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To get in touch: send email, and set up a time. After seminars are decided, he’ll post office hours.

Recommended book: Matrix Analysis, Horn and Johnson
Outline:

e General matrix theory

— Unitary equivalence, similarity
— QR factorization, which we’ll use to prove Jordan canonical form
— Cholesky factorization, Specht invariants

— Partitioned matrices

e Special families

— Hermitian, normal, unitary, positive semidefinite, non-negative matrices

Circulant matrices
— Majorization
— Eigenvalue interlacing theorems

— Estimates about eigenvalues of sums of Hermitian matrices

Weekly homework assignments of 5-10 problems. (Probably closer to 5.) A bit of discussion is okay, but

the proofs should not all be identical. (He’ll clarify as time goes on.)
Linear algebra Matrix analysis
General fields Ror C
Rings and modules Limits, continuity, power series
Basis independent  Basis dependent
Inner products, geometry

Assume you know:
e Fields

e Basic properties of R and C

e General theory of vector spaces (bases, dimension, matrix of a linear map, determinants and their

computations, matrix inverses, etc.)

e Analysis: sequences and series, Heine-Borel



We use F to denote R or C. We use F" to denote the vector space of m-tuples over F. The canonical
basis of F™ is e; = (0,...,0,1,0,...,0) with a 1 in the i*® position. So

m
v = inei
i=1
Dot product is given by, for v = (z1,...,Zm), w = (Y1, ..,Ym), we have

VoW =Tyt TmlYm

The inner product is given by
(v,w) =21 TT+ - + T Ym

When F = R, they coincide.
We use My, to denote the set of m x n matrices. If we need to specify, we will write M,, ,(R) or
My, (C). In particular, for A € My, ,,, we write

ail A1n
A= o 0] = (ay)

am1 - -- Amn

This forms a vector space in the natural way: M,, , = F"". By the canonical basis for M,, ,,, we mean the
matrices E; j containing a 1 in the (¢, 7) entry and a 0 elsewhere.
Every A € M, defines a linear map L4: F* — F™ given by

n n
LA((SEl,...,.Tn)): Zaljxj,...,Zamjxj
j=1 j=1

For A € M, ., A = (a;j), then A = (@;;) € M, . Also A* = (aj;) € My, ,,. Also A* = At = A’ is the
adjoint or conjugate transpose.
Suppose A € M,, ,, B € M, ,,. Define their product to be (¢;;) € My, », given by

P
Cij = E Qikbr;
k=1

Remark 1.
1. (AB)C = A(BC)
2. (Ay + A))B = A\B + A,B
A(B, + By) = AB, + AB,
AAB) = (\M)B = A(\B)

- W

5. Using the association F™ = M,, 1, we have L4(v) = Av.

6. Using the association F™ = M,, 1, we have v - w = w'v and (v, w) = w*v.
Remark 2.

1. If we write A= [Cy | --- | Cy] for C; € My, 1, and if v = (x1,...,2,), then

LA(’U) :LA ijej :ZIZTJ‘LA(GJ') §ij0j
j=1 j=1 j=1



2. Thus range(L 4) = span(Cy,...,Cy).
Remark 3. For A € My, ,, B € M, ,,, we have

1. Writing
Ry
A =
R,
Then AB = (R;C}).
2. AB=[A-C1| - | A-C}]
3. Writing
A=Wl | W]
Vi
B =
Vo

For W, e F™ = My, 1, Vi, € F* =2 M ,,. Then

p
AB = Zwk * Uk
k=1

called the “outer product”.

Notation 4. We write M, for M, .

1.1 Determinants
1.1.1 Laplace expansion

For A € M, we put det(A) € F. Let A, ; € M,,_; be obtained by eliminating the ith row and jth column.
The Laplace expansion is then given by

n n
det(A) =Y (=1)a; ;det(A; ;) = Y (—1)"a; ; det(A; ;)
j=1 i=1
for any choice of i, j respectively.
1.1.2 Permutations
o:{1,...,n} = {1,...,n} bijective. The sign of a permutation: find a way to express ¢ as a product of

transpositions. The parity modulo 2 of the number of transpositions turns out to be independent of the
expression. We set

1 the parity is even
sen(a) = —1 else

i.e. (—1)* where k is the number of transpositions. We can then write

det(A) = > sgn(o) [ [ aioq
=1

oceS,



We also define the permanent of a matrix A is
perm(A) = Z Haiﬁg(i)
ceS, i=1
This has applications in graph theory, order statistic, symmetric tensor products. In particular,
(1 V- Van,yi V- Vy,) = perm((zi,y;))
Proposition 5.
1. det(A?) = det(A)
2. det(AB) = det(A) det(B)
3. A is invertible if and only if det(A) # 0
Definition 6. Suppose Vi,...,V,,, W are vector spaces over F. Then
L: >"< Vi—oW
i=1
is multilinear if it satisfies

L. for all j, all v;,v} € V;, we have

/ /
L('Ul,...,Uj_17Uj+Uj7Uj+1,...7’Un) = L(Ulr" yUj—1,Vj5, Uj41, - - '7’Un)+L(U17'"7Uj—1avjavj+la"'

2. for all j, all v; € Vj}, and all A € F, we have

L(vi, ..., 01, A0, V41, ..., Up) = AL(V1,...,0j-1,0j,Vj41,. ., Vp)
If we regard matrices as tuples [C1 | ...,| Cy] with Cy,...,C, € F™, then
n
det: XF" 5 F
i=1

satisfies
1. det is multilinear
2. If B is obtained from A by transposing two columns then det(B) = (—1) det(A) (alternation)
3. det(I,) = 1 (normalization)
Theorem 7. If
L: >"< F* - F

i=1
1s alternating, multilinear, and normalized, then

L(Cy,...,Cp) =det([C1 ] -+ | Ch])

A similar result holds for rows.

1.1.3 Cramer’s rule and the adjugate
Suppose A € M,,. Then A; ; € M,,_1, as above. Let
bij = (—1)""7 det(4;,)
Then B = (b; ;) € M, is called the adjugate of A.
Theorem 8 (Cramer). BA = AB = det(A)I.

avn)



1.2 Row-reduced echelon forms and elementary matrices

Definition 9. Suppose B € M, ,,. We say B is in RREF if
1. The first non-zero entry in each row is 1. (These are called leading ones.)
2. The first non-zero entry of the (i + 1)th row is to the right of the first non-zero entry of the ith row.
3. All other entries in a column with a leading one are zero.

4. Rows of all zeroes are at the bottom.

FEzxzample 10.
01 = 0 % 0
0001 % 0
0 00 0 01
0 000 0O
is in RREF.

Definition 11. If we omit Item 3, we get the definition of row echelon form.
Definition 12. The elementary operations are:

Type I Row interchange

Type II Multiply a row by a scalar

Type III Add a multiple of a row to another row

Theorem 13. Given A € M, ,,, there is a sequence of elementary operations to perform on A yielding B in
RREF. Moreover, this B is unique. The process A — B is referred to as Gauss-Jordan elimination. The
process of reducing to something in REF is referred to ass Gaussian elimination.

Proof. See Hoffman and Kunze. 0 Theorem 13
Definition 14. The elementary matrices are

Type 1 For k # {, let
Uk, t) = Z Eii+ Ere+ Eg
ik,

Then U(k,0)™! = U(k,£) = U(¢, k), and U(k,£)A corresponds to interchanging the k and ¢ row of A.

Type 2 For A # 0, let
D(k,\) =Y Eii + AEg
itk

Then D(k,\)~! = D(k,\°!) and D(k,\)A corresponds to scaling row k by .

Type 3 For k # ¢ and \ € F, let
Sk, 0,A) =14+ ANEg
Then S(k,¢,\)~1 = S(k, ¢, —\) and S(k, ¢, \)A corresponds to adding the k row of A, scaled by A, to
the ¢ row of A.

Corollary 15. Given A € My, ,,, there is W € M, that is a product of elementary matrices such that W A
is in RREF; furthermore, this W is unique.

Remark 16. If WA = B as above, then W is invertible, and 4 = W~!'B where W1 is also a product of
elementary matrices.



1.3 Rank

Definition 17. For A € M,, ,,, we define the column rank of A, denoted rank.(A) is the dimension of the
subspace of F™ spanned by the columns. The row rank, denoted rank,.(A), is the dimension of the subspace
of F™ spanned by the rows.

Theorem 18. Let A € M,, ; let B be the RREF of A. Then

1. rank,(A) = rank,(B)

2. rank.(A) = rank.(B)

3. rank,(B) = rank.(B) are both equal to the number of leading 1s in B.
Corollary 19. rank.(A) = rank,(A), and we henceforth refer to it as rank(A).

Definition 20. Let L: V — W be linear. We define the range of L by
R(L)={LWw):veV}
Then R(L) is a subspace, since L is linear.

Proof of Theorem 18.

1. Recall B = WA where W is a product of elementary matrices. Thus each row of B is a linear
combination of rows of B. Thus

rank,.(B) = dim(span(rows of B)) < dim(span(rows of A)) = rank,.(A)

But we can apply the same argument to A = W~!B to get rank,(B) > rank,(A). Thus rank,(A4) =

rank,(B).
2. Look at L 4, Lg: F™ — F™. Write
A=[Cq]...|C]
Then
A1
Al ] =n0i 4100,
An
Thus R(La) =span{ Cy,...,Cy }. But B=WA;s0 R(B) = R(WA) =W (R(A)). But W is invertible;
so we get
rank.(B) = dim(R(B)) = dim(W(R(A))) = dim(R(A)) = rank.(A)
3. Picture
0 01 = % 0 % *x 0
B=|0 00001 % % 0
0 00 00 O0O0 Q01

The columns for leading 1’s span the column space and are linear]
of the column space of B is just the number of leading 1’s.

independent. Thus the dimension

<

The non-zero rows are exactly the rows with leading 1’s; these thus span the row space. Furthermore,
since each column containing a leading 1 has exactly one non-zero entry, we have that the rows with
leading 1’s are independent. So they form a basis, and the dimension of the row space is the number of
leading 1’s.

[0 Theorem 18

Remark 21. In general it holds that the rows of C'D are linear combinations of the rows of D.



1.4 Submatrices

Definition 22. Suppose A € M,, . Suppose

a={a,...,ax}
B=A{B1,....5;}
with
1< < <a,<m
and

1<Bi<---<Bj<n
We define Ala, 8] € My, ; by
A[av ﬁ] = (aai,ﬂj)

(where A = (a;5)). These are the submatrices of A.

Any matrix of the form Ala, ] is said to be a principal submatriz of A.

For |a| = |B], we call det(Ala, 5]) a minor of A.

When o = {1,...,k}, then Ao, o] is called a leading principal submatriz.

When n =m and a = {k,k+1,...,n}, then Ao, ] is a trailing principal submatriz.

The determinant of a leading or trailing principal submatrix is called a leading or trailing principal minor,
respectively.

1.5 Sums of subspaces

Suppose V, W are vector spaces. Consider their Cartesian product V x W. We can regard it as a vector
space by taking

(v1,w1) + (v2,ws) = (v1 + vo, w1 + Wa)
)\(Uh ’LU]_) = ()‘Ula )\’LU]_)
This is denoted V @ W and is called the direct sum of V and W.

Proposition 23. If {vy : a« € A} is a basis for V, {wg : B € B} is a basis for W (neither necessarily
finite), then
{(tas0):a € A}UL(0,ug): 5 € B}

is a basis for V& W. Thus dim(V & W) = dim(V) & dim(W).
Proof. Suppose (v,w) € V & W. Write

v = Z)‘O‘UO‘
(o7

w = Zpg’mg
B

Then
(v,w) = Z Aa(Va,0) + Zug((), wg)
a B
Suppose
> Xa(va,0) + > ps(0,ws) =0
a B

Then

> Aava =0

> npws =0

B
and thus each A, and pg is 0. O Proposition 23



Example 24. F™ & FP contains vectors of the form

((xlv' . 'afcm)a (yla' .. ’yp)) ~ ('»7317- s Tmy Yy - 7yp) € Ferp
This yields an isomorphism F™ ¢ FP = Fm+p,
Conversely, given (1,...,ZTm, Tm+1,-- - Tmip) € P, we can partition it after the x,,, and regard it
as an element of F™ @ [FP.
1.6 Partitioned matrices
Suppose A € M, 4my,n,+n,- We can then define A;; € My, ,,, in the natural way. These can be regarded as
Aiji i —

Recall that A can be regarded as
A: Fratne _y pmitme

Then
z
. Anzx + Ay
A . ™ =
it Aoz + Aoy
Tnq+na

n1+n2 A mi+ma
F —= 3 F

E I

Fri @ Fre — Fm @ Fme

A Ai
Agr Ao

Check: for A € Mm1+m2,p1+:02> Be MP1+P2,N1+n27 if

where the bottom map is given by

A A
A =
<A21 A22>
Bi1 Biz
B =
<321 322>

where A; j € My, », and B, j € My, »,, then

AB — A11Bi1 + A12Ba1 A11Bia + A12Bao
A21B11 + A2 Bo1 A21Bia + Az Bao

On the assignment, we may assume we never deal with 1 x 1 matrices. We may use anything asserted in
class.

Definition 25. If we say A € My, 4. fmp,ni+-4n, 15 partitioned, we mean that we can partition A as
Aij € My, ;- We say A is block-diagonal to mean A; ; =0 for i # j.

Proposition 26. Suppose A € M, 1 ...in, ny+-+ny 15 block-diagona. Then
det(A) = det(A17)...det(Any)

Proof. Expand by Laplace. [0 Proposition 26



Suppose

for a # 0. Recall that
det(A) = ad — bc = a(d — ba"'¢)

Proposition 27. Suppose A € My, 4nyny4ns- If A11 is invertible, then
det(A) = det(A1;) det(Agy — Ay AT Aj)

If Asg is invertible, then
det(A) = det(Ag) det(Ay; — A19 Ay Agp)

A Ap) _ (An O I, A A
Ao Ao Ao Ip, 0 Az — A21Af11A12
and thus

A A A 0 I, Al A -1
det = det det, 1 =det(A;1)det(Ags — As1 A7 A
e <A21 A22> e (A21 In2> e < 0 Ay — Ay AT AL et(Ar)det(Ag 21477 A12)

Proof.

by taking the Laplace expansion along the identity matrices. Proof of the second fact is similar, using the

factorization )
(Au A12> _ <In1 A12> <A11 —ApA55 A 0 )
Asy  Anp 0 A Ay Aoy I,
0 Proposition 27

1.7 Euclidean norms and inner products
Suppose =,y € F" with

L= (xla"'uxn)c

Y= 1, 4n)°
we set
<$,y> =T1Y1 + -+ Tpln
Remark 28. (-,-): C" x C™ — C satisfies

(+2"y) = (z,y) + (', y)
(z,y +y') = (x,9) + (z,y)
(Az,y) = Mz, y)
(z, \y) = XNz, )

ie. () is sesquilinear.

Remark 29. In the case F = R, we have (-,-) is bilinear.
Definition 30. Suppose z,y € F". We say = and y are orthogonal (written x L y) when (z,y) = 0.

Definition 31. Suppose z € F". We define the Fuclidean 2-norm of x to be
]2 = (w,2)*

Theorem 32 (Cauchy-Schwarz inequality). |(z, )| < ||z|2|lyl|2-

10



Proof. Well
0 < (texp(if)x + y,texp(if)x + y)
= t*(z,x) + texp(i0)(z, y) + texp(—i6)(y. z) + (y,)
= |3 + 2t/ {z, y)] + [lyll3
thus the discriminant is non-positive, and

Az, y)[* — 4llzl3lylIz <0

Theorem 33 (Triangle inequality). ||z + yll2 < ||z]l2 + ||y||2-
Proof. Well,

0 < lz+yl3
=(x+y,z+vy)
= (z,2) + (z,y) + (¥, 2) + (y,9)
< lzl3 + 2l zll2llyll2 + lyll5
(lzll2 + [lyll2)*

Fact 34. |Az|]2 = |Al||z]|2-

1.8 Gram-Schmidt orthogonalization process
Definition 35. A set S is orthonormal (o.n.) if it satisfies the following:
e For all u € S we have ||ulls =1
e Forall u # vin S, we have u L v
Given independent { z1,..., 2, } € F" Gram-Schmidt yields orthonormal {4,
spany,..., U = Spanty,..., Ty

for all 1 < k < n. In particular, we set

Ty
Ul =
T e
Lol = Dy (Tn1, i)
Up4+1 =

[ @n41 = Dy (@npns wa)ull,

It’s not hard to see that the u; satisfy the desired properties.

1.9 Lowden orthogonalization

Gram-Schmidt is numerically unstable; an alternative is Lowden orthogonalization.

Given independent { z1,...,z,, } C F™, consider

m
inf Z”]}] — |3 : {u1,...,upy } orthonormal
Jj=1

O Theorem 32

0 Theorem 33

.« oy U } € F” such that

Theorem 36 (Lowden). There is a unique orthonormal {uy,...,um } attaining this infimum.

Theorem 37. This unique set { uy,...,un } is called the Lowden orthogonalization of {x1,...,Tm }.

Here marks the end of the review.

11



2 Eigenvalues, eigenvectors, and spectra
Definition 38. Suppose S is a linear map. Define the nullspace or kernel of S to be
N(S)={z:Sz=0}
Proposition 39. Suppose S € M,,. Then the following are equivalent:
1. There is T such that ST =TS = 1,
2. det(S) #0
3. Lg: F™ — F" is injective
4. Lg: ™ — F™ 4s surjective
Proof.
(1) < (2) Cramer’s rule.

(1) = (3) Assume S is not injective. Then N(S) # 0. Thus there is  # 0 such that Sz = 0; thus
TS #1.

(3) < (4) By the rank-nullity theorem: that
dim(R(S)) + dim(N'(S)) = n

(3) = (1) By ((3) < (4)), we have S is bijective, and is thus invertible.
0 Proposition 39
We let Mt ={S € M, : S invertible }.

Definition 40. Suppose A € M,,, x € C™, x # 0, and Ax = Az. We call such an = an eigenvector, and we
call such a A\ an eigenvalue. The spectrum of A, denoted o(A), is the set of all eigenvalues of A. The spectral
radius of A is

p(A) = sup{ |\ : X € o(4) }

Proposition 41. Suppose A € M,,. Then
o(A) = {A: (A= D) ¢ M}

Proof. (A—XI) is not invertible if and only if N'(A—AT) # {0}, which holds if and only if there is a non-zero
x such that Ax = A\x. 0 Proposition 41

Given A € M,, p(t) = apt® +--- 4+ a1t + ag, we can define
p(A) = arAF + - 4 a1 A+ aol
Remark 42. (pq)(A) = p(A)q(A).
Theorem 43 (Spectral mapping theorem). Suppose A € M,,, p a polynomial. Then
o(p(A)) ={p(A) : A€ 0(A) } = p(o(4))
Proof. O Let A € 0(A). Then there is  # 0 such that Az = Az. We then have that A7z = Mz. Then

(akAk—l—-u—i—alA—&—aOI)x = (akAk +- -+ a At ag)x
=p(A)z

so p(A)z = p(A\)zx, and p()\) € a(p(A)).

12



C Suppose p € o(p(A)). Then there is x # 0 such that p(A)x = pzx. Let
k
q(t) =p(t) — p=ax [J(t - 1))
j=1
Then

q(A) = ax(A— ). (A— pl)

and
p(A) — pl = q(A) = ak(A — ) ... (A — i)

But p(A) — pI is not invertible because p € o(p(A)). So there is some jy such that A — p;, is not
invertible, and thus p;, € o(A). Thus

p1jo) — 1= q(pjo) =0

and thus
n=p(uj) € {p(A\) : A€ o(A)}
O Theorem 43

2.1 The characteristic polynomial

Definition 44. Suppose A € M,,. Then the characteristic polynomial of A is
pa(t) = det(tl — A)

which is then monic of degree n.

Proposition 45. \ € 0(A) <= pa()\) = 0.

Proof.

A€o(A) < Al — A is singular
— det(\[—A4)=0
> pa(N) =0

O Proposition 45
Note that A € o(A) if and only if N(A — AI) # {0}. This space is called the eigenspace for \.

Definition 46. For A € o(A), the geometric multiplicity of A is the dimension of N'(A — AI). The algebraic
multiplicity of A is the number of times (¢t — A) is a factor of p4(¢).

=6 3)

det(tl — A) = (t — \)?

FExample 47.

has geometric multiplicity 1, but

so it has algebraic multiplicity 2.

Proposition 48. Suppose A € M,,, A € a(A). Then the geometric multiplicity of X is no more than the
algebraic multiplicity of \.

Remark 49. If B = (b;;), then b; ; = (Bej, ;).

13



Proof of Proposition /8. Let k be the geometric multiplicity of A. Pick v1,...,v; a basis for N(AI — A).
Extend to a basis {v1,...,v, } for C". Let

S=lvi |- |vn] €M,

Then R(S) = span{ v1,...,v, } = C", so S is surjective, and thus invertible. Let B = S7*AS. For 1 < j <k,
and for 1 < i < n, note that

bi; = (S"'ASe;, e;)

= <S_1A'Ujvej>
= <S_1()‘Uj)7ei>
= )‘<ej’el>
A =
10 else
Then
A0 0 | B2
0 A 0 |
B= 3 |
0 0 A
kO \ ng)
Then

pr(t) = (t — A\)F det(t] — Bao)
so (t — A\)¥ divides pp(t). But

pp(t) = det(t] — B) = det(S™'(tI — A)S) = det(t] — A) = pa(t)

So (t — A)* divides pa(t), and the algebraic multiplicity is at least the geometric multiplicity.
0 Proposition 48

2.2 The elementary symmetric functions
Observe that

(t=A) e (=) =t" = A+ AT M da F M3+ A A) o (D) A,
Definition 50. Given n € N and 1 < k < n, we define the k" elementary symmetric function by

k
SeAy s dn) = > JIRY

1<i1<ig<---<ip<n j=1

FEzample 51.
S1( A1, ) =AM+ + A
So(Aay s dn) = D A
1<i<j<n
Sn(>\17 . >\n) - )\1 )\n
Fact 52.



Definition 53. Let A € M,,. Let

Ep(A)= >, det(A(J.]))
JC{1,...,n},|J|=k

i.e. Ei(A) is the sum of all the k x k principal minors of A.
Definition 54. For A € M,,, we define the trace of A to be

n
tr(A) = Z ajj
j=1

Ezample 55. E1(A) =tr(A) and E,(A) = det(A).

Theorem 56. Let A € M,. Let (A1,...,\,) be the roots of pa(t) repeated according to their algebraic
multiplicity. Then for 1 <k <n, we have Ex(A) = Sg(A1,..., ).

Corollary 57. { E1(A),...,E,(A)} uniquely determines the roots of pa(t).

Notation 58. Given f: (a,b) — C, we can write f(t) = f1(t) +if2(t) for fi: (a,b) — R. We say f is
differentiable at t if f1, f are differentiable at ¢, and we write f(¢) = f1(t) + i f5(¢).

Notation 59. For f: (a,b) = C", we write

fi
r=1:
fn
is differentiable at t if fq,..., f, are differentiable at ¢. In this case, we write
fi(t)
fey=1 :
fa()

Remark 60.
(f1>7fn)l:f{f2fn+flf2/fn++f1fn71f7/7,

Theorem 61. Let

fij
fj = : (G,, b) —Cc"
fnj
for 1 < j <n. Assume each f;; is differentiable att for a <t <b. Set g(t) =det((f1 |---| fn)). Then g is

differentiable at t and
g @)= det((fi |- [ fi—u [ S} | fiwa [ | f)
j=1
Proof.

g(t+h) —g(t) =det((fr(t +h) | 2L+ D) [ [ fult +h))) —det(fr(t) | - | fu(t))
=det(fi(t+h) |- | fult+h)) —det(fi(t) | f2(t+h) [ | fult +R))
+det(f1(t) | fo(E+R) [+ | fa(t +h)) —det(fi(t) | fo(t) | fa(t+R) |- | fult +R))
+det(fi(t) | f208) | fs(t+h) [+ | fu(t+h)) —...
=det(fi(t+h)— f1t) | fot +h) [ ... fult+h))
+det(f1(t) | f2E+h) = f2(0) | fsE+R) [ [ falt +h)+...

= Zdet(fl(t) [ L@ TS5+ h) = f5@) | fjaE+R) |- | fu(E 4 R))
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Thus
gt +h)—

%@)TZ glg et(fr(t) [ [ fi=a@) | f;(E+R) = f;(8) | fi42(t+
= det(fr(t) [ -+ [ fi=1 (&) [ ) | Fi41(8) | ... fult))
j=1
since det is continuous in its entries.
Proof of Theorem 56.
Notation 62. For J C {1,...,n}, weset A; = A(J¢, J°).
Well,
(=1)"Sn(A1,..,An) = ao
=pa(0)
= det(—A)
= det((—1)A)
= det(—1I)det(A)
— (~1)" det(A)
So
Sn()\ly ey /\n) = )\1 ces >\n =ap = det(A) = En(A)

And we have the case k = n.

0
1

0

Also
(Ol)nilsn—l(Ala BERE) )\n) = a4
= p4(0)
= det(tI — A)/|t:0
But
1 —a12 —Qa13 NN —Qai1
0 tfagg —ags t—agl
det(tI — A) =det | . ) : + det
0 —0an2 —an3 ... —0n1
= det(t[n,1 — A{ 1 }) + det(tfn,1 — A{ 2}) -
Thus
det(tl, — A)’ Zdet tl,_1 — Agiy
i=1
and

(=1)" 1 Sn_1(Ar, o, An) = P4 (0)

= Z det(—A{ i })

—Z n 1det A{ })
= (— )" 1 (A)

So Sp—1(A1,...,A\n) = En—1(A). And we have the case k =n — 1.

16

—a13
—a23

—an3

h) |-

| fa(t+ 1))

[0 Theorem 61



But now

and
pat) = Zdet(ﬂn_l - Ay = ZZdet(tI 9
i=1 i=1 jAi
So .
=D D det(=Agij)) ZZ )" P det(Ag i) =
i=1 j#i i=1 j#i

So Sp—2(A1,.. ., A\n) = En—a(A1,...,\y), and we have the case k = n — 2.

In the general case, we have klay = p(f)(()). But
pY (&) = (k) D7 det(tl — Ay)
|J]=k

P 0) = (B, (A) (1)

Thus Sn—k()\la ey )\n) = En_k(A)

2.3 Moments and Newton’s identities

Definition 63. The k*® moment is given by pr = Mp(A1,..., k) = AF +

Remark 64.

Sl(/\17~-~7/\n):>\1+"'+/\n
=Mi(A,... )
:/1’1

S1A s )= 4+ )2

—Agijy)

AR

=AM AL DA

i#]
= M2 +2SQ()\173)‘7L)
= U2 = 512 — 25,

Theorem 65 (Newton’s identities). Suppose p(t) = t" + ap_1t"" 1 + ---

(—=1)""kS,,_1.) Then
kap—k + p1an—py1 + -+ pran =0

forallke{l,....,n}.

Solving these can get p in terms of S and vice versa.

2.4 Right multiplication
Suppose A € M, ,. We typically regard F¥ = M}, ;. Then
A F* — F™

is given by Laz = Axz. If we instead regard F* =2 M ;, then for y = (y1,...

yA S Ml,n =
So Rg: F™ — F". Thus A € M,, induces two linear maps

LA,RA: F* — F™

17

+ alt + agp.

,Yn), We have

(—1)"2-2- B, _5(A)

[0 Theorem 56

(Note that ap, =



Question 66. What is the deal with o, eigenvalues, etc.?
Well, observe (yA)" = Aly'. Thus Rg & L.
Theorem 67. For A€ M,,. Then
1. pa(t) = pat(t).
2. o(A) =a(AY).
3. For A € 0(A) = o(A?), the algebraic multiplicities coincide.
4. For A € a(A) = o(A"), the geometric multiplicities coincide.
Proof.
1. pac(t) = det(tI — AY) = det((t] — A)Y) = det(tl — A) = pa(t).
2. 0(A)={ze€F:pa(z) =0} ={z €F;pa(z) =0} =0c(A").
3. Follows as algebraic multiplicity is the number of times ¢t — X appears as a factor of p4(t) = pa:(t).
4. The geometric multiplicity of A in A is given by
dim(N (A — A)) = n — dim(R(A — A))
=n —rank. (A — A)
=n —rank,(\ — A")
n —dim(R(A — AY))
= dim(N (AT — AY))
which is just the geometric multiplicity of X in A?’.

O Theorem 67

2.5 Similarity
Let L: V — V be linear with dim(V') =n. Let B = {v1,...v, } be a basis for V. Recall

L(v;) =Y bijvi
=1

where B = (b; j) € M, is the matriz for L with respect to B, denoted B = matg(L). Define S: F* — V be
given by Se; = v;. Then the following diagram commutes:

Vv Lty

R

Fn Ls Fn
For A = (a;j) € M, a new basis {v1,...,v, } for C", we have

vty

K

Fn Lp F»

where Se; = v;; we set matg(La) = Lp; then Ly = SLpS™'. ie.

A=S7'BS
B=SAS™!
Then
matp(La) = SAS~!
where S =[vy | -+ | vp].

18



Definition 68. Suppose A, B € M,,. We say B is similar to A if there is S € M, ! such that B = SAS™1.
We then write B ~ A.

Remark 69.
1. A=T71AI. So A~ A.
2. f B~ A, say B=SAS™! then A= (S71)~"!B(S7!),s0 A~ B.
3. If C ~Band B~ A, then C = RBR™!, B=SAS™! then C = (SR)"'A(SR).
So ~ is an equivalence relation.
Proposition 70. Suppose B ~ A. Then
1. pa(t) = ps(t).
2. 0(A) = o(B).
3. The geometric and algebraic multiplicities of A\ € o(A) = o(B) coincide.
4. Ex(A) = Ex(B) for 1 <k <n.
Proof.
1. pp(t) = det(tI — B) = det(S(tI — A)S™1) = det(S) det(S™1) det(tI — A) = pa(t).
2. 0(A) is the roots of pa(t) = pp(t), and is thus the roots of pg(t).

3. The algebriac multiplicities are clear, as they have the same characteristic polynomial. For the geometric
multiplicity, note that
dim(N (A — A)) = dim(N(S(M — A)S™1))

4. Because Ej(A) is determined by the k" coefficient of pa(t) = pp(t).
OO0 Proposition 70

Ezample 7T1. A, B € M7 are given by

o
—

o O
O =
—_

o
o
—

010
0 01
0 0 0

Then A and B are not similar but pa(t) = pp(t) =t7, 0(A) = o(B) = {0}, the algebraic multiplicities of 0
are both 7, and the geometric multiplicities of 0 are both 3.

Definition 72. D = (d;;) € M, is diagonal if d;; = 0 for all i # j. We write D = diag(di1,...,dnn). We
say A € M, is diagonalizable if there is diagonal D and S € M ! such that D = SAS~1.

Proposition 73. A € M,, is diagonalizable if and only if there is a basis for C™ of eigenvectors of A.

19



Proof.

(=) Suppose D = SAS™!, where D = diag(\1,...,\,). Then AS™' = S7'D. Hence AS7'e; =
S~1Dej = X\;jS71ej, and { S71eq,..., S e, } is a basis for C™ of eigenvectors of A.

(«<=) Suppose B = {v1,...,v, } is a basis with Av; = A\ju;. Then R = [v1 | --- | v,] is invertible, and
ARe; = Av; = A\ju; = A\ju; = \jRe; = RDe;. So, if D = diag(\1,...,\,), then R"'AR = D.

0 Proposition 73

Lemma 74. Suppose A € M,,, B € M,,. Let

A 0

Then C is diagonalizable if and only if A and B are.
Proof.
(<=) Let D; = SAS™!, Dy = RBR™!. Then

)

$7108 = <D1 0 >

diagonalizes C'.

(=) Suppose

0 Do

where s 5

S — 11 12)

<521 Sa2
Then
CS@j = S <%1 D02> ej = S)\jej = )\jSej
where
)
e; = cF
Yj

Then

()= ()= ()

So the x; € F™ are all eigenvectors of A, and the y; € F™ are all eigenvectors of B.
Notice, though, that
S = (!El . anrm)
yl e yn+m

and S is invertible; so rank(S) = n + m. Thus

rank,[z1 | - - | Tpgm] =1
rank,[y1 [ -« | Yntm] =m
and in particular
ranke[zy | ¢ | Tppm] =1
ranke[yr [+ | Ynsm] =m
Thus some subset of n of the vectors { 1,...,Zp4+m } are linearly independent. This set of n is a basis

for F™; thus A has a basis of eigenvectors, and A is diagonalizable. Proof that R is diagonalizable is
mutatis mutandis.
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0 Lemma 74
Proposition 75. Suppose
B=1|: ..
0 ... By
with each Bj € My,;. Then B is diagonalizable if and only if each Bj; is diagonalizable.

Proof. b =2 was done above. Assume the result holds for k € N; we show the result for k£ 4+ 1. Assume

By

0 o
0
ST ) )
O BkJrl

Then B is diagonalizable if and only if C' and By41 are, which holds if and only if By,..., By and By are
by induction. OO0 Proposition 75

Definition 76. A set F C M,, is called simultaneously diagonalizable if there is S € M, ! such that SAS~!
is diagonal for all A € F. We say F is commuting if for all A, B € F, we have AB = BA.

Theorem 77. Let F C M,,. Then F is simultaneously diagonalizable if and only if
1. Each A € F is diagonalizable.
2. F is commuting.
Proof. We do the case F = { A, B }.
(=) Suppose there is S € M, ! such that ST AS and S~!BS are both diagonal. Then

1. A and B were both diagonalizable.

2. Since diagonal matrices commute, we have

S™'ABS = S7'ASS™'BS = S7'BSST'AS = ST'BAS

and thus
AB = BA
(<=) Pick S such that ST*AS is diagonal. Write
Ailp, 0
S71AS = ol
0 | Ak,

Then AB = BA implies (S71AS)(S1BS) = (S71BS)(S~1AS). Thus, blocking S™'BS € My, +...in,
with Ri; € My, n,, we have
(AiRij) = (RijAj)
So R;; =0 for i # j. So
R11 0
S71BS = ,
0 Ry,
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But B is diagonalizable. So S™'BS is diagonalizable
T, € Mn_i1 such that T R;;T; is diagonal. Let

T
T =
0
Then T(S™1BS)T is diagonal, and
Tt 0 M,
T HS TAS)T =
0 Tt 0

. So R;; is diagonalizable for each 1 < i < k. Pick

0
Ty
0 Tt 0
=S71AS
Mol 0 T !

is diagonal. So (ST)"tA(ST) and (ST)~'B(ST) are both diagonal.

General case was mumbled about.

How does AB compare to BA?
Well, if A is invertible, then A~'(AB)A = BA, so AB

Ezxample 78.

1 1
= (5 o)
1 0
=4 )
Then
0 0

0 0

1
-1

as - (
pa- (

O Theorem 77

~ BA. So pap(t) = ppaw) and 0(AB) = o(BA).

)

1
-1

)

Then AB # BA. Also pap(t) =t> = pga(t). So 0(AB) = o(BA).

Theorem 79. For A € My, n, B € My m, we have t"pap(t) = t"ppa(t).
Corollary 80. If A€ My, n, B € My m. Then o(AB)U{0} ={0}Uc(BA).
Proof of Theorem 79. Observe

Lo A\ (In -4 _;
0 I, 0o I,) ~™mn
Now
L, —A\ (AB 0\ (I, A\ (AB—-AB 0\ (I, A
0 1, B 0 0 I,/ B 0 0o I,
(0 0
~“\B BA
Thus
AB 0 N 0 0
B 0 B BA
So "
n B tl, —AB 0 _ tl,, 0 om
tpAB(t)det< 5 tIn>det<—B tln—BA>t ppA(t)

O Theorem 79
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2.6 Persistence of eigenvalues
Theorem 81. Suppose A€ M, A€ C, and 1 <k <n. Consider the statements
(a) X is an eigenvalue of A of geometric multiplicity > k.

(b) For all m > n —k and for all S C {1,...,n} with |S| = m, we have that \ is an eigenvalue of
A=A[S,S).

(c) X is n eigenvalue of algebraic multiplicity > k.

Then (a) = (b)) = (c).

Proof.
(a) = (b) Suffices to do the case S = {1,...,m}. Write
(A B
4=(e b)
Pick vy, ..., vy linearly independent eigenvectors with Av; = A\v;. Say
(v
V; =
%3
where u; € C™ and w; € C*™"™. Since k > n — m, we have {w1,...,wy } is linearly dependent. So

there are a; not all 0 such that
oaqwy + -+ apwg =0
Thus

QU]+ U = (g)

and u # 0 since { vy, ..., vt } is linearly independent. Then

Av = Z Ala;v;)
= Z OéiA'Ui
= Z Oéi)\’Uz'

= \v

So N R
A B\ (u\ _[Au) _ \ (v
Cc D)\0) \cu/ “\O
and Au = \u.
(b) = (c)
Lemma 82. Given 1, ..., i, such that Sy, (u1,...,0,) =0 for allm >n —k, then at least k of the
i are 0.
Proof. Well

P i = Sn(pta, ooy pin) =0
So some p; = 0; say 1 = 0. Also
0= Snfl(/ilwuvﬂn)
=iz fin (B3t papia i R o)
:/_[/2

So there is 2 < ¢ < n such that u; = 0; say po = 0. Continuing as above, we find & distinct ¢ such that
w; = 0. 0 Lemma 82
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Suppose A is an eigenvalue of A[S, S] for all |S| = m, all m > n — k. Then det(AI — A[S, S]) = 0 for all
such S, m. Look at A\ — A. We then have

En(M —A)= > det(M — A[S, S))
|S|=m
-0
S0 Sy (A= A1,..., A —A,) =0 for all m > n — k. So there is k distinct 7 such that A = \;. So (t — \)*

is a factor of
n

[1¢—2) = patt)

i=1
O Theorem 81

Corollary 83. Suppose A € M,, has dim(N'(A)) = k. Then for all m > n —k and all |S| = m, we have that
A[S, S] is not invertible.

Proof. Since dim(N(A)) = k, we have that 0 has geometric multiplicity k; then apply (b).
[0 Corollary 83

3 Unitaries and isometries

Definition 84. A map L: F" — F™ is called a isometry if for all x € F", we have
[zll2 = || L]l

Remark 85. Suppose L: F"™ — F™ is an isometry. Then dist(x,y) = ||z — y||2 = ||Lx — Ly||2 = dist(Lz, Ly).
We also have N (L) = {0}, so L is injective, and m > n.

Theorem 86. Suppose V € M, , with m > n. Then the following are equivalent:
1. Ly is an isometry.

2. The columns of V' are orthonormal.

3 VYV =1,
Proof.
(1) = (2) Let V=[v1 |- | vpn). Then

[villz = [ Loejllz = [lejllz = 1
Take any ¢ # j, and || = 1. Then
[vi + avjlla = [ Ly (ei + ae;)ll2 = [lei + aejlla = v/ T+ [af? = V2
So
(vi + awj,v; + awv;) =2
= (i, i) + (v, v5) + (vj, vi) + (v, ;)

=2
= (v, v;) +a(v;,v;) =0

Pick |a| = 1 so that a(v;, v;) = |[(vi, v5)]. Then 2|(v;,v;)| =0, and v; L v;.
(2) = (3) Write V.=[vy | --- | vy]. Then

V*

Y ot

Then V*V = (viv;) = ((vj,v;)) = L.
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(3) = (1) Note that

1Ly (2)I3 = [Vl

= (Vz,Vx)
= (Va)" (V)
= 2?V*Vax
=zx*Iz
=z'z
= |3
0 Theorem 86
What can be said about the rows of an isometry?
Well, write V* = [ry | ...7r,]. Then
1
V=1:
T
and
T‘T‘T <J]7 T1>
ve=| o |=|
rix (x,rm)
Definition 87. A set of vectors {ry,...,r, } CF" is called a Parseval frame for F™ if
213 =D | (@, ra)?
i=1
for all x € F™.
Proposition 88. Suppose {r1,...,rm } CF™ is a Parseval frame if and only if
L
V=1:
r:n

18 an isometry.

Theorem 89. Let {ry,...,rm } CF*. Then {ry,...,rm } are a Parseval frame if and only if for all x € F™,

we have that
m
= Z(Iv T’i>ri

i=1
Proof.
(=) Let

&

V=1":
T
Then V: F* — F™ is an isometry. Then
Vi=lri| - |rp]: F" = F"
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and V*e; = r;. Since V is an isometry, we have that

(<=) Let

Then
(x,r1)
VVa=V"*
(@, rm)
m
D (wry)r

Jj=1
T

So V*Va =z for all z. So V*V =1, and V is an isometry. So {r1,...,7y } is a Parseval frame.
0 Theorem 89

Definition 90. A Parseval frame {rq,...,rp } € F" is called uniform if ||r;|| = ||r;| forall,j € {1,...,m}.
It is called equiangular if it is uniform and |(r;, ;)| is constant for all i # j.

Fact 91.
1. For all m > n there exist uniform Parseval frames of size m.

2. Finding the pairs (m,n) such that there is exist equiangular Parseval frames is an area of current
research.

Fact 92 (The case of R).

. . n(n+1
1. If there is an equiangular Parseval frame then m < —5—.

2. There are many n for which there does not exist an (%,n) equiangular Parseval frame. (i.e.

. . . . . 1
ambient dimension is n, frame size M"TH )

3. (m,n) equiangular Parseval frames exist if and only if there is a completely regular graph on m wvertices
with certin parameters that tell the value of n. (I believe Wikipedia knows these as “strongly regular
graphs”.)

Fact 93 (The case of C).

1. If there is an equiangular Parseval frame, then m < n?.
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2. Zauner’s conjecture: for all n there is {ry,...,72 } an equiangular Parseval frame for C™.
3. What pairs (m,n) have equiangular Parseval frames? Very little is known.

A closely related problem:

Ezample 94. If {uy,...,u, } and {vy,...,v, } are both orthonormal bases for C", then

is a uniform Parseval frame, since

2l = 3wl = 3w, i)

S0 n ” 2 n Vs 2

b= ()| 2l 33
Definition 95. Two orthonormal bases {u1,...,u, } and {v1,...,v, } are called mutually unbiased if
|(u;,v;)| is constant for 4,5 € {1,...,n}. It’s not hard to see that the constant is ﬁ

Question 96. How many orthonormal bases can there be such that each pair of bases is mutually unbiased?

It is conjectured that the answer is n + 1; this is known when n = p¥ for p prime. The question is still
open for n = 6.

Definition 97. A matrix U € M, is unitary if U*U = I,,.
Theorem 98. Suppose U € M,,. Then the following are equivalent:
(a) U is unitary.

(b) U is invertible and U~ = U*.

(c) UU* = 1,.

(d) U* is unitary.

(e) The columns of U are orthonormal.

(f) The rows of U are orthonormal.

(g) U is an isometry.

Proof.

(a) <= (g) < (e) By isometry theorem.

(a) = (b) U™ is a left inverse of U implies that U* is a right inverse of U.
(b) = (c) fU* =U~" then I = UU~! = UU".

(¢) = (d) I=UU*=(U*)*U*, so U* is unitary.

(d) = (f) Since U* is unitary, we have that U* is an isometry. So the columns of U* are orthonormal.
So the rows of U are orthonormal.

(f) = (d) If the rows of U are orthonormal, then UU* = I, and U* is unitary.
O Theorem 98

Proposition 99. If {uy,...,u, } is an orthonormal set of vectors, then they are linearly independent.
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Proof. Suppose
auy + -+ apuy, =0

Then
0= (ur + -+ + plip, rus + -+ + Qpln)
= Z a0 (ug, uj)
ij=1
S
i=1
soa; =0forallie{1,...,n}. So{u,...,u,}is linearly independent. O Proposition 99

Hence an orthonormal set of n vectors in C" is a basis for C".
Remark 100.

1. The set of n x n invertible matrices M, ! is a grape, usually denoted GL(n;[F).
2. The subset U(n) C M, ! of unitary matrices is a subgrape, since if U, V € U(n), then
oV)*Uv)=vuuv=vv=lI,
and if U € U(n), then U™t = U* € U(n).
When F = R, the unitaries are often called the orthogonal matrices and denoted O(n).

Definition 101. Given matrices A = (a; ;) and B = (b; ;) in M,, , = C™", we can think of
dist(4, B) = | 3> lai; —bijl?
i=1 j=1

In this metric, given a sequence of matrices Ay = (a;;(k)) - A = (a;;) as k — oo if and only if each
a; ;(k) = a;; as k — oo.

Remark 102. +1I, € GL(n,F) = M but +1,, — 0 ¢ M '. So GL(n,F) is not closed.
Lemma 103.

1. Suppose Uy, € M, are unitary an (Uy : k € N) = U. Then U is unitary. i.e. U(n) is a closed subset of
M,

2. U(n) C M, is compact.

8. Suppose Uy € M, are unitary. Then there is a subsequence (Uy, : j € N) that converges to some
U € M,, (which must then be unitary by part (1)).

Proof.
1. Let U = (ui;(k)); let U = (ui;). We then have that

Jm uij(k) = uij

for all 4, j. Note also that U* = (uj;), and that

UU = (Z W,iW,j) = (kILH;oZug,i(k)u&j(k)) =1,
=1 =1

So U € U(n).
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2. We just showed that U(n) is closed. Also U € U(n) means that the columns are orthonormal. So
n
U153 = Jui > =n
i=1

So U(n) is closed and bounded. So it is compact.
3. Heine-Borel.
0 Lemma 103
Remark 104.
1. Suppose U € U(n). Then U*U = I. So

2. f U € O(n) then det(U) € {£1}.

3. We look at R?. The matrix representing a rotation by € is then

R(0) — <cosa sin@)

sinf  cos@

Then R(6) is unitary, and det(R(#)) = 1. Also, if we have a unitary U with

()

U€2 1 <§>

Uey — <j:5>
Fc

(9(2){R(9):0§9<27r}u{R(0) ((1) _01):0§9<27r}

for some ¢, s, we know that
and ||[Ueslla = 1; so

We then conclude that

and further that the former have determinant 1 while the latter have determinant —1. Finally, note that

R(61)R(02) = R(01 + 02) = R(02)R(01)

3.1 Householder transformations

Suppose w € C™ \ {0}. Define

2
Upr =1 — 7— (ww")x
[[wll3

|
i.e.

2
Uy =1— +—(ww")
lwll3
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to be the Householder transformation of w. Note that

o=t () () )

In practice, these are normalized for unit vectors.
Given v € C", write v = v1 + v where v; L w and v1 = aw. Then

Uwvm(WW>v
lw]| [|lw]]
o 2<,U, ww>
llwl| [|w|

n 9 w w
=01 +v2—2( V1, 7 )—
L Uil / Tl

w w
V1 + vy — 2a<w, >
[[wll / [Jwl|

=1 + vy — 20w

=V + V2 — 21)1

=vy — v
Geometrically, this corresponds to negating the w component.
Remark 105. U} = U,; then U3U,, = U2 = I. So U, is unitary.

3.2 Unitary equivalence

Definition 106. We say A, B € M,, are unitarily equivalent (written A ~, . B) if there is U € U(n) such

that B =U*AU.
Remark 107.
1. This is an equivalence relation.
2. Since U* = U~!, we have that A ~,, B = A~ B.
Proposition 108. Let A,B € M,,. If A ~,.. B then
> aigl? = > (bl
ij=1 ij=1

We prove this using traces.

Proposition 109. Suppose A € M,, ,; suppose B € M, ,,. Then tr(AB) = tr(BA).

Proof. Well,

tI‘(AB) = i Xn: airbr;

i=1 k=1

= Z Z byeqeq

q=1 /=1
= tr(BA)

Proposition 110. Suppose A € M,, . Then

tr(A"A) = tr(AA%) =Y ) Jay;|?

i=1 j=1
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Proof. Well, A* = (@;;). Then

tr(A*A) = Z Z@aki
i k
= lai ?

O Proposition 110
Proof of Proposition 108. Suppose B = U*AU. Then

Z‘bi]’|2 = tr(B*B)
,J

=tr(U*A*U)(U*AU))
=tr(U*(A*AU))
=tr((A"AU)U™)
=tr(A*A)
= lai )
,J
[0 Proposition 108
Example 111. Let

1 11
A=(0 2 1

0 0 3

1 00
B=|0 2 0

0 0 3

Then A has 3 distinct eigenvalues; so we have a basis of eigenvectors. So A is diagonalizable. So A ~ B. But

> lail? > iyl
S0 A oly.e. B.
Ezample 112 (H. Radjavi). Suppose

A1 1
A2 p2
/\n—l Pn-1
An
If \; # \j for all i # j and p; > 0 for all ¢ and A’ is another usch matrix with A\; = A}, then A ~, . A’ if and
only if A= A"
3.3 Specht’s invariants
Let s,t be free non-commuting variables. Given
w(s,t) = "t L8ty
where all m; > 0, all n; > 0, and given A, B € M,,, we can set
w(A, B) = AMB™ ... A" B™*

We also set |w| to be the length of w; i.e.

ny+my + -+ ng A+ my
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Theorem 113 (Specht, 1940). Suppose A,B € M,. Then A ~y. B if and only if tr(w(A, A*)) =
tr(w(B, B*)) for all words w.

Proof.
(=) Suppose A ~,. B;say B=U*AU. Then B* = U*A*U. Also B* = U*AU; so (B*)k = U*(A*)*U.
Then
w(B,B*) = B™(B*)™ ...B"(B*)™*
= (U AU U (A*)™U) ... (U A™™U)(U*(A*)™U)
=U"W(A,A")U
So
tr(w(B, B)) = tr(U*w(A, A")U) = tr(w(A4, A*))
(=)

Lemma 114. Suppose V,W are vector spaces with span{v, : a € I } =V and span{w, :a € [} = W.
Then there is linear L: V. — W with L(v,) = wy, for all a € I if and only if whenever

> Aiva, =0
i=1

we also have .
> Aiwa, =0
i=1

Definition 115. Let A C M,,; then A is an algebra if
1. A is a vector subspace
2. If z,y € A then zy € A.

It is a x-algebra if X € A implies that X* € A. If A, B are *-algebras, then a map 7: A — B is called
a x-homomorphism if

1. m is linear
2. m(zy) = m(z)m(y)
3. w(z*) = w(x)*
Proposition 116. Let A, B € M,,. Let

A = span{w(A, A*) : w word }
B = span{ w(B, B*) : w word }

(Then these are x-algebras.) If for all words w we have tr(w(A, A*)) = tr(w(B, B*)) then there is a
s-isomorphism m: A — B with m(w(A, A*)) = w(B, B*).

Proof. By lemma, there is a linear map 7: A — B satisfying the above if and only if

n

> wi(A, A7) =0 = Zn:)\iwi(B,B*) =0

i=1 =1

Well, let

X = i /\iwi(A7 A*)
i=1
i=1
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Let X = (x;5). Then
X=0 ) |og|=0 < tx(X*X)=0

But o
XX = Z /\j)\iwj (A, 14*)*101(147 A*)

So
tI‘(X*X) = Z )\7)\2 tr(wj (A, A*)*wl(A, A*)) = Z )\]Az tI‘(U}j(B, B*)*wZ(B, B*)) = tI‘(Y*Y)

So
X=0= tr(X*'X)=0 = tr(Y'Y)=0 = Y =0
So there is a well-defined linear map 7 with w(w(A, A*)) = w(B, B*).

Claim 117. 7 is a x-homomorphism.

Proof. Let
X1 =) Awi(A,A%)
Xo =) piwe(A, A%)
Then
7(X1Xs) = W(Z Noprew; (A, A¥)ig(A, A*))
=D Niper(wi(A, A)ig(A, A7)
=Y Xipew(B, B*)iy(B, B*)
= m(X1)7(X>)
Similarly, it is a *-homomorphism. O Claim 117

Note that the same proof shows there is p: B — A such that p(w(B, B*)) = w(A, A*); then p = 7~ L.
0 Proposition 116

Then the *-algebra generated by A is *-isomorphic to the *-algebra generated by B. Wedderburn’s
theorem then yields
_AgMnl@...@Mnk ~ R

It also yields that since A C M, there are multiplicities my, ..., my such that
Ay
Ar
A =
A
Ay
where A; shows up m; times. Similarly for B, we get multiplicities mq, ..., my. Since the traces are

equal, we have m; = m;; so the x-isomorphisms are implemented by a unitary.
0 Theorem 113
Theorem 118 (Pearcy 1968). Suppose A, B € M,,. Then A ~y .. B if and only if tr(w(A, A*)) = tr(w(B, B*))
for all |w| < 2n2. (This is 4" words.)
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We use two lemmata.

Lemma 119. Let L4(d) = span{ w(4, A*) : jw| < d}. Suppose LA(d) = La(d+1). Then L4(d) = A.
Proof. Suppose m = d + 1+ k. Suppose |w| = m. Write w = wywg where |wi| =d + 1 and |ws| = k. Then
w(A, A*) = w1 (A, A" we(A, A¥)

But

wi(A, A7) = Awy(A, A%)
where |w;| = d. So w(A, A*) is a linear combination of things of length d+ k. So La(d+ 14+ k) = La(d+ k).
By induction, we have L4(d+ k) = La(d) for all k € N, and A = L4(d). O Lemma 119
Lemma 120. A = L4(n?).

Proof. Suppose there does not exist d < n? with La(d) = La(d+1). Then {0} S La(1) S La(2) S ... &

L4(n?). So dim(L4(n?)) > n?. But dim(A) < n? as A C M,. So La(n?) = A. O Lemma 120
Proof of Theorem 118.
(=) Easy.
(<) Again, want to show that there is 7: A — B with w(w(A, A*)) = w(B, B*) well-defined. We know
that A = L 4(n?); for
and
Y =Y N\uwi(B,B")
we now need X =0 = Y =0. But

X=0 << tr(X"X)=0
= D A tr(w; (A, A%)wi(A, AY))
= > A tr(w;(B, B*)*w;(B, BY))
— tr(Y*Y) =0
<— Y =0

since |w;w;| < 2n?.
[0 Theorem 118

Theorem 121 (Djokovic-Johnson 2007). Suppose A, B € M,,. Then A ~y.. B if and only if tr(w(A, A*)) =
tr(w(B, B*)) for some set of at most

2n? 1
o

L)
n-1'4"2

n
words.

Fact 122. In the case n = 2, it suffices to check the words {s,s?,st}. i.e.
A~ye B < tr(A) = tr(B), tr(A?) = tr(B?)),tr(AA*) = tr(BB*)
In the case n = 3, it suffices to check
{s,8% ts, 53, 5°t, s*t2, s°t%st }
In the case n = 4, the paper exhibits 20 words.

Recall now the Householder transformations U, for w # 0.
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Lemma 123. Let ||z]| = ||u]| =1 with {x,u) >0 and w =u — 2 # 0. Then Uyu =2 and Uyx = u.
Proof. Draw a picture? [0 Lemma 123

Theorem 124 (Schur). Suppose A € M,,. Suppose A1, ..., A, are the roots of pa(t) (in some order). Then
there is a unitary U such that U*AU =T is upper triangular with diagonal entries t;; = A\;. Moreover, U can
be taken to be a product of Householder transformations.

Proof. Since A\; € o(A), we have that there is u; # 0 such that Au; = Ajuy with ||uq]] =1 and (uq,e1) > 0.
By the lemma, there is w such that U,u; = e; and Uye; = uy. But then
(Up AUy eq,e;) = (U Auq, ;)
= (Ui \uq,e;)
=M (U uq,e;)
= Aifer, e)

_J0 i1
N A1 else

* _ Al *
v~ (1)

Then

for Ay € M,,_1. But also

(t= A1) (t =) = pa(t) = pugav, (t) = (£ = A)pa, (1)
So pa,(t) = (t — A2)...(t — An). We then repeat for A; € M,,_1; by induction, we get some product of

unitaries such that U* AU has the desired form.
For the “moreover”, recall that Householder unitaries are given by

2
Up=1—- ——sww"
Y [[wl[2

Observe, however, that if w € C*~! and

"= ()
w =
w1
then
2
U =1, — —5ww"
bl
2
-2 0 0 )
Jw][> \O wrw;
(1 0
—\0 I, — Www*
(1 0
“\0 U,
So we in fact get that the unitaries we conjugated by were Householder transformations. [0 Theorem 124

Corollary 125. Suppose A € M,,; suppose Ay, ..., \, are the roots of pa(t). Then tr(AF) = Xk + ... + \E.

Proof. Pick a unitary U such that
Al * *
U*AU = 0 T *
0 ... A
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then

SO
tr(AF = tr(U* AFU) = tr((U*AU)®) = M+ 4 AP

O Corollary 125

Remark 126. By Newton’s identities, we can mutually solve for S1(A1,...,An), ..., Sn(A1, ..., Ay) in terms of
H1,- - -, Hn. But also recall that —1)¥Sg (A1, ..., \,) is the k' coefficient of pa(t). So the coefficients of p4(t)
are uniquely determined by the j = tr(A*). Hence tr(A),...,tr(A") determines p4(t), and thus Aj, ..., \,.

Theorem 127. Suppose A € M,,; suppose € > 0. Then there is B € M,, such that ||A — B||2 < € such that
B is invertible and diagonalizable.

Proof. Suppose A1, ..., A\, are the roots of pa(t). Pick

such that Ay +¢€1,..., A\, + &, all distinct and non-zero. Then, by Schur’s theorem, we have some U such that
)\1 * *
UAU=T=| o ok

0 0 X

Let D = diag(e1,...,en); let R =T+ D. Then the roots of pr(t) are Ay +¢1,..., A\, +&,. So R is invertible
and diagonal. Let B = URU™. Then

|A— BIj = (A — B)*(4 - B))
=tr(UTU* —URU*)*(UTU* — URU™))
= te((U(T = R)U")"(U(T — R)U"))
=tr(UD*DU™)
=tr(D*D)
= Z|Ei‘2 <¢e?
i=1
and B is invertible and diagonalizable. 0 Theorem 127

Lemma 128. Suppose
= )
(i

where the blocking isn =k + (n—k) (i.e. R,S1 € My) and S3(1,1) =0 and Sy is upper triangular. Then
- )

is upper triangular, where the blocking is nown = (k+ 1)+ (n — (k+1)).
Remark 129. If q(t) = gut™ + -+ 4+ qo and U*AU =T, then U*AU =T, so ¢(T) = U*q(A)U.
Theorem 130 (Cayley-Hamilton). Suppose A € M,,. Then pa(A) =0.
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Proof. Let pa(t) = (t — A1) ...(t — An); apply Schur’s theorem to get U*AU = T upper triangular with
t;; = A;. Then T — A1 has a 1 x 1 block of 0 in the upper-left corner, and T'— AoT has a 0 in the (2,2) entry.
So, by lemma, we have that (T — A\ I)(T — A2I) has a 2 x 2 block of 0 in the top-left corner. Proceeding
inductively, we get that (T'— A I)...(T — AxI) has a k x k block of 0 in the top-left corner, and p4(T") = 0.
But then pa(A) = U*pa(T)U = 0. O Theorem 130

Corollary 131. Suppose A € M *. Then A=t € span{ I, A,..., A1}

Proof. Well,
pA(t) =t"+ afnfltni1 + -+ ait+ap

where ag = det(A) # 0. Then, by Cayley-Hamilton, we have
0=(A"4a, 1 A" '+ f a1 A+ ag])A™?

S0
0=A"14q, A" 2+ -+ a1l +apA"!

at which point we can solve for A1 O Corollary 131

4 Linear maps on matrices

Suppose Ay, ..., A, € M,; suppose By,..., B, € M,,. Then there is L — M, ,, = M, , defined by
LY)=A4YB, +---+AYB,
These are called elementary linear maps.

Proposition 132. Suppose A € M,, and B € M,,. Let L(Y) = AY —YB. Ifc(A)No(B) = 0, then
L: M,y — My, is tnvertible.

Proof. Suppose Y € ker(L); then AY =Y B. So
A%Y = A(AY) = A(YB) = YB?

and inductively A¥Y = Y B*. Then for any polynomial p(t), we have p(A)Y = Yp(B). By Cayley-Hamilton,
we have 0 = pa(t)Y =Ypa(B). So

o(pa(B)) = {pa(N): A€ a(B)}

So 0 ¢ o(pa(B), and pa(B) is invertible. But 0 = Yp4(B);so 0 =Y. So ker(L) = {0}, and L is invertible.
[0 Proposition 132

Corollary 133. Suppose A € M,,, B € M,,, and X € My, ,,. If 0(A)No(B) =0, then
A X A 0
0 B 0 B
-1
L Y\ ' (I, -Y
0 I, “\0 I,

By proposition, we have L(Y) = AY — Y B is surjective; so there is Y such that AY — Y B = X. But then

GG DED -6 6
(1(;1 X+ Yg - AY)

(6 5)
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Theorem 134. Suppose A € M,,; let pa(t) = (t — X )™ ... (t — Xg)™. Then

Ty 0
A ~ .
0 Ty
where each T; is upper triangular with diagonal entries all equal to A;.

Proof. List eigenvalues as A1,...,A1,..., Ak, ..., \p where \; appears n; times. By Schur, there is a unitary
U such that U* AU is upper triangular with diagonal entries equal to the above list; then

Ty Tz ... Tk
0 Ty ... Ty
U AU = .
0 oo T

with each Tj; is n; X n; and upper triangular with diagonal entries \;. Blocking off the upper-left block, i.e.
with A = T11 and

Ts2
B =
Tyr
the corollary then yields that U* AU is similar to
T 0 ... 0
0 T
0 0 Tk
We then proceed by induction. 0 Theorem 134
Definition 135. Let J(\) € M}, be given by
Al 0
0 X 1
Jk(A) =
A1
0 A

This is called the elementary Jordan block.

If we want to prove that each A € M, is similar to a block diagonal matri each of whose blocks is of the
form Ji () then it suffices to prove it for matrices of the form

)\i *
T, = )
0 A
i.e. T; = \;I + N; where N; is strictly upper triangular. If NV is strictly upper triangular, we can prove N is

similar to a block diagonal with blocks J;(0). So T'= A\, I + N is similar to a block diagonal matrix with
blocks Jy(\;)-

Remark 136. If N € M, is strictly upper triangular, then N™ = 0.

Definition 137. We say N € M,, is nilpotent of there is k such that N* = 0. The least such k is called the
order of nilpotency.
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Theorem 138. Let N € M, be nilpotent of order k. Then

JIm, (0) 0
N ~ c. .
0 T, (0)

Furthermore, let {; be the number of Jordan blocks of size i (for 1 <i < k); let d; = dim(N(N?)). Then

2 dy
(min{é,j}) | © [ =] :
4y dy,
Remark 139. Since we know that (min{ ¢, j }) is invertible, we get that

fl dl
t | = (min{e, 5 H7!
Kk dk

So the d; determines the Jordan structure.

5 QR factorization and Gram-Schmidt

Recall that if

and R = (r;;), then
N
BR = Z?”ljb]’|...
j=1

Recall R € M,,  is called upper triangular when r;; = 0 for all 7 > j.

Theorem 140 (QR). Let A € My, . Then there is upper triangular R € My, ,, and unitary Q € My, such
that A = QR.

Proof.

Case 1. Suppose m = n and A is invertible. Then

A=(af |- |am)
with { al,.. . am } linearly independent and spanning C™. Recall that Gram-Schmidt gives us
{@i,... Uy }. orthonormal such that
span{ﬁ,...,a_;-} :span{qﬁ,...,qﬁ}
So a_>j € span{ﬁ{,...,fu_}}7 and

Set r; ; = 0 for ¢ > j. Since {17{, ... ,uT,i} is orthonormal, we have that Q = (u_1> [ -] u_,n>) is unitary.

Let R = (T’ij). Then QR = A.
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Case 2. Suppose m = n and A is singular.Then 0 € ¢(A). Let
t=min{|A[: A€ d(A),A#0} >0
Let |ep| < ¢ with €, — 0 and A(n) = A — e, 1}, is invertible. So A(n) = U(n)R(n). Note that
IR = tr(R;Ra) = tr(R(n) U (n) U (n)R(n)) = tr(A(n)* A(n)

is bounded. So R(n) is bounded. Pick a subsequence such that U(ng) — @ unitary and R(ng) — R
upper triangular. Then
A= h/?l A(ng) = lillcn U(ng)R(ng) = QR

Case 3. Suppose m < n. Write A = [A; | Ay] where Ay € M,,, Ao € My, 5. By earlier case 41 = Q1 Ry
with R1 € M, . Set Ry = Q*As. Check

Q[R1 | Ro] = [QRy [ QRo] = A

Case 4. Suppose m > n. Let A =[A|0] € M,,. Then A = QR where R € M,,. Write R = [Ry | %] where
Ry € My, 5. Check that A = QR;.

O Theorem 140

6 Normal and Hermitian
Definition 141. We say a matrix H is Hermitian if H = H*. We let (M,), ={H € M,,: H=H*}.

Remark 142. Suppose A € M,,; set

At A*

Re(A) = +2
A

Im(A) = 5

Then

1. Re(A),Im(A) € (Mp)p,

2. A=Re(A) +iIm(A)

3. f A=H +iK for H K € (M,)p, then H=Re(A) and K = Im(A4).
Proof.

1.

Re(A)" = (

Similarly we have Im(A)* = Im(A).

A+A*>*_ A*+A

5 5 Re(A)

2. Easy.

3. If A= H + iK then

A+ A HAGK+(H+iK)* H+iK+H—iK

Re(A) 5 5 5

H

and similarly Im(A4) = K.
O Remark 142
Definition 143. The commutator of X and Y is [X,Y] = XY - Y X.
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Remark 144. [X,Y] =0 if and only if X and Y are commuting.
Definition 145. We say A € M, is normal if [A, A*] = 0.
Remark 146. Hermitian and unitary matrices are normal.
Proposition 147. If A is normal an U is unitary, then U* AU is normal.
Proof.
(U*AU)"(U*AU) = U*A*UU AU = U AAU = (U*AU)(U*A*U) = (U*AU)(U*AU)*
O Proposition 147

Theorem 148. Suppose A = (a;;) € M, with A1, ..., A, the roots of pa(t). Then the following are equivalent:

1. A is normal.

2. [Re(A),Im(A)] = 0.

3. A is unitarily diagonalizable.

/.

Z lai|* = Z\)\ 2
,j=1
5. There is an orthonormal basis for C™ of eigenvectors of A.
Proof.
(1) < (2) Well,
A normal < A*A = AA"
<= (Re(A) —iIm(A))(Re(A) +iIm(A)) = (Re(A) +iIm(A))(Re(A) — iIm(A))
2

<= Re(A4)? +Im(A4)? +i(Re(A) Im(A) — Im(A) Re(A)) = Re(A)? + Im(A)? + i[Im(A) Re(A) — Re(A) Im

<= Re(A)Im(A) = Im(A)Re(A)
(83) = (1) Suppose there is unitary U such that U*AU = D where D is diagonal. Then A = UDU* and
D*D = DD* = diag(|\1]?, ..., | \|?). So, by previous proposition, we have that A is normal.

(1) = (3) By Schur there is a unitary U such that U*AU = T = (t;;) is upper triangular. By proposition,
we have that T is normal. So T*T = TT*. But

(T*T)i = tial
n
= Iti;I
P

So

> Iyl =

j>i
and T is diagonal. So T = diag(\1, ..., \n).
(3) = (4) Suppose U*AU = D = diag(A1,...,An). Then
Z \aij|2 = tI‘(A*A)

i,7=1

tr((UDU*)*(UDU™))
tr(UDD*U*)
tr(DD")

T

>IN
i=1
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(4) = (3) By Schur, we have unitary U such that U* AU = T is upper triangular with ¢;; = A;. Then

D oIt = 6(T°T) = te(ATA) = ) lagl = YNl

> It =0

i#]

So

So T is diagonal.

(3) < (5) If U is unitary, then Ue; = u; is an orthonormal basis of eigenvectors.

Corollary 149. The following are equivalent.
1. H=H".
2. There is unitary U such that U*HU = D with real diagonal entries.
3. There is an orthonormal basis of eigenvectors for H with real eigenvalues.

4. H is normal and {A\1,..., A } CR.

6.1 Hermitian matrices

These show up in a lot of places.
1. Suppose D C R" is a domain; suppose f: D — R is C2. Then

02 o?
(93?1‘85(}]‘ f - 8%8:52

f

Hence the Hessian
Hy(x) = 0 f (x)) € M,
f n 8331'8.73]‘ "

has Hf(:c)* = Hf(l’)t = Hf(l’)

2. Let G be a graph on n vertices. Consider the adjacency matrix Ag = (a;;) where

1 (4,7) an edge
Q.5 =
0 else

Then A% = AL, = Ac.

We stick to C instead of R. The key difference: given
a b
=5 0)
<A (i) , <§>> = az® + by? + ab(xy — yx)

and A # A. On the other hand, in the case of C, we have the following:

for a,b € R, we note that

Theorem 150. Suppose A € M,,. Then A = A* < (Av,v) € R for allv € C".
Proof.
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(=) Well,

(Av,v) = v Av
(v*Av)*
=v*A%v
=v*Av
= (Av,v)

So (Av,v) € R.

( <=) Note that
<A6j, €i> = ai,j

Then
a;; = (Ae;,e;) €R

Let z € C. Then
R> <A(€k + ZEg), (ek + 2’6[)> = g,k T Zag ) + 20k ¢ + |Z|2ag7g

So Zag + zar e € R for all z € C. Let app = 21 + iy1; let ap ¢ = z2 + iyo.

Taking z = 1 then yields z14+xo+i(y1+y2) € R. Soys = —y;. Taking z = i yields —iz1 4y +iza—y2 € R,
and z; = xg. So age =21 — Y1 = Qg . S0 A= A"

O Theorem 150
Remark 151. Suppose H = H*. Then Aq,..., )\, are real. We always order \; < --- < A,,.
Theorem 152 (Rayleigh-Ritz). Suppose A = A* € M,,. Then
1. M|z)|2 < (Az,z) < M ||z||3 for all z € C.

2.
A
Ap = max % x (Az,x)
220 e} lzlat
3. 4
A1 = min % n (Ax,x)
40 allf  felamt
Proof.
1. We know there is {u,...,u, } an orthonormal basis for C" such that Au; = \;u;. Let
xr = Z QUG
i=1
Then
n
5 = el
i=1
So

(Az, x) <Z alAul,ZazuZ>
= <Z QA U;, Z%‘Ui>
= lail*A

so Aif|z[l < (Az,z) < A l2]3.
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2. Similar.
3. Similar.
[0 Theorem 152

Corollary 153. Suppose A = A* € M,,; suppose x € C™ with ||z| = 1. Let o = (Az,z). Then A has an
eigenvalue in [a, +00) and in (—oo, al.

Proof. By Rayleigh-Ritz, we know A} < a < A,. O Corollary 153

Lemma 154 (Subspace intersection lemma). Suppose Vi, Vs are subspaces of W. Then dim(Vy + Va) +
dim(V; N V2) = dim(V;) + dim(V32).

Proof. Consider L: V; & Vo — Vi + V3 given by L(vi,v3) = v1 — ve. Then R(L) = Vi + Vo and N (L) =
{(v,v) :v e V1 NV2} 2V NV, By rank-nullity, we have

dim(Vy 4+ V2) + dim(V; N Va) = dim(R(L)) + dim(N (L)) = dim(V; @ Vo) = dim(V}) + dim(Vs)
[0 Lemma 154
Corollary 155. If dim(V7) + dim(Vs) — dim(Vy + V2) > 1, then ViNVa # {0 }.

Theorem 156 (Courant-Fischer). Let A = A* € M,,. Let \y < --- < X, be the roots of pa(t). Suppose
1 <k <mn; suppose S C C". Then

1.
Ar = min  max (Az, x)
dim(S)=k z€S
lzll=1
2.
Ak = max min (Az, x)
dim(S)=n—k+1 z€S
llzll=1
Proof. Let Au; = \ju; where {u1,...,uy } is orthonormal.

1. Let So = span{ uq,...,u }. Suppose x € Sy with |z|| = 1. Then

k
xr = E QUG
i=1

SO
k
> laif* =1
=1
Thus
k k k k
<A(E,{I?> = <Z ai)\iui, Z Oéju]‘> = Z‘QZP)\Z S Z|ai|2)\k = )\k
i=1 ij=1 i=1 i=1
So

A < min  max (Az, x)
dim(S)=Fk ”xﬁsl
Til=

For the other direction, suppose S C C" has dim(S) = k. Let S’ = span{ug,...,u, }. Then
dim(S")=n—(k—1)=n—k+1. So dim(S) + dim(S") =n + 1 > dim(C") > dim(S + S’), and

dim(S) + dim(S’) — dim(S + S) > 1
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SoSNS" #{0}. Pick z € SNS" with ||z|| = 1. Then

n
Xr = E ozjuj
Jj=k

with .
> legl? =1
=k
So .
(Az,z) = |y Py > Ay
=k
So

M < may (Ax, )
llzll=1
for all S with dim(S) = k. So
A < inf  max (Az, )

~ dim(S)=k z€S
llzll=1

But for Sop = span{ ui,...,ux }, we can show that

max (Ax, x) = N\
max (Az, z)
llz][ <1

So the infimum is attained at Sp; so we have a minimum.
2. Proof similar; start with So = span{ ug, ..., un, }.
0 Theorem 156

Theorem 157. Suppose A = A* € My; let Ay < --- < X, be the roots of pa(t). Let S C C™ have dim(S) = k.
Suppose ¢ € R satisfies

(a) ¢ < (Az,z) for allx € S with ||z|| = 1. Then ¢ < A\p_g+1-
(%) e < (Az,z) for all x € S with ||z|| = 1. Then ¢ < Ap—k+1-
(b) (Ax,x) <c for allx € S with ||z|| = 1. Then A\, < c.
(b*) (Az,z) <c for allx € S with ||z|| = 1. Then A\; < c.
Proof. Let Au; = \ju; for {uy,...,u, } orthonormal.
(a) Let S; =span{ui,...,up—k+1 }. Then
dim(S) + dim(S;) —dim(S+ S1) > k+n—-k+1-n>1
So SNSy #{0}. Pick x € SN Sy with ||z|| = 1. Then
n—k+1

xr = E OljUj
j=1

So
n—k+1

c < (Az,z) = Z P A5 < Ak
j=1

(a”) Identical except for the last line.
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(b) Look at —A. This has eigenvalues —\,, < --- < —\;. Then since (Ax,z) < ¢, we have —¢ < (—Ax, x).
Apply (a) to this: so
—c < —Appr1(—A) = =N

So A\ <ec.
(b?) Similar.
O Theorem 157
Notation 158. For A = A* € M,,, we let A\1(A) <--- <\, (A) be the eigenvalues.
Theorem 159 (Weyl). Suppose A = A* € M,, and B = B* € M,,. Then

1. Mi(A+B) < X j(A) + A (B) for 0 < j <n—1 and 1 < i <n, with equality if and only if there is
x # 0 such that

Axr = /\i+j (A):c
Bz = \,—;(B)x
(A4 B)z = \(A+ B)z
2. Xi—j+1(A) + X;(B) < XNi(A+ B) for 1 < j < i with equality if and only if there is x # 0 such that

Ax = )\i—j+1(A)I
Bz = \;(B)z
(A+ B)z = \(A+ B)z

Lemma 160 (Second subspace lemma). Suppose Si,...,S;r C C"™ are subspaces. Let
0 = dim(S1) + - - +dim(Sx) — (K — 1)n

Then dim(S; N---NSg) > 6.

Proof. Let
k k—1
L: s - P

i=1 i=1

be L(vy,...,vx) = (v1 — va,v3 — U3,...,Vk—1 — Ug). Then
N(IL)={(v,v,...,0):vESTN---NS}
Then
k k
dim(R(L)) + dim(N (L)) = dim( ) = dim(S))
i=1 i=1

Hence

k k
dim(N (L)) > <Z dim(Sﬁ) — dim(R(L)) > Z —(k—=1)n=2¢

[0 Lemma 160

Proof of Theorem 159.
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1. Let ; let Bv; = X\;(B)v;

Au; = N(A)u;
Bv; = \i(B)v;
(A+ B)z; = \i(A+ B)z;
S1 =span{u,...,uy; }
Sy = span{ v1,...,Up—; }
Ss =span{ z;,...,2n }
Then

dim(S7) + dim(S2) + dim(S5) —(3—-1)n=i+j+n—j+n—(i—1)—2n
=2n+1-2n
>1

So dim(S1 NS2 N S3) > 1, and there is x € S1 NSz N Sg with ||z]| = 1. Write

xr = Z Qzy
=i
Then A\;(A+ B) < ((A+ B)x,x) since

(A+B)z=>_ a\(A+ B)z
=i

and thus

(A+ B)z,z) = immm +B) > \(A+ B)
=1

Now, x € S1, so we may write
i+j

v = Bou
=1

Then
it+J

(Az, x) Z|ﬁg| Ae(A) < iy i (A)

Similarly, € Ss, so we may write

n—j

T = Z Veve

=1

So
(Bz,x) < A—j;(B)
Putting it all together, we find
Mi(A+ B) < ((A+ B)z,x)

= (Az, z) + (Bz, z)
Ait ( )+ An—j(B)

IN

If equality holds then

A(A+ B) = (A+ B)z,z) = (Az,z) + (Ba,2) = \irj(A) + A (B)
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and thus

Az = \(A)x
Bz = \,_;(B)z
(A+ B)x = \(A+ B)x
(because S1 N S2NS3 # {0}, we have that any « € 51 N .S3 N S3 is simultaneously an eigenvector for A,
B, and A + B with the appropriate eigenvalue.)

Conversely, if

Az = \(A)x
Bz = \,_;(B)x
(A+B)x = XN(A+ B)x
then
Mi(A+ B)=((A+ B)z,x)
= (Az,z) + (Bz,x)
= Xigj(A) + A (B)

2. Substitute —A, —B, —(A+ B): let

Pi=n—i+1
j=i-1
Then
—Xi(A+ B) = M\—iz1(—A - B)
< Ns(=A)+ A, 5(=B)
= M—irj(=A) + Aajr1(=B)
= —Ai—j+1(4) = A;(B)
So

Ai(A+ B) 2 Ni—j1(A) + A(B)
[0 Theorem 159

Theorem 161 (Cauchy’s eigenvalue interlacing theorem). Suppose A = A* € M,,; let \; = \;(A4). Suppose

yeC”, aeR. Set
A= (i 2] = e

Let \i = A\i(A). Then

— —

M<M<A <A< <A <A< A

Proof. Let 1 < k <n. We show X; <A < )\/k-J: We identify

cnz{(f)):xec"}gcnﬂ
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Then

Ay = min max (AZ,T)
scertt zZ)=1
dim(S)=k Z€S

= min max (Az,x)
SCC™  [z]0]teS

= max min (Azx, x)

n

SC resS
dim(S)=n—k+1 |lz[|=1

= max min <A <x> (x>>
sccn [z|0]'€s 0/7\0

dim(S)=n—k+1||[z|0]||=1

< max min (A%, )
scertt

zes
dim(8)=(n+1)—(k+1)+1 IZlI=1

= Apt1
[0 Theorem 161

As a corollary, we get another persistence theorem:

Corollary 162. Suppose A = A* € M,,; suppose X is an eigenvalue of A of geometric multiplicity k. Let

A O\,
b= <C* D) =B € Myi(e-1)

Then A\ is an eigenvalue of B.
Proof.
Case 1. Suppose k = 2; say A = A\;(A) = A\iy1(A). When we go to A of size (n+1) x (n+1). Then

o~ —

Ai <A < A < A
So \; = ):_:1 = Ai+1 = A, and A is an eigenvalue of A.

Case 2. Suppose k = 3; say A = A\; = A\j11 = A\jyo. For A\, A is now an eigenvalue of geometric multiplicity

at least 2. So when we go to E, we have that A is still an eigenvalue.
The rest follows by induction. O Corollary 162

Theorem 163. Let
,UlS/\lSﬂ2§>\2g"'gﬂn§>\n§u’n+l

Then there is A= A* € M,(R), a € R, and yx, > 0 for 1 <k <n such that if

=)
Yy a

then X\i(A) = p; and Ai(A) = A;.
Proof.
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Case 1. Suppose A1 < A2 < --- < A,. We then let A = diag(A1,...,A,). It remains to construct a and the
yr- Well, we need

-~

)\1+"'+An+a:tr(f4):U1+"'+,un+1

We then set a = 1 + -+ fini1 — A1 — - -+ — A\ It remains to find the y,. We think of A as a function
of the y, and compute

p5(t) = det (tI;*A t_ya)
= det(tI — A)det((t —a) — (—y)* (tT — A)"*(—y))

(t — )\1)71 A0

=@{t—A)...(t=Ap)det|t—a—(y1,.--,yn) : :

- <t—A1>...<t—An><t—a—Zyiu—xk)—l)
k=1

= (=) (=)t —a) = S [T - )

k=1 j#k

(with some conditions on invertibility, but since we’re working with polynomials, equality at all but
finitely many points is equivalent to equality.) Set q(t) = (t — p1) ... (t — pny1). We want p3(t) = q(t).
Evaluate at A1, ..., A\,:

pa) ==y [TOw =)
Jj#k
q(Ak) = Ak — pa) - (A — p) A — 1) -+« (A — Bng1)
if
Y2 = — q(Ax)
i Hj;ék(Ak - )‘j)
then p3(Ar) = q(Ax) for 1 <k <n.

Claim 164.
q(Ak) <0

[Tz (Xe = A5) —

v = 1| a(Ak)
Hj;ﬁk()‘k - >‘j)

Proof. Computing signs on the product based on A} < --- < \,, we find

Hence we can pick

sen | [JOw =N | = (=1)"*

J#k
Making a similar computation, we find

n+1

sgn(g(Ae)) = S@(H()\k - Mi)) = (-1t

i=1

Taking the quotient, we find that the claim holds. O Claim 164
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Picking y, as in the claim, we get pz(Ax) = ¢(Ax) for all 1 <k < n. Recall that p,4 and ¢ are both

monic of degree n + 1. Also

pi®) =t"T (M A o)t +
q(t) =" — (1 4 A pap ) 4

Hence p;(t) — q(t) has degree n — 1 and is 0 at n distinct points. (The distinctness is where we use

that the A; are distinct.) So p;(t) = q(t).

Case 2. We now consider case where the \; are not necessarily distinct.

Pick A (m) < --- < Ap(m) a sequence and pq(m) < Ai(m) < po(m) < -+ < ppg1(m) such that

m—0o0

im g (m) = ps
By the previous case, for each m there is

A1(m)
A(m) = y(m)
An(m)
y(m)* am
with
G = 1 (M) + -+ g1 () = As(m) — -+ = Au(m)

such that pz,,, t)=(t—pi(m))...(t — gnt1(m)). Now, since

n+1 n+1

w(A(m)"Am) = 37 pu(m)? <37+ e

So the g(m) is bounded; hence we can pick a convergent subsequence with

lim A\(mj) =A

j—o0

Then
A1

Finally, we have
pz(t) = lim det(t] — A(m;))
j—oo

- jlig)lo(t —p1(my)) ... (t = pn1)
=({t—p1)...(t— thns1)

Theorem 165. Let A = A* = [a;;] € M, with 1 <m <n. Then

Z Ai(A) < Z Qg

=1

o1

[0 Theorem 163



Proof. Write

B
4=(& 5)
where B € M,,,. Let Ay € M, 1 be
a1, m+1
Ai=| B
Am+1,m+1

Let Ay € M, 42 be the next 2 rows and columns, and so on; then A,,_,, = A. We know
AM(A1) S AM(B) < A2(A41) <+ < An(A1) S An(B) < A1 (Ar)

So
A(Ar) + -+ A (A1) S M(B)+ -+ A(B) = Zaii

<o OmA42m+42

A(A) + -+ A0 (A2) < Ai(A) + -+ A (A1) < Zau
i—1

Similarly
yields that

By induction this holds for all Ay, and in particular for A4,,_,, = A. 0 Theorem 165

Corollary 166. Suppose A = A* = [a;;] € M,,; suppose 1 <m < n. Then

)\1(A)+~"+)\m(A)§ min Zaz‘j,ij

1<i1 <<t <n 4
j=

Proof. Do a permutation Py; then Py AP, = [b; ;] where b; ; = ao(;),o(j)- Then

m m

M(A) + -+ M (A) = M (PFAP,) + -+ Ao (P AP,) Z Z o (i).o(

O Corollary 166

Corollary 167. Suppose A = A* = [a; ;] € My; suppose 1 < m < n. Then

m

)\I(A) ot A (A) - {u1,...,urvpr;llc)I:")E}Lonormzle;CA’U@7 uz>

Proof. Given any {uy, ..., U, } orthornormal, pick { w11, ..., up } such that {us,...,u, } is an orthonormal
basis for C". Let U = [uy | - - - | uy] be unitary. Then

(U AU);; = (UTAU)e;, e;) = (U AUe; = uj Au; = (Aug,ug)

So
AM(A) + -+ A (A) = M (U*AU) + -+ 4+ A (U*AU) Z U AU)ii =Y (Aug,ug)
=1 =1
Thus .
AM(A) + -+ M (4) < inf > (Aug, ;)

{u1,...,ur, } orthonormal 4
1=
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Pick {uy,...,u, } an orthonormal basis such that Au; = \;(A)u;. For this orthonormal basis , we have

m m m

Z(Aui,ui> = ZQ\i(A)Ui,Ui) = ZM(A)

i=1 =1 i=1

O Corollary 167
Corollary 168. Suppose A = A* = [a; ;] € My,; suppose 1 <k <n. Then

k
A(A) + A1 (A) + -+ Ap_pg1(A) = max > (Aug, )

{u1,..., un } orthonormal “
1=

Proof. Well,

An(A) + -+ A1 (A) = =(Mi(=4) + - + Ap(=4))

k
=-— min E (—Au;, ui)
{u1,...,u } orthonormal

i=1
k
=—| - ma Au;, u;
( {ui,...;u } oi(thonormal ;< ¢ Z>>
O Corollary 168
6.2 Majorization
Definition 169. Suppose x = (z1,...,2,) € R". Re-order from smallest to largest:
xI S e S ITL
Re-order from largest to smallest:
x% > > xfl
Ezample 170. Suppose x = (1,2,1). Then
xl 1
x) =
zh =
ry
3
:v% =1

Ezample 171. Suppose A = A* and Aq,..., A, are the roots of p4(t). Then \;(A) = )\ZT.

Proposition 172. Suppose x = (x1,...,2,) and y = (Y1,...,Yn) in R™ with

n n
Se-Sow
i=1 i=1
Then the following are equivalent:

1. For all1 < k <n, we have

k

k
max E Ti, 2> max E Yie
1<iy < <ip<n 1§i1<'~~<ik§"Z 7
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2. For all1 < k <n, we have

M-
B
IV
M-
s

N
Il
—
.
Il
-

3. For all1 < k <n, we have

M-
N
IA
M-
N

N
Il
-
.
Il
-

4. For all 1 <k <n, we have

min E i, < min E Yiy
1<ip < <1k<n

1< << < <n

Proof. Well
k
1
1<112na§1k<nzzu ;xe
So (1) < (2). Similarly
k
+
1<1131H<12k<n2$u ;xe

So (3) <= (4). Let

n n
S=Y 0= u
=1 1=1

Then
k n—k+1
me:S— Z x;
=1 =1
k
>yt
i=1
n—k+1
=5 vl
(=1
So
k k n—k+1 n—k+1
2z = D ows )
i=1 i=1 =1 =1

0 Proposition 172

Definition 173. Given z = (21,...,2,),y = (y1,...,Yn) € R™, we say that z majorizes y if

n n
IR
i=1 i=1
and any of the 4 equivalent properties occurs.

Theorem 174 (Schur). Suppose A = A* = [a; ;]| € M,. Let \(A) = (A1,..., ) be the roots of pa(t); let
d(A) = (a11, ..., ann). Then \(A) majorizes d(A).
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Proof. Note that
Mt Ay =tr(A) =a1+ -+ ann

By the last theorem, for all 1 < m < k we have

A4 AL =M (A) + -+ An(A)

IN

min g i, i
1<iy <o <im <n £ ere

m

+

Il

S
~
~

=1
O Theorem 174

Hence

7 Positive semidefinite

Definition 175. We say A € M, is positive semidefinite (written A > 0) if for all x € C™ we have (Ax, z) > 0.
We say A is positive definite (written A > 0) if for all non-zero € C™ we have (Az, z) > 0.

Proposition 176.
1. A>0 if and only if A= A* and each N\;(A) > 0.

2. A >0 if and only if A = A* and each X\;(A) > 0; this occurs if and only if there is 6 > 0 such that
(Az,x) > § whenever ||z|| = 1.

Proof.

1. (=) Suppose A > 0. Then (Az,z) € R for all z; so A = A*. Fix an eigenvalue \;(A) with eigenvector
u; of unit length. Then Au; = A\;(A)u;; so N\;(A) = (Auy,u;) > 0.

(<) We know there is {uy,...,u, } an orthonormal basis for C™ of eigenvectors with Au; = \;(A4)u;.

Suppose
Tr = Z ;UG
i=1
Then
(Azx, x) <Z a; A ui,Zozjuj>
J
= Z Xi(A)agary
= Z Ai(A)]ai? >0
2. Suppose A > 0. Then A >0, so A = A* and each \;(4) > 0. But if some \;(A) = 0, then

a contradiction. So each A;(A) > 0.
Suppose A = A* and each \;(A) > 0. Then, as above, we take

xr = E QUG
i
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with ||z]| = 1; then

Then

In particular, the minimum value of (Az,z) is § = A1 (A).
[l Proposition 176
Lemma 177. Suppose A = A* € M,;7'. Then A=! = (A~1)* and the roots of pa—1(t) are A\1 (A)~1, ..., A (A) 7L
Proof. Note that

I* _ (AflA)* —_ A*(Afl)* A(Afl)*
So (A 1)* = AL
If Au; = \i(A)u;, then A= u; = \;(A) "y thus if {ug,...,u, } is an orthonormal basis of eigenvectors of
A, then it is also an orthonormal basis of eigenvectors of A~! with eigenvalues \;(A)~!. O Lemma 177

Proposition 178.
1. If A>0, then A= A' > 0.
2. IfA>0, then A= A" >0 and A~! > 0.
3. IfA>0and SC{1,...,n}, then A[S,S] > 0.
4. If A>0and S C{1,...,n}, then A[S,S] > 0.
Proof.
1. Note that

(Az,z) = > Gja;T;

4,j=1

S

=) aiyTju;
i,j=1

= (AZ,7)

eR

So (A)* = A. If {uy,...,u, } is an orthonormal basis of eigenvectors for A with Au; = \;(A)u; and
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x = (z1,...,2n), then
D1 AT
Ax = :

D1 AngT

1

Tn

D1 Gy

S T
j=1AnjT;j
7T
T

So if {wu1,...,un } are eigenvectors with real eigenvalues Ay, ..., \,, then {u7,..., %, } is a set of
eigenvectors for A with the same eigenvalues. Thus A;(A4) = A\;(4) > 0, and A > 0.

2. Same: we get \;(A) = \;(4) >0and A=1 = (A71)*.

3. Without loss of generality, we have S ={1,...,k}. So

Let x € C¥; let

Then
0 < (A7, 7) = (A[S, S|z, z)

So A[S,S] > 0.
4. As above, noting that x # 0 implies that Z # 0; thus
0 < (Az,z) = (A[S, Sz, x)
and A[S,S] > 0.
O Proposition 178
Proposition 179. Suppose A >0 (A >0). Then A* >0 (A¥ >0) for all k € N.
Proof. Note that (A%)* = A* and that the eigenvaluse are \;(A)* >0 (> 0). O Proposition 179
Set A; = A[{1,...,i},{1,...,i}].
Theorem 180. Suppose A = A* € M,,. Then A > 0 if and only if det(A;) > 0 for all 1 < i < n.

Example 181. Consider
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Then

det(Al) =1
det(Ag) =0
det(Ag) =0
But
1 1
<A 01,10 > = -2
-1 -1
So A # 0.

Proof of Theorem 180.

(=) Suppose A > 0. Then all eigenvalues are positive; so det(A;) > 0.

ailr a2
Ao =
a21 a22

We now use the eigenvalue interlacing theorem:

( <=) Note that det(A;) = a1 > 0. The

A (A2) < Ai(Ar)arr < A2(A2)

So )\Q(AQ) > 0. Bu tdet(Ag) = )\1(141))\2(142) > 0. So )\1(142) > 0.
Assume 0 < A\1(Ag) < -+ < Ap(Ag). Then, by eigenvalue interlacing, we have

M (Agt1) < M(Ak) < Ao(Agt1)

Ae(Arkg1) < Ae(Ar) < Apg1(Art1)
So )\2(Ak;+1), ey )\k+1(Ak+1) > 0. But 0 < det(Ak+1) = )\z(AIH»l) Ce )\k+1(Ak+1)' So )\1(Ak+1) > 0.
[0 Theorem 180

Aside 182. Suppose D C R"™ and f: D — R is C2. Suppose =g € D with

f(wo) = ((%{(xo),...,gil(xo)) =0

We set

o f
If w € R™ is a unit vector and g,,(t) = f(zo + tu), then ¢//(0) = (H(zo)u, u).

Theorem 183. Suppose f € C?*(D) and f'(xo) = 0. If H¢(xo) > 0, then zq is a local minimum. If
—Hy(xg) > 0, then xg is a local mazimum.

Sketch. If Hy(xo) > 0, then g//(0) > 0 for all u; roughly speaking, we then have that ¢ is a local minimum
in all directions, we have that x( is a local minimum. [0 Theorem 183

Since

0% f o0 f

(’)xiamj a 830]8:@

we have that Hy(xo) = Hy(xo)™.

Corollary 184. If det(H¢(z0)i) > 0 for all 1 <i < n, then xq is a local minimum. If (—1)* det(H¢(xo);) > 0
for all 1 < i < n, then xq is a local mazximum.
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Proposition 185. Suppose A € M,,, C € My, . If A >0 then C*AC > 0. In particular, we have C*C > 0.

Proof. Note that

0 Proposition 185
Proposition 186. Suppose A >0 and k € N. Then there is B > 0 such that A = B*.

Proof. Write A = U*DU where D = diag(A1,...,A,) where \; = X\;(A). Let
D :diag(Af,...,A,%)

Let B=U*DU. Then B* = U*D*U = U*DU = A. [0 Proposition 186
We write B = A¥.

Proposition 187. Suppose A > 0. Then Az =0 if and only if (Ax,z) = 0.

Proof.

(=) Clear.

(<=) Write A = B? where B > 0.

0= (Az,z)
=2*B%x
— (B)*(Bu)
= || Bz|?
so Bx =0 and Az = B(Bz) = 0.
[0 Proposition 187

7.1 Factorization and decomposition

We already saw that if A > 0, there is B > 0 such that A = B?; then B* = B, and A = B?B. This is one
factorization.

Proposition 188. Let A > 0; then A = R*R with R upper triangular.

Proof. Write A = B*B as above. Apply the QR theorem to write B = QR where @ is unitary and R is
upper triangular. Then
A=B"B=(QR)*(QR) = R*"Q*"QR=R'R

[0 Proposition 188
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7.1.1 Cholesky factorization
Lemma 189 (Cholesky’s lemma). Let

A B N
(2 B)-r

with A > 0. Then the following are equivalent:
1. P>0

2.

Nl
ol
N

=
\Y
s}

A3
P= (B*A%> (4

3. C—B*A"'B>0
Proof.

(2) < (3) Note that

A3
P (B*Aé> (4

»l=
g
|

s
|
e
I
7 N
N
Sy
SN—

So

if and only if C — B*A~'B > 0.

(1) = (3) Let X = —A~'B. Then since P > 0, we have
I 0 A B\ /(I X
0= (X* I) (B* C) (0 I)
1 0 A AX+B
-B*A~' 1)\B* B*X+C

(
(o D o an)
(

SoC—B*A'B>0.

(3) = (1) Suppose C — B*A~1B > 0. Then

A 0
(o C—B*A—13>>0
I 0\ (A 0 I -X
0<(—X* 1) (o O—B*A—lB) (o 1)—P

0 Lemma 189
Lemma 190. Suppose P = P* = (p;;) € M, satisfies P > 0. If p;; = 0 then p;j = p;j; =0 for all j.
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Proof. Let S ={4,j}. Then since P > 0 we have P[S,S] > 0. But

P[S, 5] = (pii pu) _ ( 0 pu)
bji Pjj bji  DPjj
so 0 < det(P[S, S]) = —|pij|?; so pi; = 0. O Lemma 190

This yields Cholesky’s algorithm, a fast way to tell if a Hermitian matrix P is positive semidefinite and, if
it is, find upper triangular 7" such that P = T*T.

Ezample 191. Let

1 2 3
P=12 8 7
3 7 11
Decompose P as in Cholesky’s lemma
A=(1)
B=(2 3)
8 7
C_(7 11>
If P> 0, then
1 1 2 3
P—(2|(1 2 3)=P—-[2 4 6
3 3 69
0 0O
=10 4 1
0 1 2

Then P > 0 if and only if

4 1
(1 2)z0
Again, using Cholesky, this holds if and only if
4 1 4\ 4
0< (1 2) - (1)4 (4 1)

B (4 1) B (4 1)
1 2 1 i

B <0 0)
0 7

V7

2
But g = (7> ;80 P > 0. In general, we get that P > 0 unless at some step the “new” (1,1)-entry either is

negative or is 0 and some entries in that row and column are non-zero.
Finally, to get T, save the scaled row vectors we subtract by (where we distribute the square root of
middle scalar to both sides), and get

1 2
T=10 2
0 0

L\.‘J‘%M\H w

and T*T = P. To see that this works in general, recall that if

1
W:

T'n



Then W*W =riri+---+1ir,. So

1 0 0
T*T={2|(1 2 3)+ (2|0 2 H+[0 (Ooﬁ)
3( )5( 2) v ;

Remark 192. We saw that if A € M,, has A > 0 then A = R*R for some R. Let C = R*; then A = CC*.
Let C=[C1]|---| Cy]; then A =CC* = C1Cf + - - - + C,,C, and we can write A as a sum of positive, rank
1 matrices. The moral is that a factorization A = R*R corresponds to a decomposition of A into a sum of
poistive, rank 1 matrices.

7.2 Subspaces, orthogonal complements, and projections
Definition 193. Suppose V' C C”" is a subspace. We set V+ = {w € C" : (w,v) =0 for allv € V }.

Proposition 194. V= is a subspace and VNV+ ={0}.

Proof. If wi,wy; € V+ and A € C, then (Aw; + wa,v) = Mwy,v) + (wa,v) = 0 for all v € V; so dw; +
we € V4 and V71 is a subspace. Furthermore, if w € V N V<, then ||w|]? = (w,w) = 0, and w = 0.
0 Proposition 194

Theorem 195. Let V C C™ be a subspace with dim(V) = d. Let {v1,...,vq} be an orthonormal basis for
V. Set

Then
1. P=pP? = p*.

2. R(P)=V.

3. Pv=w forallveV.

4. Pw=0 for allwe V*+.

5. I-P?=({I-P)*=(I-P).

6. R(I—-P)=V-=.

7. V+VE=C" and if w = vy +vo = v} + v} where v1,v] € V and vy, vy € VL, then vy = v} and vy = v}.

8 If {ws,...,wq} is another orthonormal basis for V, then

d
> i
i=1
Proof.
1. Note that

d
P = Z(vivf)* = ZUZ*U;‘ =P
i=1

and
d d

d
2 [P DU I . . P - Yo
pP? = E VUi VU = E (vj, vi)viv; = E vivy = P

ij=1 i,j=1 i=1
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2. Note that
d d

So R(P) C V. But

Pv; = E ViU; U = U

i=1

So v; € R(P), and V =span{vy,...,v4 } CR(P). So R(P) =V.

4. If w € V1 then
d

Pw:Zvivfu}:O

i=1
5. (I—P)y*=I"-P*=T—P,and ([~ P)2=1-P—P+P2=1—P.
6. If w € V*, then (I — P)w = w— Pw = w; so if w € V+ then w € R(I — P). Conversely, if w € R(I — P),

say w = (I — P)z, then
d

wzz—Pzzz—Z(z,vﬁvi
i=1
S0

d
(w,v;) = (z,v;) Z 2, 0i) Vi, v5) = (2,v5) — (2,v5) =0
i=1

SoweV+. SoR(I—-P)CV+. SoR(I—P)=V+.

7. Note that
w=(P+(I—-P))w=Pw+(I—-PwecV+V™+

Suppose now that w = vy +vy = v} +v} for vy, v} € V and vg, v € V. Then V 3 vy —v' = vh—vy € V4.
Sowv; —vf =vh—va=0,asVNVt={0}

8. Set
d
Q= Z w;w;
i=1

Then (1) through (6) hold for @ as well. Thus if w = vy + v, for v; € V and vy € V*, we have Pw = v,
and Qw = v1;s0 P = Q.

O Theorem 195

Definition 196. The matrix P is called the orthogonal projection onto V.

7.3 Gram matrices

Definition 197. Given wy,...,w, € C*, we define the Gram matriz or Grammian of the vectors is the
n x n matrix G = (g, ;) with g, ; = (w;, w;) = wiw;.

Theorem 198. Suppose w1, ... ,w, € C*; let W = [wy | -+ | wy] € Mg,,. Then
1. G=W*W, and hence G > 0.
2. G >0 if and only if {wy,...,wy, } are linearly independent.
3. rank(G) = rank(W) = dim(span{ wy,...,w, }).
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Proof.

1. Clear.
2. Let
A1
z=|
An
Then

(Gz,z) = (W* Wz, x)
=" W*'Wa
= (Wa)" (W)
= [Waz|?

n
E Aiw;
i=1

2

So (Gz,z) > 0 if and only if
i=1
3. Suppose z € N(G). Then Gz =0, so (Gz,z) = 0, and

n
E Aiw;
i=1

=0

So .

i=1
So N(G) CN(W).

Conversely, if z € N(W), then Gx = W*Wzx = W*0 = 0.
So N (G) = N(W). Then

rank(G) = n — dim(N(G)) = n — dim(N'(W)) = rank(W) = dim(span{ w1, ..., wy, })
O Theorem 198

7.4 Polar form and singular valued decomposition

Definition 199. Suppose A € M,, ,,. We set |A| = (A*A)%; this is called the absolute value of A. The
singular values of A are S;(A) = )\f(|A|) for 1 <i<n.

Lemma 200. Suppose A € M,, ,,; suppose x € C". Then
1. H|A|ch2 = || Azl

2. Az =0 if and only if |Alz = 0.
Proof.
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1. Note that

2
1412 = (a1 Ak)
=" A" Alz
=z A" Az
= || Az|?
2. Follows easily from (1).
O Lemma 200

Theorem 201 (Polar decomposition I). Suppose A € My, .. Then there is a unique isometry W: R(|A|) —
R(A) such that A =W]A|.

Proof. Note that Ax = W|A|z if and only if W(|A|z) = Axz. We check that this is well-defined. By
Lemma 114, there is linear W with W|A|z = Ax for all x if and only if whenever we have

> Xi(|Alz) =0
we also have
Z )\l(ALL'Z) =0
Z )\1<sz) = A(Z )\137%) =0

|wai)|| = 14z] = |14l

But

so by the lemma we have that

So W exists. But then

So W is an isometry. To check uniqueness, suppose we had V also satisfying the desired properties. Then
V(|Alz) = Az = W(JA|z)
for all v € R(|A]). So V =W. O Theorem 201

Aside 202 (Vandermonde matrices). Suppose Aq, ..., \; are distinct. Set

1 ... 1
N\
vo | xwoox
PV L

Claim 203. V is invertible.
Proof. Note that o(V) = o(V*). It suffices to show that N (V') = {0}. But

Po Po+ DAL+ A AT p(A1)
Vt : — : _ .
Dk—1 Po+ P A+ pEoi AT p(Ar)
So if all the entries are 0, we have p(t) is degree k with k distinct zeroes; so p; = 0 for all 4. 0 Claim 203
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Problem: given Av; = A\;v; with v; # 0 and Aq,..., A\ distinct, show the v; are linearly independent.
Suppose now that ajvy + -+ + agvg = 0. Applying A%, we get a;Aivy + -+ + ak)\};vk = 0. Take any w € C";
then

w*(a1v1) + - + w*(agvg) =0

AT (agv1) + -+ AT w* (aror) = 0

So
1 ... 1 .
Moo M w*(a1v1)
. . : =0
R o (axon)
Mo N

So w*(a;v;) =0 for all j and w. So ajv; =0 for all j, and all a; = 0.

Recall that | Az|| = H|A|azH, so Az = 0 if and only if |A|z = 0; i.e. N(A) = N(]4]). We showed there is a

unique isometry W: R(|A|) — R(A) such that A = W/|A|. (This is the polar decomposition, analogous to
z = exp(i0)]z].)

Theorem 204 (Polar Decomposition IT). Suppose A € M,,. Then there is a unitary U such that A =U|A]|.

Proof. We know there is a unique isometry W: R(]A4|) — R(A) such that A = W|A|; note that both the
domain and the codomain are subset of C". So dim(R(A)) = dim(R(|A])). We also saw that for any subspace
VCC®, wehave V+ VL =C"and VNV+ ={0}. Sodim(V1)=n—dim(V), and in particular we have
dim(R(A)1) = dim(R(JA])*). Let dim(R(A)*) = d. Pick {z1,...,24 } an orthonormal basis for R(|A|)*;
pick { Z1,..., Zg } an orthonormal basis for R(A)*. Every vector in C" has a unique decomposition |A|x + z
where |A|z € R(|A]) and z € R(JA|)*. We may then find ..., aq such that z = ayz; + - - - + agzq. Define
U:.C*"—->C"by U(|Alx +2) = Ax + o121 + - - + @gZq. Then

IU(JAlz + 2)[I* = | Az + a1 21 + -+ + aaZa?
= [ Az|? + Jaa[* + - - + |aa]?
2
= H‘A|£L’” + HOlel R Oled||2

2
= H\A|x 4+ oz 4+ adde

So U: C* — C" is an isometry; so U is a unitary. But U|Alx = U(|Ax|) = Az; so U|A| = A. So U is our
desired unitary. 0 Theorem 204

Corollary 205. Suppose A € M,,; then there is unitary V such that A = |A*|V.
Proof. Note that A* = U|A*|; so A = |A*|U*. We then set V = U*. O Corollary 205

Corollary 206 (Singular value decomposition I). Suppose A € M,,; let S = diag(S1(A),...,Sn(A)). Then
there are isometries U,V such that A =USV.

Proof. Write A = U;|A| as above. Now, |A| > 0, so there is unitary V such that |A| = V*SV for some
unitary V. Then A = (U;V*)SV, and we have our U = U V*. O Corollary 206

Corollary 207 (Singular value decomposition II). Suppose A € M,. Then there is {uy,...,u, } and
{v1,...,0, } orthonormal such that

A= Sp(Auyvy
k=1
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Proof. Write A = USV as above. Write U = [uy | -+ | up]; then {uy,...,u, } is orthonormal. Write

V*=[wy || wy]; then {w1,...,w, } is orthonormal, and
wy
V=1:
w,
So
A=USV
s1w;
SpWy

n
= Z ug (spwy,)
k=1

n
*
= E SEUELWY,
k=1

O Corollary 207

7.5 Schur products

Definition 208. Suppose A = [a; ;] and B = [b; ;] in M,, ,,. We define the Schur (or Hadamard or freshman)
product is Ao B = [a; jb; ;).

Proposition 209.
1. (a) AoB=BoA
(b) (AoB)oC =Ao(Bo()
(c) Ao (B+C)=AoB+AoC
(d) N(AoB)=(AA)oB=Ao(\B)
S0 01 My, n X My, = My, ts bilinear.
2. If Jim n is the matriz of all 1, then Jy, 0 A=A = A0y .
Theorem 210. Suppose A, B € M,, with A>0 and B> 0. Then Ao B > 0.

Proof. Write

A= szx;"
B=> vuy;

Ao B =Y (mx}) o (yiy;)
657

Then

So it suffices to prove that given

aq
v=|:
ap
f1
y=|
Br



we have (zx*) o (yy*) > 0. Let

a1f
=
o fn
Then (z2*) o (yy*) = (@) o (B:B;) = (B B;) = zz* > 0. O Theorem 210

7.6 The positive semidefinite ordering

Given A = A* and B = B* in M,,, we write A > B (or B < A) if and only if A — B is positive semidefinite.
Similarly, we write A > B or B < A if and only if a« — B is positive definite.

Proposition 211. Suppose A = A*, B = B*, and C = C* in M,,. Then
1. If A< B and B< A, then A= B.
2. If A< B and B<C, then A < C.
3. IfA< B then A+ C < B+C.
4. IfA< B and X € My, then X*AX < X*BX.
Lemma 212. Suppose A > 1. Then I > A~' > 0.

Proof. Since A = A*, we may let A1,..., A, be the eigenvalues, and find orthonormal {vy,...,v, } such that
Av; = A\jv;. Then since A > I we have A—1 > 0;s0 \; — 1 = ((\; — Dy, v;) = ((A— Iw;,v;) > 0 for all i.
So A=y, = A;lvi and )\;1 <1 for all 7. So if

xr = Z ;U5
then

(I -—A Yz, z) = <Z(1 — i) oy, Zajvj> =Y (=) Mau* >0
i J
O Lemma 212
Theorem 213. Suppose A = A* and B = B* are in M,,.
1. If A>B >0 then A~' < B~1.
2. If A> B >0 then det(A) > det(B) and tr(A) > tr(B).
3. If A> B then A\p(A) > \p(B).
Proof.

1. Suppose A > B > 0. Then B"2AB~2 > B~2BB~2 = I; 50, by the lemma, we have (B"2 A='B~2)~1 <
I.So A" <B73[B~3 =B
2. Follows from (3).

3. Recall that b Courant-Fischer, we have

A (A) = i A
W)= i, ey (A o)
llzll=1
> min max (Bz,x)
dim(S)=k z€S

llz|l=1
= M(B)
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O Theorem 213
Theorem 214. Suppose P € M,, and S C {1,...,n}. If P >0, then P~[S,S] > (P[S, S])~*.

Proof. By permuting, it suffices to check the case S ={1,...,k}. Partition

A B
r=(ir o)

., (D E
(2 5)

Then P~1[S, S] = D. We wish to show that D > A~!. Recall that in Cholesky we showed that if X = —A~!B,

then
p_ A B\ _ I 0\ (A 0 I -X
“\B* C)  \-X* I 0 C—B*A"'B)\0 I

I —x\ /A 0 oo\t
0 I 0 C—B*A"'B _X* T
A

b,7) ©

- (Oi] X)< 0 (CB*?418)1> (; ?)
(
(

where A € M. Likewise partition

So

I X A1 0
0 I)\(C-B*A"'B)~'X* (C—B*A~'B)!
X(C - B*A-1B)~l1x* *>

*k *

SoD = A1+ X(C-B*A~'B)~1X*. But by Cholesky, we have C—B*AB > 0;s0 X (C—B*A~'B)~1X* > 0,
and D — A" >0;s0 D> A1 OO0 Theorem 214

8 Matrix norms

Definition 215. Suppose V is a vector space. We say ||-||: V' — R is a norm provided the following hold:

1. |Jv]] >0 forallveV.

2. ||v]| = 0 if and only if v = 0.

3. vl = A

4o+ wl < ol + Jlw]l.

Given a norm, the function d(v,w) = ||v — w|| defines a metric on V.

FEzample 216.

N

n
1]l = <Z|Uz‘|2>
i=1
n
lolly =) vl
i=1

[0]]oc = max{|vr],..., |val }

Fact 217. When dim(V) < oo, all norms are equivalent. i.e. given any two norms ||-||1 and |||z, there are
1,2 such that for all v € V we have ||v]j1 < ea]|v]l2 and ||[v|l2 < er]|v]li. Consequently, for any norm, we
have d(vy,0) = ||v,|| = 0 if and only if all components tend to 0.
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Definition 218. A norm on M, is called a matriz norm provided ||AB|| < ||All||B] for all A,B € M,
(submultiplicative).

Remark 219. We don’t require that ||I| = 1.
Example 220. For A € M, set
JAl = (> Jacs )

is a matrix norm. To see this, suppose C = AB. Then

2 n % n %
sl = (zambm) < (zmm) (z|bz-|)
k k=1 /=1

IC13 =" leil?
i
< Z(Zmi,u?) (Zlbe,j|2>
7 k 4
Z|a12k| Z|b€j|2
ik 7.0

A3 BII3

Nl=

So

Note, however that ||I,||2 = v/n.
Ezample 221. Let

AL = ]

ij=1
This too is a matrix norm; here we have ||I,,|; = n.

Example 222. Set
4l = maxlas

Let J,, be the n x n matrix of all 1. Then J2 = nJ,. But ||J,]lc =1 and n = ||J2]|oc £ ||nlloo ||l oo-
Ezample 223. Given any norm |[|-|| on C", we define the induced operator norm on M, by
[l = sup{ [[ Azl - fl=]] = 1}

This is always a matrix norm; here ||I|| = 1.
Ezxample 224. Start with ||-||2 on C™. Set D = diag(\1,...,An). Then the induced norm of D is

IDll2 = sup{ [{(Arzr, ., Anznll < [[(21, . 2a)ll2 = 1}

So || D2 > |Aj] for all j; so || D||2 > max{|A1],...,| | }. Conversely, we have
1@, )3 = DA Pl l? < max{ Al Aal 3Dl
So | D]z < max{|A1l],..., | ] }. So [[D|l2 = max{|A1],..., [ n] }-
Proposition 225. Suppose ||| is any matriz norm on M,. Then
NESS

2. If Ae M, then | Al > {4k
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3. For all A € 0(A), we have || < p(4) < || A]l.
Proof.

L I? =TIso |[I]| = [|%] < [H]]* so 1 < [[I]|.

2. 1] = [IAATY| < [IA[[IIA-

3. Let A € 0(A). Then there is non-zero x such that Az = Az. Pick any y # 0; let X = Ay*. Then
AX = (Ax)y* = AX. So
AXN = IAX] = [[AX]] < [[A[[[| X

So |A| < ||A]|- But this holds for all A € o(A). So p(4) < ||A]].
O Proposition 225
Theorem 226. Suppose A € M,,. Then p(A) = inf{||A| : ||| @ matriz norm}.

Proof. By (3) we have p(A) = inf{||A] : ||]| a matrix norm }. Given any matrix norm ||| and S € M, !,
define ||A||s = [|S~*AS||; this is a matrix norm. By Schur there is U unitary such that U*AU =T = (t; ;) is
upper triangular and t;; = A;. Fix r > 0. Let D, = diag(1,7,...,7"~!. Then

)\1 T‘tlg e Tn+1t1’n
D;'TD, = (tijr~ ") =
! >\n—1 rtn—l,n
0 An
So S =UD,. then

HAHS = HD + TTl +--+ TnilTn—lH
<D+ 7Tl + -+ " T

Given ¢ > 0, for r small enough, this is < ||D|| + e. But we can do this starting with any matrix
norm; starting with operator norm induced by |||z, we get ||D| = max{|\],..., | ]} = p(4). So
inf{ || Al : ||-|| @ matrix norm } < p(A) +e. O Theorem 226

Corollary 227. Suppose A € M,, with p(A) < 1. Then A¥ — 0 as k — co.

Proof. Pick ||-|| a matrix norm such that p(A) < [|A]| < 1. Then [|A*|| < [|A]/* — 0. So [|A¥|| — 0, and
AF 0. O Corollary 227

Theorem 228 (Gelfand). Suppose ||-|| is any matriz norm on M,,; suppose A € M,,. Then
: iyl
p(A) = lim|[[A™ [}

Proof. Recall that o(AF) = {A* : X € o(A)}; so p(A¥) = p(A)*. So p(A)F = p(A*) < ||A*||, and
p(A) < || A¥||%. Let € > 0; let 7 = p(A) 4+ e. Then p(%) < 1. So, by our corollary, we have H|(é)k|\| — 0. So

there is ko such that [|(£)¥|| <1 for all k > ko. So [|A*|| < r* for all k > ko. So | A¥||% < p(A) + € for all
k > ko. So for all k£ > kg, we have

JAK||F — p(A)| < e

So )
lilgnll\z‘lk\l\E = p(4)

O Theorem 228
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8.1 Power series

If -
p(z) =Y p*
k=0
we set
lim sup| |% _1
. PIPk|* = R

where R is the radius of convergence. Given a matrix A € M,,, consider
o0
p(A) = ppA*F
k=0
Let
n
k=0

If B,, — B, then we write B = p(A). Recall that (B, : n € N) converges if and only if { B,, } is Cauchy.

Theorem 229. Suppose
p(z) =Y 2"
p=0
with radius of convergence R > 0. Suppose A € M,, satisfies p(A) < R. Then
> pAt
k=0

CONVETgES.

Proof. Pick r1,75 such that p(A) < r1 < ry < R. Then there is k; such that [|A*||* < ry for all k > k.
Since % < %, we have that there is k5 such that

1 1
sup{ |pk|* :k2k2}<r—
2

So |pk| < %,C for all k > ky. Let ko = max{ k1, ks }. Then for all k > kg we have
2

k
1
Il = A < (2) <1

Thus for all n,m > kg we have

n n k
— k "
1Ba - Bull=| 3 meat| < 3O (Tz)
k=m+1 k=m+1
Thus (B, : n € N) is Cauchy; so (B, : n € N) converges. O Theorem 229

Corollary 230. Suppose A € M,,. If there is a matriz norm ||-|| such that ||I — Al| < 1, then A is invertible.
Proof. We know that

But



SO

n n+1
=S - A)F -1 - A
k=0 k=1
=1—(1-A"
— 1
So if N
B=) (I-A)*=1lmB,
k=0 "
then

AB =1limAB, =1

O Corollary 230

8.2 Gersgorin disks

Suppose A € M,,; write A = D 4+ B with D = diag(ay1,...,a,,) and B has 0 on the diagonal.
define
Rj(A) = lai]
J#i
Let

Q={z€C:|z—ay| <R(A)}
These are the Gersgorin disks.

Theorem 231. Suppose A = (a;;) € M,,. Then

i=1
Proof. Suppose A € 0(A); say Ax = Az for & = (x1,...,2,) # 0. Pick p such that |z,| = max{ |z1],
[|2]loc # 0. Then

ALy = Z Ap,jTj
j=1
and
(A —app)zp = Z Ap,j L5
J#p
So
A = app||zp| < Z|ap,j||xp|

J#p

and

IA — appl SRIp(A)
SoA€Q,={z:]z—apl <R,(A)}, and

AE CJQZ
i=1

n

a(A) c |J

i=1

So

For each 1,

T N O

O Theorem 231

73



Let
Ci(A) = ]

i#])
Let Q; = {2 : |2 —ay| < Cj(A)}.
Corollary 232. Suppose A € M,,. Then
a(A) C (U Q) n{ U9
i=1 j=1

Proof. Simply observe that o(A) = o(A?). O Corollary 232
Definition 233. We define the Gersgorin set of A € M, to be

Then the above theorem states that o(A) C G(A).
Aside 234 (Some complex analysis). Suppose v: [0, 1] — C is smooth with y(0) = v(1). Let I' = {v(¢) : 0 <
t <1}. If T does not intersect itself, we can sensibly define [(I') and ext(T"). We then set

1
[ 1= [ sey @
r 0
Recall from complex analysis that if p(z) is a polynomial with p(y(t)) # 0 for all ¢ € [0, 1], then

1 ()
2mi Jr p(2)

is the number of roots of p inside I' with multiplicities.

Theorem 235. Suppose A = (a;;) € M,,; suppose 1, ...,8, are the Gersgorin disks. Suppose

(Q, U---UQ;,)N U =0
i¢{i1,....in }

Then there are k roots of pa(t) inside Q;; U---UQ,, .
Proof. Write A = D + B where D = diag(a11,...,any). Define Ay = D+ sB; so Ag = D and A; = A. Take
a I' such that Q;, U---UQ;, C [(T") and
U Qz g ext(F)
i¢{i1,...,0k }
Let ps(z) = det(z] — Ag) = pa,(z). Let

N(s) = ! /Fp,S(Z)dz

2w ps(2)

(Since G(As) C G(A), we know ps(z) # 0 on I'.) Then N(s) is the number of roots of p,(t) inside I'. Note,
however, that ps varies continuously with s; so N(s) is a continuous function of s. But N(s) is integer-valued;
so N(s) is constant. So N(0) = N(1). But Ag = D, and pp(z) = (2 — a11) ... (2 — any) has k roots inside T'.
So N(0) = k. So N(1) = k. But N(1) is the number of roots of p4(z) inside I'. Thus, by Gersgorin, we’re
done. O Theorem 235
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Let D = diag(py, ..., pn) with all p; > 0. Then
D™'AD = (ai;p; 'pj)

and 0(A) = o(D71AD) C G(D71AD). Then

Ry = p; Haijlv; = p; [ D lais|ps

J#i J#i
This yields the following corollary:

Corollary 236. Suppose A € M,,. Then

n
a4 c ) US z:lz—au <p; " | laglp; ||
=1

J#i

Proof. RHS is

Aside 237. An ellipse is given by r and foci a, b; it is then
{z:i|lz—a|+|z=b=r}

An oval of Cassini is analogous:
{z:|z—a|]lz—=b =71}
Theorem 238 (Brauer). Suppose A = (ai;) € M, for n > 2. Then
o(A) S ([ J{=: 1z — auillz — ay5| < riR}}
i#]

where

Ry = |ag]

J#i
Fact 239. The union of these ovals is contained in G(A).

O Corollary 236

Proof of Theorem 258. Suppose A € o(A); say Az = Az for = # 0. Let |z,| = max{ |z1],...,|zn| } #0. If

max|z;| =0
i#p
then = xpe,. So (Azx)y = appTpep = A(Tpep); 50 A = ayp, and A € RHS.
Assume then that

2] = max]a| # 0
i#p

Then

n
Az, = g QpiTj
=1

[(A = app)zp| = Zapjxj < Z|am’||xq| = |xq|R]/a
J#p J#p
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So

|Zq]
A —app| < @Rp

n
Axg = E QgjT;
Jj=1

But we also have

So
[(A = agq)zq| = Zaqjxj < |$p|Ri1
J#q
So 2|
Lp /
A — agq| < @Rq

Putting it all together, we have
A = app|[A — agq| < R,R;
so A € RHS. O Theorem 238
Definition 240. A = (a;;) is (strictly) diagonally dominant provided
lail > laij| = R

i

laiil > Y _|aij| = R

ji

for diagonally dominant, and

for strictly diagonally dominant.
Theorem 241. Suppose A = (a;j;) is strictly diagonally dominant. Then
1. Ae Mt
2. If a;; > 0, then 0(A) C{A:Re(\) > 0}; we call this latter set the right half-plane (RHP).
8. If A= A* and al a; > 0, then A is positive definite.
Proof.
1. 0 ¢ G(A) implies 0 ¢ o(A), since o(A) C G(A).
2. Note that G(A) C RHP.
3. By (1), we have A € M, 1. Also 6(A) C RHP. But A = A*, so 0(A4) CR. So o(A) C (0,0), and A is
positive definite.
[0 Theorem 241

9 Non-negative matrices

Used in combinatorics, probability, and Markov chains.
An application: suppose A = (a;;) with a;; € NU{0}. We interpret this as a directed graph, where a;;
is the number of edges from vertex j to vertex ¢. Then (Ak)mv is the number of paths of length k from j to .
Another application: imagine you have states {1,...,n } with p(i | j) the probability of going from state
j to state i. Let P = (p(i | j)). Let
q1
=1 :
dn
where ¢; > 0 and ¢ + - - + ¢, = 1; we interpret ¢; as the probability of initially being in state ¢. Then (Pgq);
is the probability that after one event we are in state i. We can ask whether P¥q converges as k — oo.
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Definition 242. Suppose A = (a;j) € M, . We say A is non-negative (0 < A)) if a;; > 0 for all ¢, j. We
say A is positive (0 < A) if a;; > 0 for all 4,5. If A, B € M, »(R), we write A < B if b;; > a;; for all 7, j; we
say A < B if b;; > a;; for all 4, 5. We write |Ale = (|a;])-

Proposition 243.

~

- |aAle = lal|Ale.
- |[A+ Ble 2 [Ale + |Ble.
. If0=A,0=<B,a>0, and b>0, then 0 < aA+ bB.

. |AB|, < |AL|B..

2

3

4. IfALXBand C <D, then A+ C < B+ D.

5

6. Suppose 0 K A=<B and 0 <X C < D. Then AC < BD.

Proof.

5. Note that

|AB‘6 = ( Zaikbkj )
k=1
= <Z|aik|bkj|>
k=1

= |A|G|B|e

O Proposition 243
Proposition 244. Say A € M,,. Then p(A) < p(|A]¢).
Proof. Take )
1Bl2 = (3 Jbiil?)”

L= IBll2. Also |47[ < |A]2. So

Then this is a matrix norm, and H |B|e

Janz = [|14".

<l

2

So

1
n

p(A) = lim]| A"
n

L .
§ < lim]|4]7

=0 4 e
D PrOpOSiliOIl 244

Theorem 245. Suppose A, B € M,,. Suppose |A|. = B. Then p(A) < p(JA].) < p(B).

Proof. We showed that p(A4) < p(|Ale). But |A|? < B™ implies that H|A|f

, < [|B"||2. So

m ik
" <l B3 = p(B)

pllAle) = Tlim| | 4]

[0 Theorem 245
Corollary 246. Suppose A € M,, with 0 < A. Then
1. For all S C{1,...,n} we have p(A[S,S]) < p(4).

2. max{ai1,...,ann } < p(A).
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3. If there is i such that a;; # 0, then p(A) > 0.
Proof.

1. We may assume A takes the form

But then

So

plais. s = (M55 0) < ot

o

2. Note that a;; = A[{i},{i}]. So ai; = |ai| = p(A[{i},{i}]) < p(A). So max{aii,...,anm } < p(A).
3. 0 <max{aii,...,an, } < p(A4).
O Corollary 246
Proposition 247. For x € C", let

el =l

j=1
”x”OO = max{ |x1|7 ) ‘xn| }

Then for A € M, the induced operator norms are

n
Al = maX{ >l }
J ;
=1
n

1 4lloe = maxd > ag

j=1

Both of these are matriz norms.

Proof. Let ||z|y =1. Let A=[Cy|---| Cy]. Let C be a column with ||Ck||; maximum. Then
[Az[|y = [[21C1 + - + 20 G|

Sz llC[ + -+ -+ fan[|Cnl|
< [aal|Cxlly + - - + [zal|Ckl1y

= [1Cxlh
So [|Afl1 € max{||Ci|l1,---,]|Crll1}. For equality, let x = er. Then ||z|]y = 1 and Az = Ck. So
IAflx = |C[l1 for all k. So [[Ally = max{[|Cyl[1,. .., [[Clls }. Sol|Aflx = max{[|Cy]ly, ..., |Cnll }-
The case ||| is similar. O Proposition 247

Corollary 248. Suppose A € M,,. Then p(A) < min{ || A||1, |4/l }-
Corollary 249. Suppose A € M,, with 0 < A.
1. If

> aij =l Al
J

for all i, then p(A) = || A||cc-
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2. If
> i = [l All
i
for all j, then p(A) = || Al1.
Proof.
1. Let e = (1,...,1)!. Then

(Ae)i =) aij = [|Allw

j=1
So Ae = [|Af[oce. So [[Alle € a(A). So [[Afloc < p(A) < [[Allo- So [[Allec = A(A).
Remark 250. In this case we have ||A||oo < || A1

2. Similar: note that e’A = || A[[1d". So [|A]|x € o(A%) = a(A). So ||A]| < p(A4) < ||A]1-
Remark 251. In this case we have ||A||1 < || A]lco-

O Corollary 249
Theorem 252. Suppose A € M,, with 0 < A. Then

n n
miinZaij <p(4) < m?XZaij
Jj=1 j=1
and . .
minZaij <p(4) < maxZaij
j 4 i 4
i=1 i=1

Proof. The second pair of inequalities follows from the first pair applied to A?, since p(A) = p(A?). Tt remains
to prove the first pair.

Right-hand inequality By Proposition 247, we have
n
p(A) < [|Alls = max 3oy
j=1

Alternatively, we can use Gersgorin disks.

Left-hand inequality Let
n
o = Hliin Z Qj 5
j=1

If @ = 0 then there is nothing to prove. Suppose then that a # 0. Define B € M,, by

(07

B S
Zj:l Qyj

Then 0 < biJ < Q; ;3 SO 0<B=<A. So p(B) < p(A) But

n
> bij=a
=1

for all i. So, letting e = (1,...,1), we see Be = ae; so a < p(B). So a < p(A).

b

@5

[0 Theorem 252
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Corollary 253. Suppose A € M,, with 0 < A. Then

Supmm — Za”:ﬂj < p(4) < inf max — Zawxj

o<z ¢ 0<z ¢
and

supmln— E a;;x; < p(A) < inf max— E ;i
0<x J i: 0<z ji 1

Proof. Again, suffices to do the first pair of inequalities. Let D = diag(xy,...,7,). Then p(D"1AD) = p(A).
Apply the above theorem to D™'AD = ( a”xj) O Corollary 253

Corollary 254. Suppose 0 = A and 0 < z. If a,3 > 0 satisfy ax = Az < fx, then o < p(A) < B.
Furthermore, if ax < Ax < Bz, then a < p(A) < B.

Proof. For each i we have

n
az; < Zaijxj < Br;
Jj=1
and thus

L&
a< z ;aljxj <p
The result then follows by the previous corollary. O Corollary 254
Corollary 255. Suppose 0 < A and 0 < z with Az = Ax. Then
1. A= p(A).
2.

maxmln— E a;iT; = mlnmax— E ;i L4
z-0 3 Bt p z>=0 4 c et

Proof. 1. Az = Az, so \x = Az < Az. So, by the previous corollary, we have A < p(4) < A, and A = p(A4).
2. For all i we have .
)\JEZ‘ = Z AijTj
j=1
So

n

53
—— Qi
z; 4 VR

J=1

for all 4, The result then follows.
O Corollary 255
Theorem 256. Suppose 0 X A. Then there is 0 < x such that Az = p(A)x.

Proof. We know p(A) > 0. Also, if 0 < z with « # 0, then 0 < Az. So if 0 < z and Az = p(A)z, then 0 < z.
Let A € o(A) satisfy |A\| = p(A). So there is y # 0 such that Ay = A\y. Let = |y|.. Then

(Az)i =Y aijly;| >0
j=1

So 0 < Az. But we also have

(Az)i = (Alyle)s Zaulygl > Zawyj Ayil = [Allyil = [Alzi = p(A);
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So |Az = Az, and p(A)x < Az. Now, let w = Az — p(A)x. If w = 0, the theorem is proven. Assume then
that w # 0. But 0 < Aw = A(Az) — p(A)(Az); so p(A)(Ax) < A(Az). If we then let a = p(A) and apply
Corollary 254, we get that o < p(A), a contradiction. So w = 0, and Az = p(A)x. O Theorem 256

Remark 257. The proof showed that if Ay = Ay with |A\| = p(A) and x = |y|, then Az = p(A)z.
Theorem 258 (Perron). Suppose A € M,, with 0 < A. Then there is a unique x = (z1,...,%,) such that
e Fach x; > 0.
o T4 +a, =1
o Ax = p(A)z.

Proof. By above there is T = (71, ...,%,) with each Z; > 0 and AZ = p(A)Z such that if r =2; +---+ T,
and x = 17 then Az = p(A)xz. So there exists one such vector.
Suppose now that y = (y1,...,yn) satisfies each y; > 0, y1 + -+ + y, = 1, and Ay = p(A)y. Let

8 = min ym;l
Then each y; — fx; > 0; so, if w =y — Bz, then w > 0, and one entry of w is 0. Then, if we had w # 0, we

have 0 < Aw = Ay — BAzx = p(A)(y — Bz) = p(A)w, contradicting our statement that w has 0 as an entry.
Sow=0,andy=pz. Sol=y1+---+y,=Bx1+--+z,) =0. Soy==x. O Theorem 258

Corollary 259. Suppose 0 < A. Then p(A) is a root of pa(t) of geometric multiplicity exactly 1.
Proof. Follows from theorem above. O Corollary 259

Question 260 (Challenge). What about the algebraic multiplicity?

Solution:
Theorem 261 (1.4.12). Suppose A€ M,,, A€ C, z #0, y #0, Az = Az, and y*A = \y*.
1. If X has algebraic multiplicity 1, then y*x # 0.
2. Assume X\ has geometric mult 1. Then it has algebraic multiplicity 1 if and only if y*x # 0.
Proof.
1. By Schur, we have
A=UrAU = (3 ;)
and = = ey. Suppose y*z = y*e; = 0; then y* = (0,3*). Then

00 =" = i=00) () 5) =08

so A € 0(B). So (t—A) | pp(t). So (t —A)? | pa(t) = (t — \)pp(t). So X has algebraic multiplicity > 1.

Show p/y () = vyy*z for v # 0; this uses the adjugate. Thus, if pa(t) = (t — X)?q(t), then
P4 (A) =0; so (t — A) only occurs to the first power in pa(t).

O Theorem 261

Definition 262. Suppose 0 < A. We proved that there is a unique = = (z1,...,2,) with each z; > 0
and 1 + -+ 4+ x, = 1 such that Az = p(A)z. This vector is called the right Perron vector for A. Since
y'A = p(A)y' if and only if A'y = p(A)y*, we know there is y = (y1,...,yn) with each y; > 0 such that
yt A = p(A)yt. Thus there is a unique y = (y1,...,y,) such that
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L y'A = p(A)y'
2. y; >0 for all ¢
3. 1t + -+ ynxy =1
This is called the left Perron vector for A.
Corollary 263. Suppose 0 < A. Then p(A) is of algebraic multiplicity 1.
Proof. We know p(A) is of geometric multiplicity 1. Apply 1.4.12, part (2). O Corollary 263
This solves Question 260.

Theorem 264 (Perron). Suppose A € M,, with 0 < A. Then

1. p(A) >0

2. p(A) is an eigenvalue of geometric multiplicity one.

3. There is a unique x = (x1,...,&,) with each x; >0 and x1 + - -+ + T, = 1 such that Az = p(A)x.
4. There is a unique y = (Y1, ..., Yn) with each y; >0 and y1 + -+ + yn = 1 such that y* A = p(A)y’.
5. For all A € o(A) with A # p(A) we have |A| < p(A).

Proof.
(1)-(3) Done already.
(4) Apply (3) to A"

(5) Suppose A € o(A) with |[A| = p(A) and A # p(A). Pick = # 0 such that Az = Az. Then p(A)|z|. =
|[Az|e = |Az|e = Alz|e. Let w = Alx|e — p(A)|z|e > 0. If w # 0 then 0 < Aw = A(Alz|.) — p(A)A|z]e;

so p(A)(A|z|.) < A(A|zle); so p(A) < p(A) by aiprevious theorem, a contradiction. So w = 0 and
Alz|. = p(A)|z|.. Returning to the inequality, we find
p(A)|z]e = [Az]e = |Az]e < Alz|e = p(A)|2[c

So |Az| = A|x|, and
D gz = aijlw]
j=1 j=1
So the z; are all collinear in C; so there is 6 such that exp(if)z; = |z;| for all j. But then

p(A) exp(if)z = p(A)|z|
= Alz|
= A(exp(if)x)
= exp(if) Az
= exp(if)\z
So p(A) = A, contradicting our assumption that p(A) # A. So p(A) = A.

[0 Theorem 264

Theorem 265. Suppose A € M, with 0 < A. Then p(A) is an eigenvalue of A with a non-negative
etgenvector.
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Proof. Let J, € M, be the matrix of all ones; set A, = A + %Jn. So 0 < Ag. So, by Perron’s theorem
there is x, = (21, ..., Tnk) With 2j, > 0 and @14 + - - - + p = 1 such that Agx, = p(Ag)zi. These come
from a bounded set; thus there is k; such that (zx, : £ € N) = y = (y1,...,yn). Then each y; > 0 and
y1 + -+ yn = 1. Furthermore, we have (4, : £ € N) = A; so

Ay = lim Ay, xg, = lim p(Ag,)xr,
{— 00 £— 00
So
lim p(Ag,) =p=>0
{— 00
and Ay = py. So 0 < pu < p(A). But A < Ayg; so p(A) < p(Ag), and
p(A) < lim p(Ay,) = p

So u = p(A), and Ay = py for y = 0. 0 Theorem 265

9.1 Irreducible non-negative matrices
Definition 266. A matrix A € M,, is reducible if there is a permutation matrix P such that

... (B C
pap- (2 )

where B € M,.. We say A is irreducible if A is not reducible.

Definition 267. Given a vertex set {1,...,n} and a non-empty £ C {1,...,n} x {1,...,n}, we think of
there being a path of length 1 from 4 to j if and only if (i,j) € E. This is what we mean by a directed graph
(with loops).

Definition 268. Suppose A € M,, with 0 < A. We define T'(A4), the directed graph of A, to have n vertices
set and edge set £ = {(4,7) : a;; #0}.

Definition 269. Given a directed graph I' with edge set E, we say that there is a path of length k from 7 to
j if there is (i,41), (i1,2), ..., (lk—2,%k—1), (ix—1,J) € E. We say that I" is path-connected if given any i and j
there is a path from i to j.

Proposition 270. Suppose 0 <= A. Then (A™); ; # 0 if and only if there is a path of length m from i to j in
T(A4).

Proof. We apply induction on m. Assume the proposition holds for m. Then (A™*1); ; # 0 if and only if
there is k such that (A™); ; # 0 and Ay ; # 0. By the induction hypothesis, this holds if and only if there is
k and a path of length m from ¢ to k£ and a path of length 1 from £ to j; but this is just the definition of
there being a path of length m from i to j.

So, by induction, the proposition holds. O Proposition 270

Proposition 271. Suppose I' is a directed graph on n vertices. If there is a path from i to j with i # j, then
there is a directed path of length <n —1 from i to j.

Proof. Suppose you have a longer path. Then it passes through some vertex twice. Then you can shorten it.
O Proposition 271

Theorem 272. Suppose A € M, with 0 = A. Then the following are equivalent:
1. A is irreducible.
2. T'(A) is path-connected.
3. 0= (I+ AL

Proof.
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(3) = (1) Suppose A is reducible. Then, after permutation, we have

(Y

(I+A)" = (IT)B 1+é()n1> = ((Hg)nl (I+2‘)”1>

So

and (3) fails.

(1) = (2) Suppose I'(A) is not path-connected. After renumbering, we can say that there is no path

from n to 1. Renumbering, let {2,...,7} be the vertices with a path to 1;let {r+1,...,n} be the
vertices with no path to 1. Suppose for contradiction that a; ; # 0 for some r +1 <4 < n and some
1 < j <r. Then there is a path from i to j. But there is a path from j to 1. So there is a path from
to 1, a contradiction. So a; ; =0 whenever r +1<i<nand1<j<r. So

t o * *
par-(; )

so A is reducible.

(2) = (8) For all i # j we know there is m < mn — 1 and a path of length m from ¢ to j. So (A™);; # 0.

So I+ A+ A%+ -+ A" 1= 0. So I+ A" =T+ (NA+ (5)A%+- -+ 4" =0
[0 Theorem 272

Theorem 273 (Perron-Frobenius). Suppose n > 2; suppose A € M, is irreducible with 0 X A. Then:

1. p(A) > 0.
2. p(A) is an eigenvalue of algebraic multiplicity 1.
3. There is a unique x = (x1,...,T,) € R™ with 1 + -+ + 2 = 1 such that Az = p(A)x. Moreover,
0<x.
4. There is a unique y € R" with y-x =1 and y"' A = p(A)y". Moreover, 0 < y.
Proof.
1. We know .
miin Z a;; < p(A)
j=1
If this minimum is 0, then one row is all 0; we permute so that this is the last row. Then
P'AP = (g 3)
so A is reducible, a contradiction. So .
miin Z ai; # 0
j=1
So 0 < p(A).
2. Since 0 < A, we have that there is 0 < & with x # 0 such that Az = p(A)z. So

(I+A)" e =(1+pA)" 'z

But
p((L+ A" ) = sup{ [(1+ A" s A€ 0(A) } = (1 + p(A))""!
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But A is irreducible; so 0 < (I + A)"~!. So z is the Perron vector and (1 + p(A))"~! is an eigenvalue
of algebraic multiplicity 1 for (I + A)"~1.

Suppose for contradiction that p(A) has algebraic multiplicity > 2 for A. Then, by Schur, we have

plA) * o«
U*AU = « x| =T
0
is upper triangular. But then
(14 p(A))n—t * * %
U(I+A)"U=I+T)" ! = o I :
0

So (1+ p(A))"~! is of algebraic multiplicity at leats 2 in (I + A)"~!, contradicting Perron’s theorem.
So p(A) has algebraic multiplicity 1 in A.

3. We know p(A) has algebraic multiplicity 1; so p(A) is of geometric multplicity 1. So the p(A) eigenspace
is 1-dimensional. So Aw = p(A)w implies w = ax, where x is obtained as in (2). So there is a unique
multiple to make the coordinates add to 1.

4. Well, (I + A7)t = ((I+ A)"~HT. So AT is irreducible. Applying (2) and (3) to AT, we get that the
dimension of the eigenspace for p(A) is also 1 for AT, and that ATy = p(A)y has one solution given by
the Perron vector for A”; so 0 < § and any vector w satisfying ATw = p(A)w satisfies w = aj. Pick
the unique « such that (ag) -z =1; let y = ay.

O Theorem 273

9.2 Stochastic and doubly stochastic matrices

Definition 274. We say A € M,, is (row-)stochastic if 0 < A and

n
E Q5 = 1
Jj=1

for all i. We say A is column-stochastic if 0 < A and

n
E aij =1
i=1

for all j. We say A is doubly stochastic if it is row-stochastic and column-stochastic.
Remark 275. Let e = (1,...,1). Then

1. A is row-stochastic if and only if 0 < A and Ae = e.

2. A is column-stochastic if and only if 0 < A and eT A = €T

3. A is doubly stochastic if and only if 0 < A, Ae = e, and eT A =T

4. Suppose Aq, Ay are stochastic (in one of the three senses). Suppose t; + to = 1 with 0 < #; and 0 < ¢5.
Then t1A; + t2 Ao is stochastic in the same sense.

5. The set of stochastic matrices (in any of the three senses) is convex and compact.
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6. Every permutation matrix P, is doubly stochastic.

Lemma 276. Suppose A = (a;;) € M, is doubly stochastic with A # I. Then there is a permutation
o:{1,...,n} = {1,...,n} such that a1 ;(1) - . . Gy o) > 0.

Proof. Suppose otherwise. Let (b; ;) = tI — A. Then
pa(t) = det((bi;))

—ngn wam
= (t—an)...(t—aw) + Y sgn(o wa<)

o#id
For fixed o, we have
n
Hbi,a(i) = H (t —ai) - H
i=1 o(i)=i o(i)#i
which is 0, since we may preapply a permutation to A so that the diagonal entries of A are non-zero.
Then pa(t) = (t —a11) ... (t — ann). But A is stochastic; so 1 is an eigenvalue. So there is ¢ such that

a;; = 1; say a;; = 1. Then
1 0
(o 1)

Then A; is doubly stochastic. Similarly, we find ¢ with 2 < i < n such that a;; = 1. Iterating, we find A = I.
[0 Lemma 276

Lemma 277. Suppose A = (a;;) € M, is doubly stochastic. If at most n entries of A are non-zero, then A
18 a permutation matriz.

Proof. If A = I, then we are done. Suppose then that A # I. Then there is o such that a; ;1) ... ap o) > 0.
This is already n non-zero entries. So the only non-zero entries of A are a; ,(;). So A has exactly one non-zero
entry in each row and column. So a; ,(;) = 1 for all i, and A is a permutation matrix. [0 Lemma 277

Theorem 278 (Birkhoff). Suppose A € M,,. Then A is doubly stochastic if and only if there are permutations
Py,....,Py and t; > 0 with ty +---+ty =1 such that A =t,P; + --- + tnyPn. Moreover, one may take
N<n?—n+1.

Proof.
(«<=) Clear.
(=) If A= 1, then we are done. Suppose then that A # I. Pick o such that a; ,(1)...0pn on) 7 0. Let
ai = min{ aj 5(1), -+, 0n,o(n) ;- Then
1
A1 = A— Oélpﬂl
1-— aq

is doubly stochastic with A = a1 P,, + (1 — al)Al, and A is 0 in at least 1 entry. If A; = I, then we
are done. Else there is o9 such that a’lm(l) ) > 0. Then A; — asP,, = 0. Then

Ay, ,o2(n

1
Ay = Al — an P,
2= 1o, A - aals)
is doubly stochastic with A; = aaP,, + (1 — as)As; so

A = angl + a2(1 — al)Pag + (1 — 052)(1 — al)AQ

Also Ay is 0 in at least 2 entries. Continuing N times, we find
A=a1 Py 4+ +anv_1Py_, + BAN_

Then Ay_; is doubly stochastic and has N — 1 entries of 0. If N —1 > n? —n, then N > n? —n +1,
so Ay_1 is a permutation matrix, and we’re done.
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[0 Theorem 278

Theorem 279 (Birkhoff). The premutation matrices are the extreme points of the convex set of doubly
stochastic matrices.

Remark 280. Closed convex sets in finite dimensions are always the convex hull of their extreme points.
Proof of Theorem 279.

(=) Suppose P is a permutation matrix; we wish to prove that P is an extreme point. Suppose
P=tA+ (1—-t)Bfor 0 <t<1with A, B doubly stochastic. Then p;; = ta;; + (1 —t)b;; with 0 < A
and 0 < B. So if p;; =0, then a;; = b;; = 0. So A and B are non-zero for at most 1 entry in each row
and column. Hence A = B = P.

(<= ) Suppose A is doubly stochastic and not a permutation matrix. We wish to show that A is not an
extreme point; i.e. there are Ay and A_ such that A = %AJF + %A, with Ay # A and A_ # A.
Since A is not a permutation matrix, there is some row i; such that A is non-zero in 2 entries of
the i; row; say a;, j, # 0 and a;, j, # 0; then 0 < a;, 5, < 1and 0 < a;, 5, < 1. Now, in the j,
column there must be another non-zero entry; say 0 < a;, j, < 1. Continue until we return to an
entry in column ji; we get (i1,71), (i1, 72), (i2,72), - - -, (i, j1), with all of these entries in (0,1). Let
B = Eiy ji) = Elirga) T Eligga) = -+

Claim 281. Fach row and column of B sums to 0.
Proof. Picture. O Claim 281

Let o = min{ a;, j,,...,a;, 5 } > 0. Let

A1:A—ozB
A2:A+OéB

Then each row and column of A;, As still sums to 1. By our choice of @ we have 0 < A and 0 < As. So
A; and A, are doubly stochastic. But A = %Al + %Ag. So A is not extreme.

O Theorem 279

Corollary 282. Suppose A # I is doubly stochastic. Then there is a permutation o # id such that
a1,5(1) - - - An,o(n) > 0.

Proof. By the theorem and the remark, we have
A=t,Py + - +ty,Ps,,

where each ¢; > 0 and ¢; + --- + 1, = 1. Since A # I there is at least one o;, # id. So Uiy (i) = tig * 1>0.
So 1,04, (1) - - - On,os (n) > 0- O Corollary 282
10 Matroids
Definition 283 (H. Whitney (1935)). Suppose X is a (finite) set. A matroid on X is a Z C P(X) satisfying

L.0eZ

2. f BeZand AC B then A€ ZT.

3. If A,B €7 and |A| < |B| then there is b € B\ A such that AU{b} € T.
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Ezxample 284. Suppose V is a vector space with X C V. Given A C X, we define A € 7 if A is linearly
independent. Then 7 is a matroid on X. (1) and (2) are clear; to see (3), note that

dim(span(A)) = |A| < |B| = dim(span(B))
So there is b € B such that b ¢ span(A), in which case AU {b} is linearly independent .

Definition 285. Suppose 7 is a matroid on X; suppose E C X. We define rank(FE) = max{|A| : AC FE,A €
7}

Ezample 286. Continuing the previous example, we have dim(span(FE)) is the maximum cardinality of a
linearly independent subset of E, which is just rank(FE).

Theorem 287 (Horn 1955, Rado 1962). Suppose V' is a vector space with X C V. Then X can be partitioned
into k linearly indepdendent subsets if and only if for all finite E C X we have

2

dm(span(B)) = "

Much later, the same theorem was proven by Rado and collaborators for arbitrary matroids, where
dim(span(FE)) is replaced by rank(E).

Proof.

(=) Suppose X = A; U---U A; where the A, are pairwise disjoint and linearly independent. Suppose
FE C X. Then
E=(EnA)U---U(ENA)

where the E N A; are linearly independent. So dim(span(E N A;)) = |E N A;]. So

k
Bl =) |EN Al
i=1

k
= Z dim(span(E N A4;))

i=1
k

< 3 dim(span(E))
= llc:dlim(span(E))
So B
dim(span(E)) ="
O Theorem 287

TODO 1. Last lecture.
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