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Logical Background General

Peano Arithmetic

@ Recall that given a language L, a sentence is a formula
without free variables.

@ A set T of sentences is a theory if it is consistent and closed
under logical consequence. Precisely, there is no sentence ¢
such that T+ ¢ and T - —¢, and whenever T I 1 we have
YeT.

@ A theory T is complete if for all sentences ¢ we have either
THoor TE—g.

@ A theory T is (computably) axiomatizable if there is a
computable set of sentences S such that T is the logical
closure of S. This means T = {¢); S+ }.
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Logical Background General

Peano Arithmetic

@ We will assume that everything we deal with is computable.
That is, everything is countable, and all functions, relations,
and constants are effectively given.

@ We also assume that languages come equipped with a Godel
numbering. That is, an effective way of coding formulas and
sentences. So a set of formulas will be identified with its
corresponding set of Godel numbers.
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Logical Background General

Peano Arithmetic

Let £ ={+,-,<,0,1} be the language of arithmetic. The theory
of Peano arithmetic (PA) is the logical closure of the following
sentences:

o Vx—x+1=0

o Vxx+0=x

e Vx0-x=0

o VxVyx+1l=y+1—-x=y

o VxVyx+(y+1)=(x+y)+1

o VxVyx-(y+1)=x-y+x

o VXVyx<y+le(x<yVx=y)

@ Vx—x<0

o VxVyx<yVx=yVy<x

e and for all formulas ¢(x, y1,...,¥n),
Yy Vyn (6(0,7) AVX(¢(x,7) = d(x +1,7))) = Vxo(x, ¥)
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Logical Background General

Peano Arithmetic

Definition

A PA degree is the Turing degree of a complete consistent
extension of PA. We let Dpa denote the set of PA degrees.
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Logical Background General

Peano Arithmetic

Definition

A PA degree is the Turing degree of a complete consistent
extension of PA. We let Dpa denote the set of PA degrees.

Theorem (Godel's Incompleteness Theorem)

The theory of Peano arithmetic is incomplete. Furthermore, any
consistent computably axiomatizable extension of the theory of
Peano arithmetic is also incomplete.
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Logical Background General

Peano Arithmetic

Definition

A PA degree is the Turing degree of a complete consistent
extension of PA. We let Dpa denote the set of PA degrees.

Theorem (Godel's Incompleteness Theorem)

The theory of Peano arithmetic is incomplete. Furthermore, any
consistent computably axiomatizable extension of the theory of
Peano arithmetic is also incomplete.

| 5\

Corollary

There is no computable complete consistent extension of Peano
arithmetic: 0 ¢ Dpa.

\
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Completions of PA
Godel Revisited

The class of complete consistent extensions of PA is a N9 class.
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Completions of PA

0 . .
M7 Classes and Completions of Theories Gédel Revisited

The class of complete consistent extensions of PA is a N9 class.

Proof (Sketch).

Recall we assume we are given a Godel numbering G from w to the
sentences over arithmetic. We identify a finite binary string o with
the sentence

oo)= N\ e[ A —6U)

o(i)=1 o(j)=0

We say a sentence 6 “appears to be consistent at stage t” if there
is no derivation of =6 from the first t axioms of PA in fewer than t
lines. Then the relation R(o,t) given by “6(c) appears to be
consistent at stage t,” is computable.
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0 . A Completions of PA
M7 Classes and Completions of Theories Gédel Revisited

Proof (Sketch (continued)).

Since R(o, t) is computable, the class

{f € 2% (Yn)(Vt < n)R(f | t,n)}

is a MY class. But f is a member of this class if and only if the
corresponding set of sentences G(f~*({1})) is a complete
consistent extension of PA. O]
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0 . A Completions of PA
M7 Classes and Completions of Theories Gédel Revisited

@ Note that we did not use anything particular to Peano
arithmetic.

@ In fact, the theorem applies to any computably axiomatizable
theory in a computable setting, with the same proof.
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0 . . Completions of PA
M7 Classes and Completions of Theories Gédel Revisited

Theorem (Godel's Incompleteness Theorem)

The theory of Peano arithmetic is incomplete. Furthermore, any
consistent computably axiomatizable extension of the theory of
Peano arithmetic is also incomplete.
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Completions of PA

0 2 q
M7 Classes and Completions of Theories Gédel Revisited

Theorem (Godel's Incompleteness Theorem)

The theory of Peano arithmetic is incomplete. Furthermore, any
consistent computably axiomatizable extension of the theory of
Peano arithmetic is also incomplete.

N,

Theorem (Godel's Incompleteness Theorem, Effective Version)

From a description of a consistent, computably axiomatizable
theory T which extends PA, we can effectively find a sentence
which is independent of T. Such a sentence is called a
Godel-Rosser sentence of T.

A\
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Preliminaries

Equivalent Properties of PA Degrees ClieessTrEeS 6ff (7R D

Definition

Let f : w — w be a function. We say f is diagonally
noncomputable (d.n.c) if for all e € w, if pe(e) | then

f(e) # we(e).
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Preliminaries

Equivalent Properties of PA Degrees Characterizations of PA Degrees

Definition

Let f : w — w be a function. We say f is diagonally
noncomputable (d.n.c) if for all e € w, if pe(e) | then

f(e) # we(e).

| A

Definition
Let f : w — w be a function and let n € w. We say f is n-valued if
for all e € w, f(e) < n.

<

Kevin Matthews Peano Arithmetic and I'I(l)-CIasses



Preliminaries

Equivalent Properties of PA Degrees Clieesisireiens of P2 DEyess

Let d be a Turing degree. The following are equivalent:
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Preliminaries

Equivalent Properties of PA Degrees Clieesisireiens of P2 DEyess

Theorem

Let d be a Turing degree. The following are equivalent:
(i) d € Dpa;
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Preliminaries

Equivalent Properties of PA Degrees Clieesisireiens of P2 DEyess

Theorem

Let d be a Turing degree. The following are equivalent:
(i) d € Dpa;
(i) There is a degree c € Dpy such that ¢ < d;
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Preliminaries

Equivalent Properties of PA Degrees ClheeeeEiems o [P DEges

Theorem

Let d be a Turing degree. The following are equivalent:
(i) d € Dpa;
(i) There is a degree c € Dpy such that ¢ < d;
(iii) There is a 2-valued d.n.c. function f such that f < d;
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Preliminaries
Equivalent Properties of PA Degrees ClheeeeEiems o [P DEges

Theorem

Let d be a Turing degree. The following are equivalent:
(i) d € Dpa;

(ii)

(iii) There is a 2-valued d.n.c. function f such that f < d;
)

(iv

There is a degree ¢ € Dpa such that ¢ < d;

Every partially computable 2-valued function has a total
d-computable 2-valued extension;

Kevin Matthews Peano Arithmetic and |'|<1)-C|asses



Preliminaries
Equivalent Properties of PA Degrees ClheeeeEiems o [P DEges

Theorem

Let d be a Turing degree. The following are equivalent:
(i) d € Dpa;

(i) There is a degree c € Dpy such that ¢ < d;

(iii) There is a 2-valued d.n.c. function f such that f < d;
)

(iv) Every partially computable 2-valued function has a total
d-computable 2-valued extension;

(v) For every non-empty N9 class C, there is a C € C such that
deg(C) < d;
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Preliminaries
Equivalent Properties of PA Degrees ClheeeeEiems o [P DEges

Theorem

Let d be a Turing degree. The following are equivalent:

(i) d € Dpa;

(ii) There is a degree c € Dpa such that ¢ < d;

(iii) There is a 2-valued d.n.c. function f such that f < d;

(iv) Every partially computable 2-valued function has a total
d-computable 2-valued extension;

)
)
)
)

(v) For every non-empty N9 class C, there is a C € C such that
deg(C) < d;

(vi) Every computably inseparable pair of c.e. sets has a
separating set C such that C < d.
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Preliminaries

Equivalent Properties of PA Degrees ClheeeeEiems o [P DEges

Theorem

Let d be a Turing degree. The following are equivalent:

(i) d € Dpa;

(i)

(iii)
)

(iv

There is a degree ¢ € Dpa such that ¢ < d;
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Preliminaries
Characterizations of PA Degrees

This is immediate. ]
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Preliminaries

Equivalent Properties of PA Degrees ClheeeeEiems o [P DEges

Theorem

Let d be a Turing degree. The following are equivalent:
(i
(ii
(ii

(iv

There is a degree ¢ € Dpa such that ¢ < d;
There is a 2-valued d.n.c. function f such that f < d;

)
)
)
)
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Preliminaries

Equivalent Properties of PA Degrees ClheeeeEiems o [P DEges

(i) = ().

Let T be a complete consistent extension of PA with deg(T) = c.
Let g be the partially computable function g(e) = pe(e). By other
results, there is a a formula 1(x, y) which represents g. That is,

gx)l=y & PAFY(xy),
gx)I#y & PAF—Y(x,y).
Define

o) = 1 ify(e,0)eT,
|0 if—y(e,0) e T.

Then f is a d-computable 2-valued d.n.c function.
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Preliminaries

Equivalent Properties of PA Degrees ClheeeeEiems o [P DEges

Theorem

Let d be a Turing degree. The following are equivalent:
(i
(ii
(ii

(iv

There is a 2-valued d.n.c. function f such that f < d;

)
)
)
) Every partially computable 2-valued function has a total
d-computable 2-valued extension;

(v)
(vi)
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Preliminaries

Equivalent Properties of PA Degrees ClheeeeEiems o [P DEges

(i) = (iv).

Let f be a 2-valued d.n.c. d-computable function. Suppose g is a
partially computable 2-valued function. Consider the partially
computable function

P(x,y) = g(x).
By the s.n.m theorem, there is a computable function h such that
Pnx)(y) = g(x).

Then
1—foh

is a total d-computable 2-valued extension of g. Ol
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Preliminaries

Equivalent Properties of PA Degrees ClheeeeEiems o [P DEges

Theorem
Let d be a Turing degree. The following are equivalent:

(i
(ii
(iii

(iv

)
)
)
) Every partially computable 2-valued function has a total
d-computable 2-valued extension;

(v) For every non-empty N9 class C, there is a C € C such that
deg(C) < d;

(vi)
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Preliminaries

Equivalent Properties of PA Degrees ClheeeeEiems o [P DEges

(iv) = (v).

Suppose C is a non-empty I'Icl) class. Let T be a computable tree
with C = [T]. Let h: w — 2<% be a computable bijection. Define
the partially computable function

if i €{0,1}, h(e) € T, and there exists a level
i I such that h(e)"i has a descendent at level / in
T, but h(e)"(1 — i) does not

1 otherwise.

f(e) =

As f is 2-valued, it has a d-computable 2-valued extension g.
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Preliminaries

Equivalent Properties of PA Degrees ClheeeeEiems o [P DEges

(iv) = (v) (continued).

We construct a d-computable infinite path through T by stages.
Let o¢ be the empty string. Note og € T,
Stage s + 1: Suppose o5 € T®*. Define

Osy1=05"(go h_l)(US)-

Then 05,1 € T This completes the construction.
Now o = |J 05 € [T®*] = [T] = C is d-computable, so take
c = deg(o). O

v
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Preliminaries

Equivalent Properties of PA Degrees ClheeeeEiems o [P DEges

Let d be a Turing degree. The following are equivalent:

(v) For every non-empty N9 class C, there is a C € C such that
deg(C) < d;

(vi) Every computably inseparable pair of c.e. sets has a
separating set C such that C < d.
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Preliminaries

Equivalent Properties of PA Degrees Clieesisireiens of P2 DEyess

Suppose A, B is a computably inseparable pair of c.e. sets. Then
the class C of separating sets for A, B is a M9 class. Moreover, it is
non-empty, so there is a member C € C which is d-computable.
That is, C is a separating set of A, B with C < d. O
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Preliminaries

Equivalent Properties of PA Degrees ClheeeeEiems o [P DEges

Theorem

Let d be a Turing degree. The following are equivalent:

(i) d € Dpa;

(i)

(iii)
)

(iv
(v)

(vi) Every computably inseparable pair of c.e. sets has a
separating set C such that C < d.
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Preliminaries

Equivalent Properties of PA Degrees ClheeeeEiems o [P DEges

(vi) = (i).

Fix any order of sentences and any order of generating proofs. Let
A denote the set of pairs (F, ) such that:

e FU {9} is a finite set of sentences;
@ A proof of a contradiction is found from PAU F U {¢};

@ No proof of a contradiction is found from PAU F U {—%}
before this point.

Let B denote the set of pairs (F, ) such that:
o F U {4} is a finite set of sentences;
@ A proof of a contradiction is found from PAU F U {—¢};

@ No proof of a contradiction is found from PAU F U {¢}
before this point.

Then A, B are disjoint c.e. sets. So let C be a d-computable
separating set of A, B. Also let D € d.
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Preliminaries

Equivalent Properties of PA Degrees ClheeeeEiems o [P DEges

(vi) = (i) (continued).

We construct a complete consistent degree d extension T of PA,
as well as a bijection g from w to sentences, in stages. At stage
n+ 1, we will define g(n) and decide whether or not g(n) is a
member of T.

Construction:

Stage 0: Let To =0, Vo =0, and Uy = (). Note PAU Ty is
consistent.

Stage n+ 1: Suppose PAU T, is consistent. First we define g(n).
If nis even, let g(n) be the Godel-Rosser sentence of the logical
closure of PAU T,. If nis odd, let g(n) be the first sentence not
yet in the range of g.
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Preliminaries

Equivalent Properties of PA Degrees ClheeeeEiems o [P DEges

(vi) = (i) (continued (continued)).

Next we decide whether g(n) is a member of T. If n is even, then
enumerate g(n) into Vi1 if and only if 5 € D (and into Upy1
otherwise). If nis odd, then enumerate g(n) into V,11 if and only

if (Th,g(n)) ¢ C (and into U,41 otherwise).
Now define

_— {Tnu{gw)} if g(n) € Vi1,
T\ Tau{-g(n)}  if g(n) € Unsa.

Then PAU T,; is consistent.

Finally, let
T =PAU (U T,,) .

This completes the construction.
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Preliminaries

Equivalent Properties of PA Degrees Clieesisireiens of P2 DEyess

(vi) = (i) (continued (continued (continued))).

Note:

@ T is an extension of PA;
@ T is consistent;
o T is complete.

Therefore T is a complete consistent extension of PA, and so
deg(T) is a PA degree. But deg(T) =d. Thus d € Dpy as
desired.
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