢ — 1) < a < pu(U). However, when we rearrange our sum, we
must count only those a which also lie in the range {0,...,n — 1}. We rewrite our sum as

q—1 min {u(U),n—1}

s= % $ 3 5(U)

b=m—1 UQ{O‘,[}I.,n+q—2} a=max {u(U)+p(U)—(q—1),0}
p(U)=b



We drop all terms containing elements less than ¢ or greater than n—1. All the sets U which
remain will have u(U) 4+ p(U) — (¢ — 1) > 0 and u(U) < n — 1, such that

S > >, Y, W)

b=m—1 Ug‘l{g,‘...,n—l} a=p(U)+p(U)—(g—1)
p(U)=b

We now need to add back some of the terms we dropped and subtract away appropriate
compensation. We can choose U C {0,...,n — 1} with [U| = m, p(U) = b and U ¢
{q,...,n — 1} by picking min (U) € {0,...,q — 1}, taking max (U) = min (U) 4 b, and then
choosing the remaining m — 2 elements from {min (U) + 1,...,min (U) + b — 1}. There are
q(fl__l) ways of doing this. It is convenient to instead use gb™ 2 as an upper bound for this

2
quantity; we then use the fact that §(U) € {0, 1} to write

q—1
S > (4-b) DRI CHN I Ui
b=m—1 Uc{o,...,n—1}
|U|=m
p(U)=b
q—1
> (q=b) > U)|[-q""
b=m—1 UC{0,...n—1}
|U|l=m
p(U)=b
In a similar manner, we add back more terms so that we may consider all U C {0,...,n +
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q— 1} with |U| = m and p(U) = b, and subtract off another multiple of ¢™! to compensate,

S > ii (q=b > U)| -2

b 1 Ucq{o,...,n+q—1}
|U|l=m
p(U)=b

We now associate each set U to its sorted vector r¥ + u(U)1 and group them according to
their »¥ values. Since we count each subset of {0,...,n + ¢ — 1} having range < ¢ — 1, we
are certain to include r + i1 for every normalized r of range < ¢ — 1 and every offset ¢ from
0 to n. We drop any other terms and ignore those r with p(r) < p (recalling (4.3]), where
we ensured that p > m), leaving us with

q—1 n

S > § (q—b) § § S(r+il) | —2¢™.
b=m—1 reN™ =0
7 normalized
p(r)=b

Finally, we may use (£.2]) to bound the inner sums from below, since for all » with p(r) > p
we have n > n,. by ([£6). We then simply count the number of normalized r vectors of each
range, obtaining

q—1
1 €
S > g (g —10) E n(l_km—1+§) —2¢™m ™!
=p

b reN™

7 normalized
p(r)=b
1 e\ & b—1
— 1 — < _ -9 m—+1
() X (a0 (, ) -
-1

> " (- L+5 q ((q = b)(b—m)""?) —2¢™ . (4.9)
= m—2) g1 3

b=p
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We simplify and evaluate the remaining sum to get

—_
—_

q— q—

((q=0)b=m)""2) =Y " ((g+m=b)(b—m)"?) —mg™"

3
I

P

((g+m—0b)(b— m)m_z) —2mg™ !

(]

I
—
—~
(S

_ b)bm_2) o 2mqm—l
q
> Z ((q . b>bm—2) _ qum—l _ qpm—l

=0
= zq:’“ mel (2m+1)g™ " —gp™!

b=0
q
pm— 2 dp — / bm—l dp — 2mqm—1 _ qpm—l
0 0
q" m—1 m—1
-2 — .
TS I qp
We substitute this back into (£.9) to obtain
ng™ 1 5 L 2mng™t ngp™!
S>— 1- — ) —2¢™ — — . 4.10
( fom—1 3) 1 (m—2)1  (m—2) (4.10)

What remains is to eliminate the three leftover terms on the right hand side with the
bounds we used when selecting ¢ and n. First, by

ng™ 5) 2mng™ !
— — . 4.11
(m!)<9 >(m—2)! (4.11)
Second, by (4H), we also picked ¢ such that
m m—1
ng_ (f) nap 4192
(m!) 9 >(m—2)!' (4.12)

Third, by (£7), we picked n such that

("ﬂi' ) (9) > 2™, (4.13)

Adding (EIT)), (£I12), and (£I3) together, we get

m—1 m—1

ng <>>2 mal . 2mng nqgp
(m') 3) 720 T o T =2y

12




and we substitute this into (4.I0) to obtain

nqg™ 1
S > T (1 - km_l)

which contradicts (A8]), proving the desired result. O

5 Proof of Theorem [2.4]

Suppose, for our sequence, that there exists some m > 2, » € N and d > 0 such that
D¢ > C,. Let ¢ = D& — C,. and pick p € N such that
2d D4
p > .
€

Then by our definition of C'., there is some n > p such that

n—1
1 €
—E 0(i+r1,. i+, <Cr+ =
n = 2

Dividing n by d, we let n = ad + b, where a and b are non-negative integers and b < d. Then
rearranging our expression and applying the definition of D¢ yields:

n—1

1 €
C,>— (7 ey m) — =

n;:(] (1+m i+ ) 5

| (ol idd ad+b—1 -
E10 90 SRIEERNERARED S e ) I
=0 j=id i=ad
1 a—1 ar+b—1 c
g dD¢ 5(j Y DU I
>~ <;( ")+ :Z (G471, j+r )) .
adD? ¢
> _ -
- n 2
d
>D§f—dD"‘—E
- n 2
However, since
2d D4
n=p> )
€
we then have
dD¢ _€
n 2’
and substituting this into the above yields
£ €
C.,>Di—- - =D _¢c=¢,.
™ 2 2 T 8
Thus we have a contradiction, and so we have fo < (O, for all » and d. OJ
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6 Proof of Theorem

It is sufficient to show that for all integers k,m > 2 and all real numbers ¢ > 0, there exist
an integer dy and an infinite word x = xgz1x2 - - - over a k-letter alphabet such that for every

integer d > dy and i > 0 there are at least (1 — # — ¢) positions where the m words

Li Titd—1, Litd " Tit+2d—1y + -+ Lit(m=1)d " " Titmd—1

do not all agree. We use the Lovasz local lemma to show the existence of finite words of
every sufficiently long length satisfying the condition. The existence of an infinite word then
follows from the usual compactness argument.

Here is the statement of the Lovész local lemma, as taken from [2, Chap. 5].

Lemma 6.1. Let Ay, Ay, ..., A be events in a probability space, with a dependency digraph
D = (S, E). Suppose there exist real numbers uy, us,...,ur with 0 <wu; <1 for1 <i<T

such that
Pr(d) <u; J] 1—uw) (6.1)
(i,j)eE
for 1 < i < T. Then the probability that none of the events Ay, A, ..., Ar occur is >
ngz’gT(l — uy).

Let A; 4 denote the event that there are < t positions where the m words

Li Titd—1, Litd " Lit2d—1y -+ Lit(m=1)d " " Titmd—1

do not all agree. Moreover, let S be the space of all such events A;,4 and (S, £) the de-
pendency digraph specifying when one event is dependent on another, which corresponds to
overlapping ranges of the word being constructed.

To evaluate Pr[A4,,] it suffices to count the number of such strings. First, we choose
the values for the symbols of the first string, «;, ..., %;1q_1, which can be done in k¢ ways.
Next, we choose the precise number of positions j in which the m strings will fail to agree,
and the positions themselves. This can be done in ), <j<t (‘;) ways. For each such position,
there are k™! — 1 ways to choose the symbols of the remaining m — 1 strings in such a way
that they do not universally agree with the first string. The remaining symbols in the last
m — 1 strings are now completely determined, as they must agree with the symbols in the
corresponding position in the first string. The total number of such strings is therefore

P=ky" (d) (k™ = 1)/,

o<t \J
We therefore find

it 5 () (Y ()

0<j<t

To estimate this sum we use the following classical estimate on the tail of the binomial
distribution, which is a version of Hoeffding’s inequality [6]:
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Lemma 6.2. Suppose 0 < p < 1, and let t,d be positive integers with t < dp. Then

o<j<t ™

m—1__ .
kkm,l L we obtain

If we now take t = (1 — i —€)d, p =
Pr[A; 4] < e

Now fix n, the length of the string. We want none of the events A, for dy < s < n/m,
0 < j <n—ms, to take place. Choose u; s = e3>, Then

[T -w. = 1T (1 —us)
((i,d)7(j78))€E i—ms+1<j<i+md—1

0<j<n—ms
do<s<n/m

H (1 _ uj’s>md+ms—1'

s>dy

v

Taking logarithms, we get

Z log(1 —ujs) > Z(md +ms — 1) log(1l — u;).

((i7d)7(jvs))€E s2>do

Provided u; , is sufficiently small, we can bound log(1—wu; ;) with —cu; ; for some constant
c. Hence we get

> (md +ms — 1)log(1 — uj,,)
s>do
2

> Z —(md + ms — 1)06_%5 s

s>dg
=—(md—1)c Z e 2% —me Z se” 2
s>dy s5>do
1.2 1.2 1.2
e3¢ (do—1) —2e4(do—1) 1—-d dne 3¢ (do—2)
— —(md =)o e CE L o) e
ez —1 (e2" —1)2

Now choose dy large enough so that

and also large enough so that

6_%82@0_1)(1 — d(]) + doe_%EQ(dO_m < 52d0

(= —1p = 2me

15



It follows that

1 H (1—wujs) | > 1520[ (md —1)c - mc€2d0
og | u; — ;g > ——e*d— —1)c— — mc—
g 7d ' - 75 2 2m

((i,d),(4,s))€E

v
|
|
[Q}
2o
QL
[©}
2o
QL
|
|
[©}
&
=8
S

Vv

|

|
[©)

(S
ISH

AVARLY,
<)

R

g

—,

e

as desired. Hence, by the Lovész local lemma, it follows that the probability that none of
the events A; s occur is > H((i,d),(j,s))eE(l — u;s) > 0, and hence such a string of length n
exists. [

7 Proof of Theorem 3.1

Before turning to the proof of Theorem B.I, we need one auxiliary tool. We rewrite the
left-hand-side expression of (3.3)) in terms of exponential sums. As usual, set e(z) = e?™* for
z € R.

Proposition 7.1. For any infinite word xoxi1xs--- over {0,1,... k — 1} we have
S 6+ iyt 12) :N<1——> Ly oy ( Fntrs x>) |
n<N 1<h<k n<N

Proof. The proof is based on the relation

hu\ [0, if ktu;
2 e(?)_{ k, if k| . (7.1)
0<h<k

First, since x, € {0,1,2,...,k — 1} we notice that &k | (xp4r, — Znir,) if and only if z,, 4., =
Zpir, - Therefore,

Z 5(71 +7r,n+ T2 =N — Z Z ( In—i—r’z xn+r1))

n<N n<N 0<h<k

v (1-1) -2 1 2 e (fonm ). E

n<N 1<h<k

16



In view of Theorem [3.1] and Proposition 2.1] it suffices to show that forall 1 < h <k —1

e S (%(d(n+7”) - a<n>>) = Ok (Tlog (E) ”) | i

n<N

where the implied constant only depends on k. Since e(z + 1) = e(z), the left-hand-side sum
in (Z2)) can be rewritten in the form

h
wlr) = e (platn+r) - atn)). (7.3
n<N
In the sequel we will need the generalized quantities

wlnd) = e (et —atm)) e (7)), (7.4)

n<N

where f : N — Z is an arbitrary periodic function with period k. We first show that for
all such f we have yy(1, f) = Og(log N) for N > k. We will then use induction on r to
prove (Z.2)), which in turn proves Theorem B.11

We follow the reasoning of Mauduit [I1]. Regarding (7.4]) we split the summation over
n < N up according to the residue class of n modulo k. We obtain

w1, f) = Z e <%(a(n +1) — a(n))) e <hfk(:n))

Y Y e <%(a(kn i) — a(k:n+i))) e (hf;i)) |

=0 kn+i<kN+j

Thus
sl ) = Z (fata+ = at)) e (*42) (75)
Y IR, W) S
(M) 5 (Bt aw) o

+e<@) 3 e(%(a(/m—i—k)—a(/m+k—1))). (7.8)

1<n<N

The sums (7.5) and (T.6]) are trivially bounded by k + j < 2k — 1. Concerning (7.7)) we note

17



that for 0 < u < k — 2 we have

}:e<%m@n+u+n—a@n+wﬂ

1<n<N

= 5 ottt 1) - alw) ~ o,
== e(%(g(u+1,n)—g(u,n)))-

1<n<N

By our assumption g(u + 1,n) — g(u,n) runs through a complete residue system mod k for
1 < n < k, so this sum is bounded in modulus by k/2. Therefore, (Z.7) is bounded by
k(k —1)/2. Finally, we rewrite the sum in (7.8) in the form

}:e(%m@n+@—ﬂwn+k—n0

1<n<N

= % e (Fatnt )+ o000+ 1) ) gt 1))
- (4 <a<n+1>—a<n>>)e<%(”)),

1<n<N

where f(n) = g(0,n+1) — g(k —1,n) is again periodic with period k in n. Summing up, we
get
5 k
[Yenv+5(1, )] < |7N(17f)|+§(k+3)- (7.9)

From (7.9) and |y,(1,f)| <k —1for 1 <n <k —1 and all f we get by induction that for
all k-periodic functions f and all N > k,

k(k +3)

——= log N — 1. 1
2logk ogN + k (7.10)

For our induction on r to work, we need one more initial value, namely

w(0,f)=> e (%(n))

n<N

which satisfies

v (0, )| < =, if f({0,1,....k—1})={0,1,...,k—1}. (7.11)

| 7
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Now, let us consider the general case with r = kM +7 > 0 where M > 0and 0 <i < k-1

but (M,i) # (0,0). Similarly to (T3)—(7.8) we have

Yen+j (kM +1, f) =
k-2

Z (hfk(;U)) Z (%(a(k‘n +u+ kM + i) — a(kn + u))) (7.12)
(h ) (%(a(kn+k—1+k:M+i)—a(kn+k—1))) (7.13)

o(1)

where the implied constant is bounded in modulus by 2k—1. We again need a close inspection
of the two infinite sums (712) and (7ZI13)). First, suppose i # 0. We rewrite the sum (7.12))

in the form

k—1—

Xl:ie (%(u)) Z e(%(a(n—i—M) +g(u+i,n+ M)

u=0 1<n<N

~ a(n) = g(u,n)))

k-2
+ e(hfk(u)) Z e(%(a(n+M+1)+g(u+i—k5,n+M+1)

u=k—1 1<n<N

u=0 1<n<N
k—2
hf(u) h hfs(n)
- e( - ) > e<E(a(n+M+1)—a( )))e( )
u=k—1 1<n<N
where
filn) = glu+i,n+ M) = g(u,n), for0<u<k—1—14,
fo(n) =glu+i—k,n+M+1)—g(u,n), fork—i<u<k-—2.
Using (7.4)) this yields
k—2
h
Ze ( fliu ) ( a(kn +u+ kM +1) — a(kn + u))) (7.14)
u=0 1<n<N
k—

Ze<h]£ )%v (M, fr) + ki e<hf( ))VN(M+1,f2)+O(1),

u= u=k—1i
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where the O(1)-term comes from including n = 0 into (C.14]) and therefore is trivially bounded
in modulus by (k—i)+ (i —1) = k — 1. Consider the second sum (7.I3) and let i # 0. Then

alkln+M+1)+i—1)—a(kn+k—1)
=an+M+1)—an)+gi@i—1L,n+ M+1)—g(k—1,n).

Therefore,
‘ e (W) Z e (%(a(kn+k— 1+ kM +14) —a(kn+k—1))) ’
1<n<N
< lwWM+1 )]+ 1, (7.15)
where f3(n) =g(i —1,n+ M+ 1) — g(k — 1,n). Now, from (7.12), (713)), (C.14) and (7.I5)
we see that
Yevi (M + i, )] < [yn (M, )l - (B =) + (M + 1, f2)] - (i = 1)

+|’7N(M—|—1,f3)|+1+(2k‘—1)+(k’—1). (716)

Plugging in M = 0, using (.10) and (7.I1]) and observing that fi(n) = g(u +1i,n) — g(u,n)

permutes {0, 1,...,k — 1} by assumption, we get

k(k —1)(k+ 3)
2logk

k
s (i, ) < log N+ (2k+3),  1<i<h-1

This implies that for 1 <7 < k — 1 and all functions f with period k we have

k(k—1)(k+3)
2logk

Iy (4, f)] < kg(g)+g@k+®, N > k. (7.17)

k
On the other hand, if 0 <wu < k — 1 then

a(kin+ M) +u) —alkn+u) =a(n+ M) —a(n) + glu,n+ M) — g(u,n),

so by joining (.12) and (7.I3)) in case that i = 0 we directly get

o

-1

Yeni (RM, )] < ) (liw(M, fa)| + 1) + (2k — 1), (7.18)

5
I
o

where fy(n) = g(u,n+ M) — g(u,n). Therefore, by (7I0) and (7.I8) applied for M = 1 we

get
K*(k + 3) N
<—— L log | — 242k —1 1
vt N = S g () #0420 1, (7.19)

k
provided N > k. Therefore, for all N > k,

k2(k + 3) N
— 1 — 242k —1 2
Slogk g( )+k + 2k —1, (7.20)

(i £)] < ;
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for the whole range 1 < ¢ < k. We now start our induction on the parameter r = kM +1¢. We
iterate (7.I6) and (7.I8) with (7.20) as an initial value to obtain for r = k*+1,k5+2, ... k**!
with s > 0 and for all N > k5t

k2(k + 3) N = .
<k k*(k* + 2k — 1 k— 1)k
st D = S5 b o (7 ) 4RO 420 )+ > -
]{72 k Ss(1-3 2
< ( +3)k5 log N ks (k +/<:)'
2log k kst+1 k—1
This finishes the proof of Theorem B.1] O

8 Proof of Theorem

For the proof of Theorem it suffices to show that forall 1 <A <k—Tand 0 <~y <1 we
have

h Nv/d

E e <E (a(n+1)— a(n))) < NY 4+ N4 4 N7 og ( ) , (8.1)
r

n<N

where the implied constant only depends on k. We follow Kim [9], Section 4], however suitably
modifying the argument to deal with the function a not being k-additive in the usual sense.
We need some more notation. Let b = (b1, bs, ..., by) and set

P,={neN: n=b modp], 1<i<d},

where s, is the unique integer with pi* < N7/4 < pfiH. Since the p;’s denote different primes
by assumption, we have

N

#{neN: neBR}=———+0().
[Tici p7
Further set
B = {(b1,b2,...,bq) : 0<b<p forl<i<d},
By ={(bi,bs,...,ba):  0<b<pi—r forl<i<d}.

Now, consider n = n;p;" + b; where 0 < b; < pi* —r. We may assume that n; > 1, which
is true for most n, i.e. N? < n < N (the error term of N7/ is negligible in the final
estimate). Write

bi+r= ﬁ;i—ﬁ?fi_l + ﬁ;i—zpfi_2 +ee+ ﬁ(/)a
b = oD} ™"+ Baap? 7 4 By
where (3,,0, €{0,1,...,p; — 1} for 0 < v < s;. Furthermore, set
vi=max(j: [;#0, 0<j<s—1),
w; =max(j: [;#0, 0<j<s,—1),
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which indicate the uppermost nonzero coefficients in the expansions. Then by (B.6) we can
rewrite a;(n + ) — a;(n) in the form

@ (nlpfl + ﬁ;i—lpfi_l +oe Tt /66) — @ (nzpfl + ﬁsi—lpfi_l + -+ ﬁo)

S;i—2
= az(n,) + gi(/@;i_l, nz) + Z gz(ﬁzln ﬁzlj—i-l)
v=0
S;—2
- <az(nz) + gi(/@si—la nz) + Z gi(/@m /61/4-1))
v=0
Si—2
= gz(ﬁ —1s nz) gi(ﬁsz'—lv nl) + Z (92(61//7 61//4-1) - gi(ﬁw ﬁl/%—l))
v=0

= a;(b; + 1) — a;(b;) + pi(bi, 7, m5),

where

11 (bis 7, i) = gi(Be, 1, m3) — 9i(Bs;—1,m4) + Z 9i(8,, Bi1) — Z 9i(Bos Bus1)-

Consequently, - -
;V e (% (a(n+7r) — a(n))) = MNZE[Ie (% ¢i (ag(n 1) — ai(n)))
o (h
= bEBO%Ee (k ¢; (ai(bi + 1) — ai(by) + pi(bi, 7 n,)))
+ 2 Zézge (% (a(n+7r)— a(n))) ;

which equals

Zne( (b 1) — b, )Zne( et b,,rm)) (82)

beB i=1 n<N =1
nepP,

+MZ\B§V<( a(n +r) — (n)))

d

- He <% ¢i (ai(b + 1) — ai(bi) + pi(bi, 7, n,)))) : (8.3)

i=1
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The second sum (8.3)) is trivially bounded by (we follow [9])

2%\&\#@<N’neﬂ}«(E:&II%><H?>&+mD>

=1

< N/ (8.4)
which is one of the error terms in the estimate. Now, consider the first sum (82). Let
B ={beB: Ui:wiandﬂvi:ﬂ;}i for all 1 <i < d}.

Obviously, for every b € B" we have p;(b;,r,n;) =0 for all n < N, n € P,. We use a similar
splitting as above, such that (8.2]) satisfies

< ZHe( 2 (ag(b +7) —a22>21

beB i=1 n<N

N
+2w\3q<nd &+ou0.

=114

Our next task is to establish a bound for |B\ B"|. Let pli < r < pl*'. We have to count
the number of b;’s with 0 < b; < p;* such that performing the addition bi + 7 gives rise to a
carry propagation which is transported to the digits 3,, of b;, thus giving a contribution to
i (b;, m,n;). A necessary condition for this effect is that

6ti+1 = 6ti+2 == 551-—2 =p; — 1

Hence
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Summing up, we obtain

e (% (a(n+71) — a(n))) =

n<N
T (h
> IIe (E ¢i ailby +7) — aiwm) S 1O (N N g )
beB i=1 =
pii—1 h .
= H e (— ci (ai(b; +1) — ai(bi))) (dis- + 0(1)> +0 (er_V/d)
B ' Hi:lpil

= NH 181 ZZ e (% ¢ (a;i(b; +1) — ai(bi))> +O (N + 7N/

Finally, we show how to obtain the saving in the exponent, which again finishes the proof
of Theorem [3.3] Since ¢; = pi1ps - - - pi_1, we see that for every h there exists an index [ with
1<l <dand

ﬁ o = hpipa -+ pic1 o ﬁ/

1 )
k PiP2 - Pd Di

with ged(h',p;) = 1. Applying Theorem B.1] with & = p; and estimating the other factors
trivially, we get

h v/d
Z e (E (a(n+r)— a(n))) < N'77rlog + N 4+ NY NI/
n<N "
which gives the statement of the theorem. O
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