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1 Preliminaries

We start with chapter 4 of Tent and Ziegler. (Chapters 1-3 are preliminaries.)
Assignments are roughly biweekly. No midterm, but will be a final.

2 Chapter 4

2.1 Partial types

Definition 1. Fix a first-order language L. For any n > 0, by a partial n-type, we mean a set X(z1,...,2y)
of L-formulae. Note: we don’t require consistency.

Definition 2. We say ¥(x1,...,x,) is realized in an L-structure A if there is a = (aq,...,a,) € A™ such
that A = o(a) for all o € . We also say a realizes & in A; this is denoted A = X(a).

Definition 3. X(z1,...,x,) is consistent if and only if it is realized in some L-structure.

Remark 4. The compactness theorem tells us that X is consistent if and only if every finite subset of X is
consistent.

Proof. Suppose X (z1,...,x,) is finitely consistent. Let L(c1,...,¢,) = LU{¢c,...,c, } where ¢; are new
constant symbols. Let
S(ery .. yen) ={o(cr,...,cn) 0 €X}

Then this is an L(cy, ..., c,)-theory. Then since every finite subset of X(x1,...,x,) is realized in some
L-structure, we have that every finite subset of X(¢q,...,¢,) is consistent. Applying compactness, we



get a model of 3(cy,...,¢,): an L(ey,. .., cp)-structure A’ = (A, aq,...,a,) realizing (cy,...,c,). Then
AEX(a1,...,a,). O Remark 4

Definition 5. Suppose T is an L-theory. Then X(z1,...,2,) is consistent with T if and only if it is realized
in some model of T'.

Remark 6. This occurs if and only if TU 3(x4, ..., 2,) is consistent.
Remark 7. X is consistent with T if and only if every finite subset is.

Question 8. When does T have a model in which ¥ is not realized (or is omitted)?

Definition 9. A partial n-type X(z1,...,x,) is isolated in a theory T if and only if there is an L-formula
o(z1,...,Ty) such that

1. ¢(z1,...,x,) is consistent with T
2. Given A =T and (ay,...,a,) € A" such that A = ¢(aq,...,ay), we have A = X(aq,...,a,).
We then say ¢ isolates 3 in T.

Remark 10. This is equivalent to requiring

TEVz...op(e(z1, ..., 2n) = o(T1, ..., 2p))

for all 0 € 2.
Remark 11. When T is a complete theory, if ¥ is isolated in 7', then it is realized in every model of T

Proof. Suppose A |=T. Then since ¢(x1,...,x,) is consistent and since T is complete, we have

AE Tz . cxpe(xr, .. x0)
But then we have a € A™ such that
AE ¢(a)
Then a realizes X. 0 Remark 11
Definition 12. A theory is countable if and only if the language is countable (i.e. has cardinality < Rg).

Theorem 13 (Omitting types theorem (4.1.2)). If T is a countable, complete, consistent theory and
Y(x1,...,2,) is not isolated in T, then T has a model omitting X(x1, ..., xy,).

Proof. We'll prove it for n = 1. Consider a partial type X(x) that is. Let C be a countably infinite set of new
constant symbols. We wish to construct an L*-theory 7 D T that is consistent and such that

1. T* is a Henkin theory; i.e. for any L*-formula ¢ (z) there is ¢ € C such that
T Jap(z) — P(c)
2. For each ¢ € C there is some o € ¥ such that
T* F —o(c)

Suppose we have such a T*. Let A* = T"; say A* = (A, ac)ccc- Then A=T. Let B={a.:ce€ C}.
Then Item 1 implies that B is the universe of an elementary substructure B < A. (It’s not hard to see
that it’s the universe of a substructure; see 2.2.3 in Tent and Ziegler to check that it’s elementary. Proof is
essentially Tarski-Vaught test.) Thus B |= T. Then Item 2 tells us that B omits X(z), since if a. € B, then
by Item 2, there is ¢ € ¥ such that
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and thus that a. does not realize X (z) in 5.
It remains to construct T*. We will make T the union of

T=TyCT,CT,C...

of L*-theories where each T, is consistent and a finite extension of T; (i.e. T;11 \ T; is finite). We will take
care of Item 1 in odd steps and Item 2 in even steps. Enumerate C' = {¢; : i < w } and the L*-formulae as
{i(z) : i <w}. Having constructed T5;, in T5;41 we make sure that Item 1 is true of ¢;(x). Choose ¢ € C
that does not appear in Tb; nor in ;(x) and set

Tait1 = T2 U { 3z(vi(x) — () }

Then T5;41 is consistent since, ¢ being new, we can interpret it in a model of Ty; as we wish.

Now construct T4 so that Item 2 holds for ¢;. Not we can assure Th; 1 is of the form T'U {d } where ¢
is an L*-sentence, since Th;1 \ T' is finite. Write § = ¢(c;, ¢) where ¢(z,%) is an L-formula and ¢ is a tuple
of new constants not including ¢;. Then X(x) is not isolated in 7" by Jgp(x,7); so there is A =T and a € A
such that

A= Jye(a,y)
but A | —o(a) for some o € 3. i.e.
{Ie(z,y),~o(z) }
is consistent with T. So T'U { ¢(z,¥), o (x) } is consistent. Thus
TU{ep(c,e)}u{-o(c)}
is a consistent L*-theory, as we can interpret c;, ¢ as we like in a model of T. We can thus let
Toire = Toiy1 U{—o(ci) } =T U{p(ci,¢) fU{—o(c) }
O Theorem 13

Remark 14 (Ed.). I don’t think we need T to be complete for the above direction; just for the equivalence.

2.2 Complete types
Fix a theory T'. Fix n > 0.

Definition 15. An n-type (or complete n-type) is a partial n-type p(x1, ..., 2,) that is maximally consistent
with T. We use S, (T") to denote the collection of complete n-types of T

Remark 16. Let p(x1,...,2,) be a partial n-type. Then p is an n-type if and only if for all p(x1,...,z,), we
have either ¢(z1,...,2,) or —p(z1,...,2,) is in p.

There is a natural topology on S, (T):
Definition 17. We define the Stone topology on S, (T) to be the topology whose basic open sets are
[l ={peSa(T):pep}
for o(z1,...,2,) an L-formula.

Remark 18. For this to generate a topology, the basic open sets must be closed under finite intersections. In
fact, they are closed under all Boolean combinations:

o [plN Y] = [pAY]

o [plU] =[p VY]

o Su(T)\ [¢] =[]
0



o Sn(T)=[T]

The basic open sets are thus clopen. Thus S, (T) is totally disconnected; i.e. the only non-empty connected
sets are the singletons.

Remark 19. [¢] = [¢] if and only if T F Va1 ... zp(o(z1, ..., 20) ¢ Y(T1,...,2p)).
Proof.

(<= ) Suppose ¢ € p. Then by consistency with T and completeness of p, we have ¢ € p, and thus that
[¢] € [¢]. By symmetry, we get [¢] = [¢)].
(=) Suppose T ¥ Vz(p(z) <> (x)) (where z = (z1,...,2y)). Then there is a model of T' with a tuple

realizing (say) ¢ (x) but not ¢(z). i.e. {@(x), -)(x)} is consistent with 7. By a Zorn’s lemma argument,
we can extend it to a complete n-type in T, say p(z1,...,%,). Then p € [p] \ [¢].

O Remark 19
Lemma 20 (4.2.2). S,(T) is Hausdorff and compact.

Proof. We check that it’s Hausdorfl. Suppose p # ¢q. Thus there is ¢ € p with ¢ ¢ ¢, and thus that —p € q.
But

[elN [~ =lo A ] =0
So we can separate p and ¢ by disjoint open sets.
We check compactness. Suppose

So(T) = |J Ui

il
is an open cover, with each

Ui = U[%‘j]

Thus

g
Then
Y={pij:i,j}
is not consistent with 7. Then, by compactness of partial types, we have some finite subset of ¥ is inconsistent
with 7. Thus

TEVz1. . 2p(Pigjo (@1, &n) VooV i, (X1, .., X))
So

and S, (T) is compact. O Lemma 20

Remark 21. One could also use the compactness of the Stone topology to check compactness of first-order
logic by taking T to be the empty theory.

Lemma 22 (4.2.3). Every clopen set in Sy(T') is of the form [¢] for some L-formula ¢(z1,...,xy,).

Proof. We prove the following more general statement.

Claim 23. Suppose C1,Cy are disjoint closed subsets of S, (T'). Then there is a basic open set separating
them. i.e. there is (1, ...,%y,) such that Cy C [¢] but Co N [p] = 0.



Proof. Set F = {[¢] : C1 C [¢]}. Note then that S, (T) = [T] € F. If p € Cy, then there is [¢)] > p with
[y] N Cy = 0 since Co N Cy = . (In particular, C¢ is open and contains p, so there is a basic open subset of
Cf containing p.) Note then that [-¢)] € F and p ¢ [—¢].

Thus Cs is covered by the complements of the elements of 7. But Cs is closed, and S,,(T) is compact
and Hausdorff. So Cs is covered by finitely many complements of elements of F; i.e. we have

[501]a sy [gpd eF
such that ,
(e NCy =10
i=1
Then
‘ ¢
[/\ ‘Pi] = ﬂ[%‘]
i=1 i=1
is our desired set, as it contains C; as a subset. O Claim 23

Let C C S,(T) be clopen. Let C; = C; let Cy = S,(T) \ C. Then Cy,Cy are closed and disjoint.
By the claim, we then have that they are separated by a basic clopen set, and thus that C' is clopen.
[0 Lemma 22

Lemma 24 (4.2.6). An n-type p is isolated in T if and only if p is isolated in S, (T). (i.e. {p} is an open
set). In fact, ¢ isolates p in T if and only if {p} = [¢].

Proof.

(=) Suppose ¢ isolates p. Then
T+ Va(p(r) = P(x))

for each ¢ € p. Then comleteness and consistency of p implies that ¢ € p. Thus p C [p]. Suppose
q € Sp(T) satisfies ¢ # p. Then there is ¢ € p with =) € g. Then { ¢, ) } is inconsistent with T', and

thus g ¢ []. So {p} = [¢].

(<= Suppose p € S,(T) is isolated. Then { p} is clopen. So, by the previous lemma (4.2.3), we have that
it is a basic open set, and there is ¢ such that {p} = [¢]. Let ¢ € p. If {p, =) } were consistent with
T then we can extend it to ¢ to get ¢ € [p] with ¢ # p, a contradiction. So {y, )} is inconsistent
with 7. Thus
T+ V(o) - 9(x))

and ¢ isolates p in T'.
[J Lemma 24

2.3 Types over parameters

Definition 25. Suppose A is an L-structure. Suppose B C A. An n-type over B in A is a maximal set of
L(B)-formulae (where L(B) = LU{b: b€ B}) that is finitely satisfiable in \A. The set of such is denoted
S2(B).

FEzxample 26. Suppose ay,...,a, € A. We define
tp(ai,...,a,/B) =tp™(ay,...,an/B) = {@(z1,...,x,) an Lg-formula : A = o(ay,...,an)}

These are precisely the realized types in A. Indeed, if p(x1,...,2,) € S;A(B) is realized in A by (ay,...,a,) €
A" then tp(ay,...,an/B) D p(x1,...,z,). But by maximality of p, we have

p(x1,...,xy) =tplay,...,an/B)

Remark 27.



1. If A< A" and B C A, then SA(B) = S (B).
2. If p € SA(B), then p is realized in some A’ = A. To see this, observe that
T =Th(Aa)Up(cr,...,cn)

is consistent by compactness (where ¢q,. .., ¢, are new constant symbols). Then use PMATH 733, fall
2015 notes, 4.45:

Theorem 28. A embeds elementarily into every model of Th(A4).

Then if C =T, we have C is of the form
C=(Ay,a1,...,an)
for some A’ = A, where ¢{ = a;. Hence (ay,...,a,) realizes p(z1,...,z,) in A"

3. In fact, there is an elementary extension of A in which all types from S;'(B) are realized. To see this,
observe that
Th(Aa) U{p(cy) :p € S;(B)}
is consistent, where for each p € Sy}(B) we let ¢, be an n-tuple of new constant symbols.

4. SA(B) = S,,(Th(Ap)) since for partial types, we have finite satisfiability in A is equivalent to consistency
with Th(Ap). We can use this to endow the former with a Stone topology.

Theorem 29 (4.2.5). Suppose A, B are L-structures. Suppose Ag C A, By C B. Suppose f: Ay — By is a
partial elementary map; i.e. suppose for any m >0, any L-formulae o(x1,...,2Tm) and any ay,...,ay, € Ao,
we have

AE¢lar,...,an) < BEo(f(a1),...,flan))
Then there exists a surjective continuous map
Su(f): Sy (Bo) = S7'(Ao)
i.e. Stone spaces constitute a contravariant functor

Proof. Suppose © = (21,...,xy). Then every L(Ap)-formula in x takes the form (z, a) where p(z,y1,...,y¢)
is an L-formula and a = (ay,...,a;) € A§. We can then define f(¢) = ¢(z, f(a)) an L(By)-formula.
For p € S7A(Ay), one could imagine defining

flp)={flp):pep}

We then have f(p) is a partial type in Th(Bp, ), since f is a partial elementary map; however, it may not be
maximal, since f might not be surjective.
For ¢ € SB(By), we instead define

Sn(f)(q) ={¢: ¢ an L(Ag)-formula, f(p) € ¢}
Claim 30. S, (f)(q) € S:'(Ao).

Proof. It’s finitely satisfiable in A since ¢ is finitely satisfiable in B and f is a partial elementary map.
Completeness follows since for all a either ¢(z, f(a)) € q or —p(z, f(a)) € q. O Claim 30

We now check continuity. Suppose ¢(z,a) is an L4,-formula. Then

Su(£) " le(2,a)]) = [p(@, f(a))]

since given q € SB(By), we have



We now check surjectivity. Given p € SA(4y), let ¢ € SB(By) extend f(p). Then

Sn(f)(q) = {p(z,a): p(z, f(a) €q}
2{¢(x,a): p(z, f(a) € f(p) }
=p

Then S, (f)(q) 2 p, and p is maximal. So S,(f)(q) = p. O Theorem 29
Remark 31.

1. If f: Ag — By is a bijective partial elementary map, then p — f(p) is a continuous map S;*(4g) —
SB(By) and it will be the inverse of S,,(f). So S;*(Ap) is homeomorphic to SZ(By).

2. f A= B and Ag C By and f: Ay — By is the containment, then
Sn(£): S;(Bo) = $:(Ao)
is the restriction map
p(z) — p(x) | Ag = set of formulae in p(z) over Ay

So restriction is a continuous, surjective homomorphism.

Some examples:

Remark 32. Suppose T admits quantifier elimination. Suppose A =T, B C A, and a,a’ € A™. If a and o
realize the same atomic Lp-formulae, then tp(a/B) = tp(a’/B).

Ezercise 33. If every type in T is determined by its atomic part, then 7" admits quantifier elimination.

Ezample 34. Recall that DLO is the theory of dense linear orderings without endpoints (in the language
L = {<}); further recall that DLO admits quantifier elimination. What are the 1-types? Well, there are
only 2 atomic L-formula: z < x and x = z. But the former is never satisfied, and the latter never is; so

|51(DLO)| = 1

More interesting in the case of parameters. Suppose (A, <) = DLO. Let B C A. What is S1(B)? Well,
there are tp(b/B) for b € B, and there are cuts; i.e. partitions B = L UU such that £ < u for all £ € L, all
u € U. This is everything: given any p(z) € S1(B) not realized in B, define

L,={beB:px)eb<a}
Uy,={beB:px)efr<b}

Which types are isolated in S7(B)? They are
e Those realized in B

e Cuts (L,U) where L = () or has a maximum and U = () or has a minimum.

Ezample 35. (Q, <) = DLO. Then
51(Q) =RU{+oc0}

(Not topologically!) In particular, over countable sets, there may be 2%°-many 1-types. (This is, of course,
the maximum number of types in a countable set over a countable theory.)

Ezample 36. Recall that ACF is the theory of algebraically closed fields in the language L = {0,1,4, —, X };
further recall that ACF admits quantifier elimination. We’d like to work over subfields of algebraically closed
fields as parameter sets. We can, in fact, do this: suppose K = ACF, A C K. Let k be the subfield of K
generated by A. Then the restriction map

S (k) = Sy (4)



is surjective and continuous; it is, in fact, bijective.

The point is that every Lg-formula is equivalent to an L 4-formula. To see this, note that the atomic
formulae over k are P(x) =0 for P € k[z1,...,2,], x = (%1,...,%,), and then use the fact that elements of
k are of the form f(a) where f € Z(Y1,...,Y;) and a € A"

Then Sk (k) is in bijective correspondence with Spec(k[X7, ..., X,]), the set of prime ideals in k[z1, ..., z,).
The correspondence is given by

pla)— I, ={f€klX,...,Xn] : px) € [f(21,...,2,)] }

The inverse is given by sending I to the type defined by f(z) =0 <= f € I. This, too, is not a topological
correspondence, though we think the forward map is continuous.

2.4 Section 4.3

Definition 37. Let x be an infinite cardinal. We say A is k-saturated if all 1-types over sets of size < k are
realized.

Remark 38. If A is infinite, then
b(x)={x#a:a€ A}

is a partial 1-type over A, and can thus be extended to a complete type over A. So, if A is k-saturated, then
Kk < |A].
Remark 39. If A is r-saturated, then every type in S;A(B) for |B| < & is realized in A, for all n > 1.
Proof. Apply induction on n. n =1 is the definition of k-saturation. Suppose n > 1, z = (x1,...,2,), and
p(z) € SzY(B), with |B| < k. Let q(z1,...,7,_1) be the collection of formulae in p(z) in which z,, does not
appear. Then ¢ € S7' ;(B). The induction hypothesis then implies that there are ai,...,a, 1 € A with
A ’: q(al, cey CLn_l). Let

r(zn) ={vla,...,an-1,2): 0 €Ep}

Claim 40. r(z,) € S (BU{a1,...,a,-1}).
Proof. We first check finite satisfiability. Suppose ¢(aq,...,an-1,%n) € r(x,). So p(z) € p(x).
Janp(z) € p(z)

= Jz,o(z) € q(z1, ..., Tp_1)
= A ': Eixn(p(ala cee an—lxn)

So p(ai,...,an—1,xy,) is satisfiable in A. But r(x,,) is closed under conjunction. So r(x) is finitely satisfiable
in A.
Completeness of r(x,,) follows from completeness of p. O Claim 40

By r-saturation there is b € A such that A = r(b) (since |BU{b1,...,b, }| < ). Then (a1,...,an-1,b)
realizes p(z). O Remark 39

Lemma 41 (4.3.1). Suppose A, B are L-structures that are countably infinite and w-saturated. If A = B,
then A = B.

Remark 42. In general = does not imply 22; Lowenheim-Skolem says that structures have arbitrarily large
elementary extensions. Even in the same cardinality, = does not imply 2.
Ezample 43. Q& = Q(t)*# in the language of rings, as ACFy is complete. They are both countably infinite,
but they are not isomorphic as the latter has a transcendental element over Q, and the former does not.
al alg

In fact, neither of these is w-saturated. Let p(z) € ST g(Q) =S¥ (0) be the type corresponding to

(0) C Q[x]. Then p(x) says f(z) # 0 for any f € Q[z]\ {0}. This is not realized in Q.
alg al

For Q(t)*#, consider (0) C Q(t)[x], which corresponds to q(x) € S?(t) Q@) = S?(t) g(t). This is over
finitely many parameters but is not realized in Q(t)'s.

In fact, 4.3.1 implies that ACF( has at most one countably w-saturated model; namely Q(to,t1, ... ).



Proof of Lemma 41. Back-and-forth argument, generalizing Ng-categoricity of DLO. Construct chains of
finite sets

Aoé}Alé
lfo lfl

C -
By —— B —— ...

with each f; a bijective partial elementary map and such that

Jai=4
U&:B

Then

fZUfi

is an isomorphism A & .
Enumerate

A:{ao,al,...}
B:{bo,bl,...}

Recursively construct A;, B;, and f;, making sure at odd stages that
Jai=4
i

and at even stages that

B =B
i

Set Ag = By = fo = 0. Then fy is a partial elementary map since A = B.
Suppose we have constructed
fir Ai = B;

a bijective partial elementary map for ¢ = 2n. Set A;41 = A; U {a,}. Let p(z) = tp(an/A;). Then
fi(p) € SB(B;). By w-saturation of B there is b € B such that B |= f;(p)(b). Set B;11 = B; U{b} and extend
fi to fiz1 by fit1(an) =b. Check that f;1 is a bijective partial elementary map.

Suppose i = 2n + 1. Set Biy1 = B; U{b, }. Let q(x) = tp(b,/B;). Then S1(f;)(q) = £, (q) € S{*(Ay);

this has a realization a by w-saturation of A. Set A;11 = AU {a}; extend f; to fi+1 by fit1(a) = b,. This
will then be a bijective partial elementary map. ] Lemma 41

Definition 44. Recall that for an infinite cardinal x, we say T is k-categorical if it has a unique model of
size k.

We are interested in Ny-categoricity.

Theorem 45 (Ryll-Nardzewski theorem). Suppose T is a countable, complete theory. Then T is Rg-categorical
if and only if for each n < w there are only finitely many L-formulae @(x1,...,x,) modulo T.

Proof.

(<= ) By Lemma 41, it suffices to show that every countably infinite model of T" is w-saturated. Let M T
be countably infinite. Suppose A C M is finite, say A = {a1,...,a, }. Then every L(A)-formula in 1
variable is of the form ¢(aq,...,a,,x) where (y1,...,Yyn, ) is an L-formula. So in T'= Th(M) there
are only finitely many L(A)-formulae. So any p(z) € S{*(A) is equivalent to a single L(A)-formula;
hence p(z) is realized in M. So M is w-saturated.



(=) We begin with a claim.

Claim 46. All n-types are isolated.

Proof. If p(z) is not isolated, then by the omitting types theorem, we have M |= T omitting p(x). By
downward Léwenheim-Skolem, we may assume that M is countable.

Since p(z) € S, (T), it is realized in some N = T'; by downward Lowenheim-Skolem, we may assume A
is countable.

Thus M has no realization of p(z), and N does; so M 2 N, contradicting the Ng-categoricity of T

O Claim 46

So S, (T) is compact, with every point isolated; thus S,,(T") is finite. Thus there are finitely many clopen
sets in S, (T"). Thus, by Lemma 22, we have that modulo 7" there are only finitely many L-formulae in
n variables. (Since [p] = [¢] if and only if T' = Va(p(x) < ¢¥(z)).)

O Theorem 45

Remark 47. The proof of Ryll-Nardzewski shows more. If T is countable and complete, then the following
are equivalent:

e T is Ny-categorical.

e S, (T) is finite for all n > 0.

o All countable models are w-saturated.

We also get
Corollary 48 (4.3.7). Th(A) is Rg-categorical if and only if Th(Ap) is No-categorical for any finite B C A.
Definition 49. A theory T is small if S,,(T') is countable for all n < w.
Lemma 50 (4.3.9). T is small if and only if there is a countable, w-saturated model.

Ezample 51. ACFy is not Nyp-categorical, as remarked before. It is, however, small, since S,,(ACFy) is in
bijection with Spec(Q[z1,...,z,]), and the latter is countable by the Hilbert basis theorem. We will see in
the homework that Q(¢y,...)*® is a countable w-saturated model.

Proof of Lemma 50.

(<) I M E T is w-saturated, then any type in S,(T) is realized in M. But M is countable; so

(=) Let Ay = T be countable. Recursively construct an elementary chain of countable models A = 4y <
A1 = ... such that A;, realizes every 1-type over finitely many parameters in A;.

Claim 52. There are only countably many 1-types over finite sets in A;; i.e.

U SiA(B) <N

BgfinAi

Proof. Suppose B Cg, A;.
Claim 53. Th((.A;)B) is also small.

Proof. Suppose q(z1,...,7,) € S;(B) where B = {by,...,by }. Then q(z1,...,7,) = p(z1,...,%n,b1,...

for some p(x1,...,Tn,Y1,.--,Ye) € Sne(T). O Claim 53

10
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This
U st

BCrinA;
is countable. O Claim 52
Let this set be {p1,...,pn }. Use downward Lowenheim-Skolem to realize them:

A=AV <

where Al(-j ) is countable and realizes p;. Let
Ay = J A
J

So A; 1 = A; is countable, and satisfies the desired properties. Finally, set
A=JA
i

Then A is countable, and A =T as A = Ayp; furthermore, A is w-saturated by construction.
[0 Lemma 50
Example 54.
1. DLO is Nyp-categorical. The unique countable model is (Q, <); it is then w-saturated.

2. For F a finite field, let L = {0,+, —, Ay : f € F'}. Let T be the theory of infinite vector spaces over F'.
Then T is Ng-categorical, and its unique countable model is

v = @i<wF
which is then w-saturated.

3. Let F' be countably infinite; then this doesn’t work, as F' % F' x F. It has a countably w-saturated
model: namely, the one of dimension Xg. (This follows from the homework problem.) Thus the theory
of infinite vector spaces over F' is small.

4. ACFy is not Ng-categorical, as seen previously, but it is small.
5. RCF is not small.

Theorem 55 (Vaught). Suppose T is a countable, complete theory. Then T cannot have precisely 2 countable
models.

Proof. If there were such a theory T, it would have to be small, since every type in S, (T) is realized in
some countable model, and there are only 2 countable models; so there are only countably many n-types.
Furthermore, T is not Ny-categorical.

Claim 56. Fvery small theory T that is small and not Rg-categorical has at least three models.

Proof. By smallness, there is a countable, w-saturated A = T'. Since T is not Ry-categorical, Ryll-Nardzewski

yields that there is a non-isolated n-type p(z) € S,(T). By the omitting types theorem and downward
Léwenheim-Skolem, we have a countable B |= T omitting p(x); then B 2 A.

Let a = (ay,...,a,) € A™ realize p(z). Then Th(A,ag,...,ay) is not Ng-categorical, since Th(A) =T

is not. (This follows from Ryll-Nardzewski.) Let (C,c1,...,¢,) = (A, a1,...,ay) satisfy (C,c1,...,¢,) 18

countable and not w-saturated. So C is not w-saturated. So C 22 A. But (cq,...,¢,) realize p(x); so C % B.

O Claim 56

O Theorem 55
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2.5 Section 4.5
We assume throughout that T is countable and consistent.

Definition 57. A = T is atomic if for all n € N, we have that all the n-types over {) realized in A are
isolated.

Remark 58. When T is complete, this says that A is “minimal” in the sense that it only realizes the types
that it has to.

Definition 59. A prime model of T is one which elementarily embeds into every model of T'.

Remark 60. This is a “minimum” model with respect to <.
Remark 61.

1. Prime models need not exist.

2. Suppose A is a prime model of T. Then
(a) A is countable since downward Lowenheim-Skolem implies that 7" has a countable model.
(b) A is atomic since every non-isolated type is omitted in some model of T', and hence in A.

Theorem 62 (4.5.2). Suppose T is complete. Then a model of T is prime if and only if it is countable and
atomic.

Proof.
(=) Done.

(<= ) Suppose Mg |= T is countable and atomic. Suppose M |=T. Let F be the set of all finite partial
elementary maps f: B — M from Mg to M where B Cg, My. Since Mg = M as T is complete, we
have that the empty function is in F. Note also that if fy C f; C ... are in F, then

U
i€N

is a partial elementary map. So, as My is countable, it suffices to show that given f: B — M in F and
a € My, we can extend f to a partial elementary map on BU{a}.

Ezxercise 63. If A is an atomic model of T then all n-types over finite sets that are realized in A are
isolated.

Consider p(x) = tp(a/B); this is realized, so the above exercise implies that it is isolated. Thus f(p)
is isolated in M, and it is realized in M, say by c¢; we then extend f by a — c¢. This completes our
construction of an elementary embedding My — M.

O Theorem 62

Remark 64. There is something common in the proofs of 4.3.3 and 4.5.2. In both cases, we had a finite
partial elementary map f: A — N from M — N with A Cg, M and a € M, and we needed to extend f to
AU{a}. This is equivalent to finding a realization of f(tp(a/A)). There are two extreme reasons why this
might be possible:

1. N realizes all types over finite sets; i.e. A/ is w-saturated.
2. tp(a/A), and hence f(tp(a/A)) are isolated; i.e. M is atomic.
So prime models and countable w-saturated models are opposites, but in some ways behave similarly.

Definition 65. An L-structure M is called w-homogeneous if every finite partial elementary map (i.e. whose
domain is finite) f: A — M from M — M and any a € M, we can extend f to a partial elementary map on
AuU{a}.

12



Remark 66. If M is countable, then w-homogeneity implies that we can extend f to an automorphism of M.
(M is strongly w-homogeneous.) The proof of 4.3.3 shows that w-saturated structures are w-homogeneous.

TODO 1. Am I confusing 4.3.1 and 4.3.3%

Remark 67. The proof of Theorem 62 shows that prime models of countable, complete theories are also
w-homogeneous.

Theorem 68 (4.5.3). All prime models are isomorphic.

Proof. We use back-and-forth as in 4.3.3 but using the fact that all the types that need to be realized are
isolated because our models are atomic. 0 Theorem 68

What of the existence of prime models?

Remark 69. For T a countable, complete, Ny-categorical theory, we have that the unique countably infinite
M E T is prime.

Proof. S,,(T) is finite; so all n-types are isolated, and M is atomic. But M is countable. So M is prime.
0 Remark 69

Theorem 70 (4.5.7). A countable, complete theory T has a prime model if and only if the isolated types in
Sn(T) are dense for alln > 1.

Proof.

(=) Suppose M = T is a prime model. Suppose [p(z)] is a non-empty basic clopen set, where z =
(1,...,2pn). We need to show that [] contains an isolated type.

Well, since [¢] # 0, we have that ¢(z) is consistent with 7. So T' = Jz(p(z)), and we have a realization
a = (ay,...,an) € M™ of p(z). Then p(z) € tp(a), and tp(a) € [¢]. But tp(a) is isolated as M is
atomic. So [p] contains an isolated type.

(<= ) Suppose the isolated types are dense for all n > 1. Fix n, and counsider ¥,,(z) where z = (z1,...,z,)
given by
Sa(z) = {—p(z) : p(x) isolates a type in S, (T) }

Claim 71. Suppose M =T omits all the 3, (x); then every type realized in M is isolated.

Proof. Suppose a € M™. Then a does not realize 3, so a realizes ¢(x) for some () isolating a type
q(z). But p(z) € tp(a); so ¢(z) C tp(a). So ¢ = tp(a), and tp(a) is isolated. O Claim 71

Then such an M is atomic; downward Lowenheim-Skolem then yields a countable atomic model, which
is then a prime model. It remains to find M omitting all ¥,,. We use a generalized form of the omitting
types theorem that allows us to simultaneously omit countably many times; we then simply need to
show that 3J,, is not isolated.

Let ¢ (z) be an L-formula consistent with 7. We need to show that 1 (z) does not isolate X,,.
Counsider [¢]; by hypothesis, it contains an isolated type p(z), say by ¢(x). Then ¢(x) € p(zx), so
Tt Va(e(x) — ¢(z)). Then, if ¢(z) isolated X, (x), then T+ Va(¢(z) — —p(x)) since ~p(x) € X,,.
So T+ Vz(p(z) = —(x)), contradicting our requirement that an isolating formula must be consistent.
So 9 (z) does not isolate X,,. So each ¥, (x) is not isolated.

Ezxercise 72. Generalize the proof of the omitting types theorem to simultaneously omit countably many
types. Better yet, generalize the Baire category theorem proof.

O Theorem 70
Definition 73. We say a formula is complete if it isolates a type.

Corollary 74. Suppose T is a countable, complete theory. If T is small, then T has a prime model. Thus
Ng-categorical implies smallness, which in turn implies the existence of a prime mode.
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Proof. Suppose T has no prime model. Then there is n > 1 such that the isolated types in S, (T) are not
dense. Then there is an L-formula ¢(z1,...,z,) such that [¢(x)] contains no isolated types.

Claim 75. o(z) is not implied by any formula which isolates a type.

Proof. Suppose (x) isolates q(z) and T + V(¢ (z) — ¢(x)). Then if ¢(x) ¢ ¢(x), we would have
—p(z) € q(z), and thus ¥(z) — —¢(z), a contradiction. So ¢(x) € ¢(x), and ¢ € [¢], another contradiction.

O Claim 75
We now construct a tree of consistent formulae { ps(z1,...,%,) : s € 2<% } such that
[ ]
TEVzy .. xn(s(x1, ... 2n) < (0s0(T1, oy 2n) V @s1(T1, .oy 20))
[ ]
ThE-3z...xn(@so(T1, ..o, 0 A ps1(T1,. .., Zn))
For each o € 2<%, let
Ya@)={pam: n<w}
This is consistent with T" as it is a nested sequence of formulae each consistent with 7" with
TEVZy . n(Papn—1)(T1, -+ s Tn) = Qatn(T1,- -+ Tn)
Extend X, to po € S, (T). If o # S then p, # pg because of the second condition. So
S (T)| = 2%
and T is not small 0 Corollary 74

Ezample 76. Let L = { P; : s € 2<“ } be a collection of unary predicates. Let T consist of the sentences
o Va(P.(x))
o I°x(Py(x)
o Vz((Ps-o(z) V Ps-1(2)) < Ps(x))
o —Jz(Pso(z) A Ps~1(x))

for each s € 2<¥. Then T is complete and has no prime model. (For this we need to show quantifier
elimination.)

3 Chapter 5

We look at Nj-categorical theories. A useful technique is indiscernible sequences.

Definition 77. Suppose M is an L-structure; suppose A C M. Suppose [ is an infinite linear ordering. A
sequence of k-tuples (a; : i € I) is indiscernible over A in M if

tp(as,,...,a;, /A) =tp(aj,,...,a;, /A)

forall iy < -+ <iyand j; < -+ < j, and all n < w. This is sometimes called order-indiscernible. If we omit
A, we mean A = (.

Remark 78. If a; = a; for some 7 < j, then a; = a; for all ¢ and j.

Definition 79. Suppose [ is an infinite linear order. Suppose (a; : i € I) is a sequence of k-tuples in M.
The Ehrenfeucht-Mostowski type is

EM((a; :i € I)/A) = {p(z1,...,24) : n < w,p an L(A)-formula,
MEp(aiy,...,a;) forall g < -+ <ip,in I}
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Remark 80. (a; : ¢ € I) is indiscernible over A if and only if
EM((a; : i € I)/A) = | ] tp(ao ... an—1/A)
n<w
(We have to be a bit careful if I 2 N, but the point is to pick any sequence in I.)

Lemma 81 (Standard lemma). Suppose N is an L-structure; suppose J is an infinite linear ordering.
Suppose (bj : j € S) is a sequence of k-tuples in N. Given an infinite linear ordering I, there exists M =N
with an indiscernible sequence (a; : 1 € I) in M realizing EM((b; : j € J)). That is, if o(x1,...,2,) is true
in N of all (bj,,...,bj,) with j1 < -+ < jn, then @(z1,...,2,) is true of all (equivalently, some) increasing
(ail, e ,ain),

Remark 82.
e We can do this over parameters by working in L(A).
e In particular, if 7" is a theory with an infinite model, then for any infinite linear ordering I, we have

that there is a model of T with an indiscernible sequence (a; : 7 € I) with all a; distinct.

Proof. Suppose N |=T is infinite. Let (b; : i < w) be a sequence of distinct elements of N. Applying
the standard lemma, we get M =N (so M = T) and (a; : i € I) is indiscernible. Furthermore, we
have a; # a; for all ¢ < j in I since (z1 # z2) € EM((b; : j < w)). O

The main tool in proving Lemma 81 is the following:

Theorem 83 (Ramsey’s theorem). Suppose A is an infinite set; suppose n < w. Let [A]* ={B C A:|B|=
n}. Suppose [A]" = C1U---UCy. Then there is infinite B C A such that [B]™ C C; for somei € {1,...,k}.

Proof of Lemma 81. We assume k = 1; that is, we are dealing with indiscernible sequences of elements, not
tuples. Let C' = (¢; : i € I) be new constant symbols. It suffices to prove that the following L(C)-theory is
consistent:

ThN)U{o(ciyy--5¢i,) > @(ChysevrCry) it <o <lpybp <+ <k,inlin<w}
U{v(ci,. - 6,) i1 < <ipinI,Y(x,...,2,) €EM((bj:j€J)),n<w}

We use a compactness argument. We are then given

e N an L-structure

e (bj:j € J) alinearly ordered sequence in N

e Finitely many new constant symbols ¢y, ..., ¢,

e A(x,...,2,) a finite collection of L-formulae
and we wish to prove that

T = ThN) U {(ciys. - ci,) 0 € EBMY (b :j € I <iy <--- <ip <L}
U{p(Ciys--rCi) < @(Chysovser,) i €A@),1<ig <+ < <lL1<k < - <k, </}

(where EM,, is the Ehrenfeucht-Mostowski type restricted to formulae in n free variables).

Case 1. Suppose the b; are distinct. Let B = {b; : j € J }; then this is infinite. Define on [B]" a relation ~
by b ~¢if N = ¢(b) + ¢(c) for all ¢ € A, all increasing enumerations b, ¢ of n-element subsets of B.
This is then an equivalence relation with at most 2/4/-many classes. Then, by Ramsey’s theorem, there

is B' = {bj,,...,bj, } C B such that any two increasing n-tuples from B’ realize the same formulae
from A. So
N, bjys b)) ET
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Case 2. Suppose the b; are not distinct but B is infinite. Then we can throw away the repetitions and apply
the previous case.

Case 3. Suppose B is finite. Then there exists j; < --- < jg in J such that b;, = --- = b;, = b. So
(N,b,...,b) =T.

[0 Lemma 81

Lemma 84 (5.1.6). Suppose L is countable; suppose A is an L-structure generated by a well-ordered
indiscernible sequence (a; 4 € I). Then for all n > 1, we have that A realizes only countably many n-types
over any countable set.

Proof. Every element of A is of the form t(a®) where ¢ is an n-ary L-term and a® = (aa,,-..,00,) € I*.
Suppose B C A is countable. Let Ag = {a; : a; € B}. Then Ay is countable, and Ag = {a; : ¢ € Iy } for
some Iy C 1.

Note that a type over Ag has a unique extension to Aq U B, as every L(Ag U B)-formula is equivalent to
some L(A)-formula. So it suffices to count the n-types over Ay realized in A.

Assume n = 1. Let tp*(c/Ap) be such a type. Then ¢ € A, so ¢ = t(a®) for some t, a as above. Then
tp(c/Ap) is determined by tp(a®, Ag) and ¢. But there are countably many L-terms ¢; so it suffices to count
the tp(a®/Ap). By indiscernibility, we have that tp(a®/Ag) is determined by:

e tp,(a) in the structure (7, <)
e tpye(ai/Ip) in the structure (I, <)

But there are finitely many of the first, and countably many of the second. So there are only countably many
of these. 0 Lemma 84

Corollary 85 (5.1.9). Suppose T is a countable theory with an infinite model. Suppose k is an infinite
cardinal. Then there is M =T with |M| = k such that M realizes only countably many 1-types over any
countable set.

The proof uses Skolemization. Given a language L and an L-theory T, we construct L = Lo C L1 C ...
such that for each quantifier-free L;-formula ¢(z,y) with y a single variable, z = (z1,...,2,), we let

Lit1 = L U{ fo(x) : p(x,y) a quantifier-free L;-formula }
where f, is an n-ary function symbol. We let
LSkolem = U Lz
i<w
Let
T* =T U{Vz(Fye(z,y) = (@, fo(2))) : ¢(2,y) € Lskolem }
Remark 86 (Properties of T%).

e 1™ admits quantifier elimination.
e Every model of T can be expanded to a model of T™*.

e T is a universal theory, as the new axioms are universal and modulo the new axioms we have that 7 is
quantifier-free.

e T™ is countable.

Proof of Corollary 85. Let T* be the Skolemization of T'. By the standard lemma, there is M | T* with an
indiscernible sequence (a; : © < k) of distinct elements indexed by k. Let N* = (a; : i < k) C M*. Then
T* is universal, so N* = T*. (Note that N'* is only generated by (a; : i < k) as an L*-structure; not as
an L-structure.) Then, by the previous theorem, we get that N* realizes only countably many types over
countably many parameters. But complete types in A are partial types of A™*, which can then be extended
to distinct complete types in N*. So N realizes only countably many types. 0 Corollary 85
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Definition 87. Suppose k is an infinite cardinal. Suppose T is a complete theory with infinite models. We
say T is k-stable if for any M |=T and any A C M with |A| < k, we have that |S,,(4)] < & for all n < w.

Remark 88. w-stable implies small.
Ezample 89. ACFy are w-stable, as S, (A) is in bijection with Spec(Q(A)[z1,...,zy]. Thus if |A| < Rg, then
|Q(A)] < Ng; s0 |Q(A)[x1,---,xn]| < N, and |S,,(4)] < No.

Theorem 90 (5.2.2). T is k-stable if and only if for any M =T and any A C M with |A| < k, we have
151(A)| < k.

Proof. Induction on n. Suppose n > 1. Consider the restriction map m: S, (A4) — S1(A4). Let p € S1(A4).
Then for some N = M, we have p = tp(b/A) for some b € N. Note that SM(A) = SV (A). Then, by
homework the first, we have

n

7 (p(2)) 22 Sn-1(bA)
which has cardinality < x, by induction hypothesis. Also, by assumption, we have that the image of 7 has
size < k. So the fibres and image of 7 have size < k. So |S,(4)| < k. O Theorem 90
Ezample 91. DLO is small (in fact, Ro-categorical) but not w-stable: SZ(Q) is in bijection with R.
Ezample 92. The theory of infinite vector spaces over a field F' is w-stable if F' is countable.

Theorem 93 (5.2.4). Suppose T is countable and complete and has infinite models. If T is k-categorical for
Kk > Vg, then T is w-stable.

Proof. Suppose T is not w-stable; we get M = T and A C M with |A] < Ry but |S1(A4)] > Rg. Let
N = M realizes Ny-many distinct 1-types over A; say we have b; € N for i < Ry with tp(b;/A) # tp(b;/A)
for i < j < N;. By upward Lowenheim-Skolem, we may assume |N| > x. By downward Lowenheim-
Skolem, we have Ny < N with [Ng| = x and A C Ny, b; € Ny for all i < X;. (Possible since k > Ry and
[AU{b; :i <Ny} =N;.) So we have a model of size k realizing N;-many types over a countable set (namely
A). But by Corollary 85, we have B |= T of size k such that over any countable subset of B, there are only
countably many realized types. So B % Ny, and T is not x-categorical. 0 Theorem 93

Assignment 2. Homework 2, due Wednesday October 21, is the following exercises from the book: 4.3.1,
4.8.7, 4.5.1, 5.1.1, and 5.2.2.

From now on, when we say T is a complete theory, it is implied that 7" has only infinite models.
Theorem 94 (5.2.6). Suppose T is countable and complete. Then the following are equivalent:

1. T is w-stable.

2. No model M =T has an infinite binary tree of consistent L(M)-formulae.

3. T is k-stable for any cardinal Kk > N.
Proof.

(1) = (2) Let S be such a tree; let A be a countable set of parameters such that all the formulae in S
are over A. (Possible since S is countable.) Each branch is a partial n-type over A that extends to an
element of S,,(A). They are all distinct; so there are 2¥0-many of them. So T is not w-stable.

(2) = (3) Suppose T is not k-stable for some k > Ry. Then we have M =T and A C M with |A] <k
and |S1(A)| > k. But there are only k-many L(A)-formulae. So there is an L(A)-formula ¢(z) such
that () is contained in > k-many distinct 1-types over A. We call such a formula big.

Remark 95. If
I'={pe Si(A) : p contains a formula that is not big }

then |I'| < k.
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So there are p,q € S1(A) such that p # ¢, ¢(z) € pN ¢, and every formula in p(z) or in ¢(z) is big. So
we get wo(z) and 1 () both big such that M |= p(z) + ¢o(z) V ¢1(z) and M E ~Fz(po(x) A ¢1(2)).
Iterate to get an infinite binary tree of big formulae over A.

(3) = (1) Clear.
O Theorem 94
Recall from Ryll-Nardzewski that Rg-categoricity is equivalent to all countable models being w-saturated.

Theorem 96 (5.2.11). Suppose T is countable, k an infinite cardinal. Then T is k-categorical if and only if
all models of size k are k-saturated.

We need some lemmata.
Definition 97. An L-structure A is saturated if it is |A|-saturated.

Lemma 98 (5.2.9). Suppose T is countable, complete, and w-stable. For all k and all reqular A < K, we have
that T has a model of size K that is A-saturated.

Proof. We try to construct as usual a A-saturated model. Let Mg =T, |[My| = k. Let My = M, realize
all types in S7(My). But since w-stability implies k-stability, we know that |S;(Mp)| = k. By downward
Léwenheim-Skolem, we may assume that |M;| = k; now iterate A-many times, where for limit ordinal 8 we let

Mli:UM’y

v<B

We then obtain (M, : o < A) an elemntary chain of models of T', all of size &, such that every type in Sy (M)
is realized in M41. Let
M= ] M,
a<
Then M =T, and |M| = &, since A < k. Let A C M satisfy |A| < A; let p € S1(A4). By regularity of A,
we have that A C M, for some o < A. So p is realized in M1, and hence in M. So M is A-saturated.
O Lemma 98

Proof of Theorem 96.

( <) Suppose all models of size x are saturated. In general, if A = B, |A| = |B| = &, and A and B are
k-saturated, then 4 = B. This is proven by a back-and-forth argument as in the case of k = w (4.3.3);
the only difference is that the partial elementary maps we must extend have domains of size < k (rather
than finite). So T is k-categorical.

(=) Suppose T is k-saturated; let M be the model of T" of cardinality k. We need to show that M is
k-saturated. If kK = Ny, we are done by Ryll-Nardzewski. We may thus assume x > Ry. By Theorem 93,
we have that T is w-stable. By 5.2.9, we have that T" has a model of size x that is A-saturated for all
regular A < k. So M is A-saturated for all regular A < k.

Case 1. Suppose k is a successor cardinal. Then « is regular, and we may take A = k to get that M is
k-saturated.

Case 2. Suppose  is a limit cardinal. Let A C M, |A| < &, p € S1(A). So |a| < A for some A < k. So
|A] < AT < Kk, and AT is regular. So M is AT-saturated, so p is realized in M.

O Theorem 96

Definition 99. Suppose B is an L-structure; suppose A C B. We say B is prime over A (or a prime extension
of A) if every partial elementary map A — M extends to an elementary embedding B — M.

Remark 100. B is prime over A if and only if B4 is a prime model of Th(B4). (Recall M expands to a model
of Th(B4) if and only if there exists a partial elementary map A — M.)
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Ezxample 101. Suppose (K,0,1,+, —, x) = ACFy; suppose A C K. Then Q(A)# is prime over A.

Theorem 102 (5.3.3). Suppose T' is countable, complete, and w-stable. Then, given any M =T and A C M,
there is a model of T' that is prime over A.

Proof. We will construct B < M with A C B such that B has an enumeration (b, : @ < X) with tp(bo /AU{ b, :
i < a}) is isolated. Such a structure is called constructible over A.

Claim 103. Constructible extensions are prime. (Compare to “atomic implies prime”.)

Proof. Suppose f: A — N is a partial elementary map, where A is any L-structure. We wish to extend f
to B. We do so recursively to all the b, with p < a with o < A. Suppose we have extended f to act on
AU{b, p<al}. Well,

p(x) = tp(ba/AU{by: p < a})
is isolated in B. So f(p) is isolated in NV, as f is a partial elementary map; so it is realized in A, say by c.
We then extend f by b, — c. 0 Claim 103

Note that the above claim doesn’t require w-stability; by contrast, the following claim relies on w-stability.

Claim 104. For any C C M and any n > 0, we have that the isolated types are dense in S,(C). (Compare
to “small implies the existence of a prime model”.)

Proof. Suppose C C M; suppose n > 0. Consider Th(M ). Since T is w-stable, 5.2.6 yields that there is no
infinite binary tree of consistent L(C)-formulae. Then, by 4.5.9, we have that the isolated types are dense in
Sn(Th(Mc)). (Despite how it was done in class, the step above doesn’t need the language to be countable.)
So the isolated types are dense in S, (C). O Claim 104

We now construct the constructible B over A. By Zorn’s lemma, there is B = (b, : a < A) with
tp(ba/AU{b, : p < a}) is isolated and maximal; i.e. whenever a € M \ B, we have that tp(a/A U B) is not
isolated. Clearly A C B. We wish to prove that B is the universe of an elementary substructure of M. We
use Tarski-Vaught. Let ¢(x) be an L(B)-formula in 1 variable such that M = Jzp(x). We need to show
that there is b € B with M |= ¢(b). By the second claim, we have that [¢(x)] contains an isolated type
p(z) € S1(B). Let a € M realize p(z). So tp(a/AUb) = tp(a/B) = p(z) is isolated. Then, by maximality,
we have a € B, and M |= ¢(a). So we have constructed our constructible B over A. Then by the first claim,
we have that B is prime over A. [0 Theorem 102

Actually, the proof gave us a constructible model over any subset of a model (if T is w-stable), not just a
prime one.

Theorem 105 (5.3.6). A constructible extension B over A is atomic over A; i.e. for every n > 0, we have
that every n-type over A realized in B is isolated.

In fact, “constructible over A” and “atomic over A” are the same; this uses

Lemma 106 (5.3.5). In any L-structure, we have that tp(ab) is isolated if and only if tp(a/b) and tp(b) are
isolated.

Proof. (=) If p(z,y) isolated tp(ab) then ¢(z,b) isolates tp(a/b), and Jxp(x,y) isolates tp(b).

(<) If p(x,b) isolates tp(a/b) and 1 (y) isolates tp(b), then p(x,y) A 1(y) isolates tp(ab).
0 Lemma 106

Proof of Theorem 105. Suppose B = (b, : o < A) is a constructible extension of A. Given b = (bq,,--.,ba,,)
with ag < -+ < ay,, we need to show that tp(b/A) is isolated. Well,

tp(ba, /JAU{b, :p < on})

is isolated, say by ¢(z,c) where c is a tuple from AU {b, : 4 < ay }. So

tp(ban/Ac ) { ba17~ . 7b(1n71 })
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By induction on a,, we know that tp(c,ba,,. .., ba,_, /A) is isolated. (Formally, we’re doing induction on
the highest index «,.) By 5.3.5 for L(A)-structure, we have

tp((c7 (ba17 AR 7b04n,1 9 bozn)
is isolated. Again by 5.3.5, we have that tp(b/A) is isolated. O Theorem 105

Definition 107. A theory T is totally transcendental if for every M |= T there does not exist an infinite
binary tree of L(M)-formulae realized in M. (T may be incomplete, and L may be uncountable.)

Remark 108. We know that when L is countable and T is complete, then total transcendence is equivalent to
w-stability.

Rephrasing the previous theorem, we have

Theorem 109. Suppose T is complete and totally transcendental; suppose M =T and A C M. Then there
exists B X M such that B is a prime extension of A. (This is stronger than the analogous statement in Tent
and Ziegler.)

Remark 110. The proof actually found B < M constructible over A; we saw that this is the atomic over A.

Corollary 111 (3.5.7). Suppose T is complete and totally transcendental. Suppose B =T, A C B, and B is
prime over A. Then B is atomic over A.

Proof. We know there is By < B such that By is atomic over A. So id: A — B is a partial elementary map
By — B, since By = B. Since B is prime over A, we have that id4 extends to an elementary embedding
f:B — By. So B is isomorphic to A to an elementary substructure of By. So B is atomic over A.

0 Corollary 111

Theorem 112 (Lachlan’s theorem). Suppose T is a complete, totally transcendental theory; suppose M =T
is uncountable. Then M has arbitrarily large elementary extensions which omit any countable partial 1-type
over M that M omits. (i.e. for any r there is N = M with |N| > & having the desired property.)

Proof. By iteration, it suffices to show that there is a proper elementary extension of M omitting all countable
partial types omitted by M.

We call an L(M)-formula ¢(x) is large if ¢(M) is uncountable. By total transcendentality, there is a
“minimal” large formula: there is large ¢o(x) large such that for any L(M)-formula ¢ (z), we have either
wo A or g A = is not large (and hence the other is). Let p(z) = {¢(x) : po A ¢ is large }.

Claim 113. p(z) € 51(M).
Proof. Observe that it is closed under conjunction, since if 11 (), ¥2(x) € p(x), then pg A1 and g A g are

large. So po A —tby and @ A —1)9 are not large. So ¢g A (—1h1 V —1bg) is not large. So g A 11 A 1)s is large.
Furthermore, p(x) is consistent and complete. So p(z) € S1(M). O Claim 113

Claim 114. p(x) is not realized in M, but every countable subset of p(x) is realized in M.

Proof. If p(x) were realized, say by a € M, then (z = a) € p(z). But ¢o A (x = a) is not large, a contradiction.
So p(x) is not realized in M.

Suppose II(x) C p(z) is countable. For all ¢ € II, we ahve ¢o(M) \ (M) is countable. So @o(M)\ II(M)
is countable. So II(M) is uncountable, and hence non-empty. O Claim 114

Let N = M with a € N realizing p(x). By total transcendentality, we may assume that N is atomic over
MU {a}. This NV is our desired extension; certainly by the claim, we have that A" # M. It then suffices to
show that given b € N, every countable subset of 3X(y) C tp(b/M) is realized in M. Since N is atomic over
M U{a}, we have that tp(b/M U {a}) is isolated, say by x(a,y) where x(z,y) is an L(M)-formula. Let

(z) = {Vy(x(z,y) = o(y)) : 0 € B} U{Tyx(z,y) }
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Then II(x) C p(x) is countable as ¥ is countable. By the claim, we have II(x) is realized in M by o/ € M.
Let b’ € M satisfy

M x(d, V)
Then M = o(V') for all o € X, since (Vy(x(z,y) — o(y)) € II(z). So b realizes ¥(y) in M.
O Theorem 112

Theorem 115 (Downward Morley’s theorem, 5.4.2). Suppose T is countable and k-categorical for some
uncountable k. Then T 1is Ry-categorical.

Proof. Suppose T is not Nj-categorical. Then there is M = T with |[M| = R; with M not R;-saturated.
Suppose A C M is countable with p(z) € S1(A) not realized in M. By 5.2.4, we have that T is w-stable;

)

so0, by Lachlan’s theorem there is N' = M of cardinality > x omitting p(x). Since x > |M|, we may use
downward Lowenheim-Skolem to produce such an N with |[N| = &.

But T is k-categorical; so N is k-saturated. But A does not realize p(x) over countably many parameters,
a contradiction. So T is Nj-categorical. 0 Theorem 115

(We use here that for infinite , k-categoricity is equivalent to the saturation of all models of size .)

Remark 116. The uncountability of M |= T is necessary for Lachlan’s theorem. To see this, note that ACF
is totally transcendental and complete, and Q*¢ = ACFy. The type p(z) saying “x is transcendental” is a
countable type omitted in Q8. But it is realized in every uncountable A" = ACFy.

For upward Morley’s theorem, we will need more than total transcendentality.

Definition 117. A wvaughtian pair for a theory T is a pair of models M < N and an L(M)-formula ¢(z)
such that

o N#M
e ¢(M) is infinite
o p(M) =p(N)

Remark 118. If we allowed (M) to be finite, then o (M) = p(N) for all elementary extensions N = M.
One way this can happen is if N =T and Rg < |p(N)] < |N].
Aside 119. In a k-saturated structure, every infinite definable set has cardinality > k.

Given such ¢ and N, we can use downward Lowenheim-Skolem to get M < A such that o(N) C M and
IM| = |pWN)| < |N|. Then M #N and p(M) = p(N) N M = p(N). So this is a vaughtian pair.

Lemma 120 (5.5.3). Suppose T is countable and complete.

1. Every countable model of T has a countable w-homogeneous elementary extension.

Remark 121. If T is not small, there may not be a countable w-saturated model; this says that there is
always a countable w-homogeneous model.

2. If M and N are countable w-homogeneous models of T structures that realize the same n-types over ()
for all n, then M = N.

Proof.
1. Build it by iterating the following process: suppose M = T is countable. Let My = M realize
{ftp(a/A)): A Can M,a € M, f: A— M a partial elementary map }

But the above set is countable; so by downward Lowenheim-Skolem, we can get M to be countable.
We iterate this Rg-many times and take unions to get a countable, w-homogeneous elementary extension.
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2. Perform back-and-forth. Given a partial elementary map M — N, say
f{a,...,am} =N

We wish to extend it to a € M. Let (by,...,bmy,b) € N™ ! realize tp(ay, ..., am,a) = p(x1,...,2Tn,Y).
(Such a realization exists by assumption.) So tp(b,...,bn) =tp(as,...,am) =tp(f(a1,..., f9a,)) as
f is a partial elementary map. If we define g: {b1,...,b, } = N by g(b;) = f(a;), then this a partial
elementary map from N to . As N is w-homogeneous, we have that g extends to an automorphism
g: N — N. Then
tp(ala sy Gmy, a’) = tp(blv ) bmab)
= tp(f(a/l)a ERRE) f(a‘m)’g(b))

i.e. f extends to a partial elementary map on {ay,...,am,a} by a — g(b).
O Remark 121

Theorem 122 (Vaught’s 2-cardinal theorem). Suppose T is complete and countable. If T has a vaughtian
pair, then it has an N1-sized model with a countable infinite definable set.

Proof.
Claim 123. T has a vaughtian pair where M and N are countable.

Proof. Suppose M < N with ¢(z) is a vaughtian pair. Define L(P) = LU{ P } where P is a unary predicate
symbol. View (N, M) as an L(P)-structure where P is interpreted as M. The facts

e M is the universe of M < N.
e M#AN

e (M) is infinite

o p(M) = p(N)

are part of the L(P)-theory of (N, M). Applying downward Léwenheim-Skolem, we get (No, My) < (N, M)
with Ny and My countable. We then have that My < AN is a vaughtian pair for T with ¢(z).
OO Claim 123

Claim 124. T has a countable vaughtian pair with M =2 N and M and N are w-homogeneous.

Proof. By the previous claim, we have My < Ny a countable vaughtian pair with ¢(x). We work in L(P),
the language of pairs. Let (No, Mp) =< (N, M{)) be countable such that every n-type (over @) realized by Np
is realized by M(. We do this by taking

¥ = Th(Ny, Mo)n, U {p(c(lp), o P p(ay, . w,) € Sn(0) realized in Ny } U {P(cgp)) call ¢}

i
where the cz(-p) are new constant symbols. Then ¥ is consistent since if ¥ (1, ..., 2,) € tp°(a1,...,a,) with
ai,...,an € No, then 31 ... 2,0 (21, ..., 2,) is in the theory. So there are by, ..., b, € My realizing ¢. Then

A= <N07M0,b1,...7bn) ): Th(NO,M())NO U {w(ch...,cn)}

(Of course, one needs to check that this generalizes to taking finitely many formulae.) Furthermore, we can
make (N, M) countable since N only realizes countably many types (since Ny is countable).

Now let (M, M{) = (N1, M) also be countable such that N; and M; are w-homogeneous as L-structures.
We saw how to do this for N} and My, separately; we then just add Th(N, M{) to the set of sentences we
wish to realize. (Asin 5.5.3 (a).)
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We now iterate Np-many times:
(No, Mo) = (NG, Mp) = (N1, My) = (V] M{) X (N2, M) < ...

Let (N, M) be the union of this elementary chain. Then (N, M) = (Mg, My), so in particular (N, M) is a
vaughtian pair with ¢(z). We also have that (M, M) is countable. To see that A and M are w-homogeneous,
we refer to the non-primed stages:

M= M,
i<w

N=UN
i<w

and thus both are w-homogeneous as the union of w-homogeneous structures. Finally, since M < A, we have
that N realizes every type that M does; conversely, since

M= M
i<w
we have that M realizes every type that A/ does. So, by 5.5.3 (b), we have M = N. O Claim 124

Let M < N and ¢ be as in the claim. We build a chain
Mo I My I My =L

of length N; such that for all @ < Xy, we have (Mq41, M,) = (N, M). We let My = M and M; = N.
Having produced M,,, we are then given f,: M — M, an isomorphism (since M = N); we then extend

MLMQ

F ﬁ

N fa+1 Ma+1

If A < Ny is a limit ordinal, we let

My = M.

a<A

But M is w-homogeneous; so each M, is as well for each a < A, and M is w-homogeneous and countable.
Also, since M, = M, we have that M, realizes the same types as M. So M realizes the same types that
M realizes. So, by 5.5.3 (b), we have an isomorphism fy: M — M,.

Having constructed the above chain, let

M= |J M,

a<Np

Then M is of cardinality X; since M, < Mgy (since every (May1, My) = (N, M)). Well, o(N) = p(M)
since we started with a vaughtian pair. Then, again since (M1, My) = (N, M), we have

P(Ma) = p(Maq1)
Pp(My) = (M) for any a < A

where ) is a limit ordinal. So ¢(M) = p(M,) is countable, as M is countable, and infinite as it forms a
vaughtian pair. 0 Theorem 122

Corollary 125 (5.5.4). Suppose T is countable and complete. If T is categorical in some uncountable
cardinality, then T has no vaughtian pair.
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Proof. Suppose k > Xy and T is k-categorical. By the downward Morley’s theorem, we have that T is
N;-categorical. So there is only one model of T of size Xy, say M, and it is Ny-saturated. Then, by saturation,
we have that every infinite definable set in M is of size 8;. Then, by Vaught’s 2-cardinal theorem, we have
that T has no vaughtian pair. O Corollary 125

Corollary 126 (5.5.5). Suppose T is countable and complete. Suppose T is categorical in an uncountable
cardinal. Then every model of T over any infinite definable set is prime. More precisely, suppose M =T,
AC M, and p(x) is an L(A)-formula has ¢(M) is infinite. Then M is prime over o(M) U A.

Proof. By 5.3.3, there is My < M such that AU (M) C M, that is a prime extension. But then
©(Mp) = p(M) N My = p(M). (We use that A C My.) So My < M with ¢ form a vaughtian pair unless
My = M. So M is prime over p(M) U A. O Corollary 126

Remark 127. The proof used w-stability to get a prime model, and then the fact that there are no vaughtian
pairs to get that it was M. The proof then shows that it is the unigue prime model over (M) U A.

Remark 128. Prime models are unique only up to isomorphism. i.e. it is possible in general for there to be
A C M and M < N with M # N both prime over A. In some examples, this doesn’t happen:

e In ACFy, the prime model over A C K is Q(A)%.
e In VSp, the prime model over A C V is spanp(A).
Definition 129. Suppose M is an L-structure; suppose A C M.
e An L(A)-formula ¢(z) is algebraic if (M) is finite.
e We say a € M is algebraic over A if it realizes an algebraic formula over A.
e We set acl(A) = {a € M : a is algebraic over A }.
o We say A is algebraically closed if A = acl(A).
Remark 130.

e These notions seem to depend on M, but in fact the notion is preserved if you pass to N' = M; i.e.
acla (A) = acly(A) for all N = M.

e |acl(4)| < |L| + |A] + No.
FEzxzample 131.

1. Suppose K |= ACF with L = {0,1,+,—, x }. Suppose A C K. Then acl(A4) = F(A)*# where

Fe Q char(K)=0
- |F, char(K)=p

2. Suppose V = VSp with L = {0,+}U{A;: f € F}. Suppose A C V. Then acl(A) = spanp(A).
3. Let L = 0; let X be an infinite set; take A C X. Then acl(4) = A.
Definition 132. A type p(z) € S1(A) is algebraic if it contains an algebraic formula.

Lemma 133. If o(z) € p(z) € S(A) is algebraic with |o(M)| minimal over all formulae in p(z), then p(x)
isolates p(x).

Proof. Take (x) € p(z). Then o(z)Ay(z) € p(x); so |p(M)| = |(eAY)(M)| by minimality. So (pAY)(M) =
(M), and (M) C Y(M). So M = Va(p(z) = ¥(x)). So p(x) isolates p(x). 0 Lemma 133

Definition 134. If p(x) is an algebraic type and ¢(z) € p(z) is algebraic such that |p(M)| is minimal, then
we call [p(M)]| the degree of p(x).
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Corollary 135. Suppose p(z) € S1(A) is algebraic. Then |p(N)| = deg(p) for any N' = M.
Proof. p(x) is isolated by some ¢(z); so p(N) = ¢(N) for all N' > M; so deg(p) = |e(M)] = |p(N)].
O Corollary 135
Remark 136. If p(N\) is finite in all A" > M, then p(x) is algebraic.
Proof. Suppose p(z) is not algebraic. Then each ¢(z) € p(x) has ¢(M) infinite. So
Th(Mu)U{e(en) :n<w,p(x) €plx) }U{c, #emin<m<w}
is consistent by compactness and because no formula in p(z) is algebraic. So there is A/ a model of this

theory; then ' = M and p(N) is infinite. O Remark 136

Lemma 137 (5.6.2). Suppose M is an L-structure; suppose A C M. Suppose p € S1(A) is non-algebraic
and B 2 A. Then there is a non-algebraic extension of p(x) to S(B).

Proof. Let
q(z) = p(x) U{9(x) : ¥(x) an algebraic L(B)-formula }

If g(x) were not finitely satisfiable in M, then for some ¢(x) € p(z) we have M = Va(po(x) — ¢(z))
an algebraic L(B)-formula, and ¢(z) is algebraic, a contradiction. Extend ¢(x) to q(z) € S1(B); this is
non-algebraic because it contains the negation of every algebraic L(B)-formula. 0 Lemma 137

Lemma 138 (5.6.4). Every partial elementary bijection f: A — B extends to a partial elementary bijection
f: acl(A) — acl(B).

Proof. Suppose a € acl(A). Then tp(a/A) is algebraic; so f(tp(a/A)) is algebraic, and hence isolated. So it
has a realization in acl(B); we can then extend f by mapping a to said realization. Similarly, we can extend
f to hit any given b € acl(B) by something in acl(A) using f~!. Let f: A’ — B’ be a maximal (with respect
to the domain) partial elementary bijection extending f with A’ C acl(A) and B’ C acl(B). Then by the
above arguments, we get A’ = acl(A) and B’ = acl(B). O Lemma 138

We can view acl as a closure operator acl: P(M) — P(M). Properties:
o acl is reflexive: A C acl(4).

e acl has finite character:

acl(A) = U acl(A’)

A'CrinA

since any algebraic formula uses only finitely many parameters from A.

e acl is transitive: acl(acl(A)) = acl(4).

Proof. Suppose ¢ € acl{by,...,b, } with b; € acl(A). We wish to show ¢ € acl(4). Let o(x,y1,...,Yn)
be an L-formula such that ¢(x,by,...,b,) witnesses ¢ € acl{by,...,b, }. Let ¢;(y;) be an algebraic
L(A)-formula witnessing b; € acl(A). Let

i=1

where k = |p(M, b1,...,b,)|. Then 6(x) holds of ¢, witnessed by y; = b; and 6(x) is over A and is
algebraic. So ¢ € acl(4). O
We can extend the notion of acl to n-space:

Definition 139. We say ¢(z1,...,x,) is algebraic if o(M) C M™ is finite. We say a = (a1,...,a,) € M™
is algebraic over A C M if it realizes an algebraic formula. We write a € acl(A). (Note that this is a slight
abuse of notation, as a € M"™ and acl(A) C M.)

Ezercise 140. a € acl(A) if and only if each a; € acl(A).

So we can talk about algebraic n-types, etc.
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3.1 Strong minimality

Definition 141. Suppose T is a complete theory. Suppose M = T and ¢(z) is an L(M)-formula (with
x = (z1,...,2,)). The definable set @(M) is minimal in M if p(z) is non-algebraic and for every other
L(M)-formula ¢ (z) we have that one of ¢ At and ¢ A =) is algebraic. i.e. every definable subset of (M) is
finite or cofinite.

Definition 142. The L(M)-formula (z) is strongly minimal if for every elementary extension N = M, we
have that ¢(N) is minimal in A. In this case we also say that o(M) is strongly minimal.

Definition 143. The theory T is strongly minimal if and only if the formula “z = 2” is strongly minimal in
some M = T. i.e. The universe M is strongly minimal. (i.e. N is minimal for all N' = M).

Ezxzample 144.
e The theory of infinite sets in L = ) is strongly minimal.
e If F'is a field, then VSp is strongly minimal.
e If p is prime or 0, then ACF,, is strongly minimal. (Note that if K = ACF,, then K? is not minimal.)

e Suppose K = ACF, where p is prime or 0. Suppose C is an irreducible algebraic curve. Then C' is
strongly minimal. e.g. Say C = {(z,y) € K?: y = ax + b} with a # 0. Consider C — K given by
(z,y) — x; this is a definable bijection (i.e. a bijection whose graph is definable).

Ezercise 145. Strong minimality is preserved under definable bijections.

Proposition 146. Suppose T is complete and totally transcendental. Suppose M |=T. Then every definable
set in M has a minimal definable subset.

Proof. If ¢(M) is not minimal, then it can be split into two infinite, disjoint, definable subsets pq(M) and
©1(M). If neither of these is minimal, iterate. Since T is totally transcendental, we have that this process
stops; i.e. there is a minimal definable subset. 0 Proposition 146

Remark 147. Write ¢(x) as ¢(z,a) where ¢(z,y) is an L-formula and a = (a1, ..., an). Whether ¢(z,a) is
strongly minimal depends only on tp(a) € S,,(T). i.e. If N =T and b € N™ with tp(b) = tp(a), then ¢(z,b)
is strongly minimal if ¢(x, a) is. In particular, if m = 0, then strong minimality depends only on ¢.

Proof. o(x,a) is strongly minimal if and only if for any L-formula ¢(z, z) (where z = (21, ..., 2¢)), we have
that the set of L(a)-formulae

Sy (2) = {37 Fa(p(z,a) Av(x, 2)) N3 Fa(p(z,a) A~P(z,2)) - k €N}

has no realization in any N = M.
Aside 148. ¢(M) is minimal if and only if for all ¢, we have X, is not realized in M.

But this holds if and only if ¥, (%) is not finitely satisfiable in M for any 1; i.e. for every 1 there is some
ky such that, if

Oy (y) = V(35 a(p(z,y) A(z,2)) v I (p(z,y) Az, 2)))

then M |= 6y (a). Then ¢(z,a) is strongly minimal if and only if M |= 6,(a) for all ¢; i.e. if and only if
0y (y) € tp(a) for all . O Remark 147

Lemma 149. If M is w-saturated, then minimal in M implies strongly minimal.

Proof. Suppose ¢(z, a) is not strongly minimal; then there is some 9 (x, z) such that ¥, (2) is realized in some
N = M. So ¥y(z) is a partial l-type over a. So ¥y (z) is realized in M by w-saturation. So, by Aside 148,
we have that ¢(M) is not minimal. O Lemma 149

Assignment 3. Due Monday November 16. Do 5.2.5, 3.3.1 (prove random graph has quantifier elimination
and is complete) + 5.5.3, 5.6.1, 5.7.3, 5.7.4.
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Definition 150. We say T eliminates 3°x quantifier if for every L-formula ¢(z,y) where y = (y1,...,Yn)
there is a bound N, > 1 such that for any M =T and any a € M", we have that ¢(M,a) is either of size
< N, or is infinite.

The point is that for every ¢ there is a formula 9 (y) such that for any M |= T and any a € M™, we have
M E¢Y(a) < ¢(M,a) is infinite

Thus T = Vy(¥(y) < 3%°z(p(z,y))). In particular, we take 1(y) to be

dxq . S TN,+1 /\(xz # xj) A Sp(xl)
i#£j

Lemma 151. If T has no vaughtian pair then T eliminates 3.

Proof. Fix ¢(z,y). Suppose T does not eliminate 3*°zp(z,y). Let L* = LU{ P,c} where P is a unary
predicate symbol and ¢ = (¢, ...,c,) are new constant symbols with n = |y|. Let

T* =T U{“P is an elementary L-substructure” } U {Vz(p(z,c) = P(x))}U{P(¢;):i€{1,...,n}}

Note that except for the possibility that ¢(x,c) is algebraic, we have that T* is the theory of a vaughtian
pair for T. To actually get a vaughtian pair, we use the theory

S=T*U{3Z*zp(z,c): ke N}
Claim 152. S is consistent.

Proof. We use compactness. For any k there is a model M |= T with a € M™ such that (M, a) is finite
of size > k. (Since T does not eliminate 3°z(¢(z,y)).) Pick N' > M. Since p(z,a) is algebraic, we
have that ¢(N,a) € M. So (N, M,a) = T* U{3Z*z¢(z,c) }. By compactness, we have S is consistent.

O Claim 152

Then any model of S is a vaughtian pair. 0 Lemma 151

Lemma 153. Suppose T is a complete theory that eliminates 3%°x. Suppose M =T and ¢ is an L(M)-
formula with (M) minimal. Then p(z) is strongly minimal.

Proof. If p(x) were not strongly minimal, then in some N > M there is some ¥ (z, z) and some b € N*
(where ¢ = |z|) such that p(N) A (N, b) and p(N) A —(N,b) are infinite. Then

N E 3%z (p(x) Ap(x, b)) AI=®z(0(x) A —p(x, b))
Since T eliminates 3°x, this can be expressed as a first-order statement. So

Iz (p(x) N (2, 2)) A 3= a(p(z, Ap(z, 2)))
is realized in M. So ¢(M) is not minimal in M. O Lemma 153
Exercise 154. If T' eliminates 3°°x for x a single variable then it eliminates 3°*°x for x an n-tuple of variables.

Corollary 155. Suppose T is countable, complete, and uncountably categorical. Then every definable set (in
any model) contains a strongly minimal definable set.

Proof. Fix M |= T; suppose X C M™ is definable. By total transcendentality we have that X contains
a minimal definable set Y. Since T has no vaughtian pair, we have that Y is strongly minimal.
O Corollary 155

Lemma 156. Suppose M is an L-structure; suppose @(x) is an L(M)-formula where x = (x1,...,2,). Then
©(M) is minimal if and only if there is a unique p(x) € Sy, (M) that is non-algebraic and contains ¢(z).
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Proof.

(=) Let
p(z) = {¢¥(x) : Y(x) is an L(M)-formula such that ¢ A =) is algebraic }
Then p(x) is complete since (M) is minimal, and p(x) is non-algebraic since ¢(x) is non-algebraic.
Furthermore, p(x) is clearly the unique such type.

(<) Suppose ¢(M) is not minimal, witnessed by ¢ A ¢ and ¢ A =) both non-algebraic. Let

pi(x) ={@ A }U{—0:0 an algebraic L(M)-formula }
po(x) ={@ A} U{—0:60 an algebraic L(M)-formula }

Then these are distinct partial types (check), and any completion is non-algebraic and contains .
0 Lemma 156

We view this as saying that ¢(x) has a unique “generic” extension.

Corollary 157. Suppose p(x) € S, (A) is strongly minimal. Then for any N = M and any AC BC N, we
have that p(x) has a unique non-algebraic extension to B.

Proof. Existence is by 5.6.2 (does not use strong minimality). Suppose ¢1(z), g2(x) € S, (B) are non-algebraic
types extending p(z). Let ¢(z) € p(z) be strongly minimal. So ¢(N) is minimal. Let ¢1(x) C q1(x) € Sp(N)
be non-algebraic; let ¢2(z) C ¢2(z) € S,(N) be non-algebraic (again by 5.6.2). Now ¢ € ¢; N ¢3. So, by
lemma applied to ¢(NN), we have ¢1 = ¢2. So ¢1 = go. O Corollary 157

Definition 158. We say a type p(x) is strongly minimal if it is non-algebraic and and contains a strongly
minimal formula.

Corollary 159 (5.7.4). Suppose M is an L-structure with A C M. Suppose p(x) € S,(A) is strongly
minimal; suppose m > 0. Then there is a unique type over A of an m-tuple (ai,...,ay) of realizations of
p(x) with a; ¢ acl(Aay ...a;—1) foralli e {1,...,m}. (i.e. if (b1,...,bm) = p(x) with b; ¢ acl(Aby...b;—;),
then tp(ay ...am/A) =tp(by...byn/A).)

Recall that an n-tuple is in acl(B) if every coordinate is.

Remark 160. Since p(x) is strongly minimal, we have that there always exist such m-tuples. (We call such an
m-tuple an m-tuple of acl-independent realizations of p(x).) Indeed, take a; |= p(x) such that a; ¢ acl(A).
Extend p(z) to a non-algebraic type over Aay; let ay realize it. Then as = p(z) and ay ¢ acl(Aay).

Proof of Corollary 159. Induction on m. The case m = 1 is simply because p(z) is complete. Suppose then
that m > 1. Suppose (b1,...,by) and (ai,...,a,) are acl-independent sequences of realizations of p(z).
By the induction hypothesis we have tp(by ...bpm—1/A) =tp(ai...am-1/A). Let f: AU{b1,..., b1} —
AU{ai,...,am—1} be given by f(b;) = a; and f | A = id; then f is a partial elementary map. Let
q(z) = f(tp(bm/Aby .. .by—1); then g(x) is non-algebraic since b, ¢ acl(Ab;...b,—1) and f is a partial
elementary map. Note that as f [ A = id, we have that b,, and a,, both realize p(z). Then ¢(x) and
tp(am/Aay . ..am—1) are both non-algebraic extensions of p(z) to AU{as,...,am—1 }; so, by the last corollary,
we have

Fp(bm/Aby .. bm—1)) = q(x) = tp(am/Aay .. .am—1)

So we can extend f to a partial elementary map taking b,, to a,,. So tp(b;...b,/A) = tp(ay ...am/A).
O Corollary 159

Definition 161. A pregeometry or matroid is a set X together with a function cl: P(X) — P(X) satisfying
Reflexivity A C cl(4)
Transitivity cl(cl(A4)) = cl(A4)
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Finite character

d(d) = |J a)

A'CrinA
Steinitz exchange If a € cl(Ab) \ cl(A) then b € cl(Aa).
Ezxzample 162.
e If X is any set, we can set cl(A) = A.
e If Fis a field and V is a vector space over F', we can set cl(A) = spang(A).
e If K is an algebraically closed field, we can set cl(A) = F(A)e.
In every pregeometry there is a notion of independence:

Definition 163. Suppose (X, cl) is a pregeometry; suppose A C X. We say C C X is an independent set
over A if for all ¢ € C' we have ¢ ¢ cl(AU (C'\ {c})).

Fact 164. Suppose (X,cl) is a pregeometry and A C X.

1. C C X is independent over A if and only if given any enumeration C = {cq : a < £} and any a < Kk
we have ¢q ¢ cl(AU{cs: B8 <al).

2. If C C X and D C X are both mazimal independent sets over A, then |C| = |D|.
3. C C X is mazximally independent over A if and only if C is independent over A and cl(C) = X.
Proof. The usual proof in linear algebra for span works in pregeometries. [0 Fact 164

Definition 165. We call a maximally independent set C C X over A a basis for X over A; we set
dim(X) = |C].

Theorem 166 (5.7.5). Suppose T is a complete theory, p(x) an L-formula with © = (x1,...,2,), and
M ET. Suppose p(z) is strongly minimal. Then

cl: P(p(M)) = P(p(M))
A~ acl(A) Np(M)

is a pregeometry on p(M).
Remark 167. If n > 1 and A C M"™, we set
acl(A) = acl({a € M : a is a co-ordinate of some n-tuple in A })

and we write (c1,...,cp,) € acl(A) € M to mean every ¢; € acl(A).

Proof of Theorem 166. We have proved the first three axioms for (M, acl); they then follow easily for
(p(M),cl). Tt remains to show exchange. Suppose a,b € p(M) and A C p(M). Suppose b ¢ acl(Aa) and
a ¢ acl(A). It remains to show that a ¢ acl(Ab). Let p(z) € S,,(A) be the (unique by 5.7.3) non-algebraic
type containing ¢(x). Then a | p(z) since tp(a/A) is non-algebraic and contains ¢(x). Also b = p(x)
and b ¢ acl(Aa); so (a,b) is an independent pair of realizations of p(x). So its type over A is completely
determined by b ¢ acl(Aa) and a ¢ acl(A).

Now, let N' = M such that p(NV). (Possible since p(z) is non-algebraic.) Let q(z) € S,,(Ap(N)) be the
unique non-algebraic extension of p(x). Let K = N have a realization o’ of g(x). Now, for all a’ € p(N), we
have that

tp(a/> b//A) = tp(a,b/A)

nd a’ ¢ acl(A). In particular, fixing a’ € p(N), we have that every element

since (a’,b") satisfies b’ ¢ acl(Aa’) a
"¢ acl(AV'). So a ¢ acl(Ab). O Theorem 166

of p(N) realizes tp(a’/AY'); so a
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We thus get notions of independence, basis, and dimension; we use the notation acl-dim, (M) = dim(p(M))
in the sense of the above pregeometry.

This extends to parameters simply by working in L(A). We use the notation acl-dim,(M/A) =
acl-dim, (M 4). Note that the closure operator is now cl(B) = acl(B U A) N ¢(M).

Lemma 168 (5.7.6). Suppose M, N are L-structures with A C M and A C N with My = Na. Let o(x) be
an A-definable strongly minimal formula (with x is a single variable). Then there exists a bijective partial
elementary map f: AU p(M) — AU @(N) such that f | A =id if and only if dim,(M/A) = dim, (N /A).
(Such a map is called a partial elementary map over A.)

Remark 169. If ¢ is x = z, i.e. we are in a strongly minimal theory, then this says that models are determined
by dimension.

Proof of Lemma 168.
(=) The property of being an acl-basis is preserved by bijective partial elementary maps.

(<) Let U C p(M) and V C p(N) be acl-bases over A of ¢(M) and @(N), respectively. Let f: AUU —
AUV be any bijection with f | A = id. (Note that ANU = ANV = {, so this is possible.)
5.7.4 then says that each distinct m-tuple from U has the same type over A as its image under
f. Suppose ai,...,a, € U. Then tp(a;...an,/A) says only that a1 ¢ acl(4), az ¢ acl(Aay), ...,
am ¢ acl(Aay ...am—1); i.e. f is a partial elementary map. By 5.6.4, we have that f extends to a
partial elementary map acl(AUU) — acl(AU V), and thus acl(AUU) N (M) = acl(AU V) N p(N);
ie. cl(U) — cl(V), i.e. o(M) = p(N).

O Lemma 168

Remark 170. A better formulation of the statement: there is a bijective partial elementary map f: (M) —
©(WN) in L(A) if and only if dim,(M/A) = dim, (N /A).

Cousider in particular a strongly minimal theory T'; so we have some M = T such that (M, acl) is a
pregeometry. Then acl-dim(M) is the dimension of this pregeometry. We see that models of T are determined
up to isomorphism by acl-dim.

Theorem 171 (Baldwin-Lachlan). Suppose k > Ro. Suppose T is countable and complete. Then T is
k-categorical if and only if T is w-stable and has no vaughtian pairs.

Proof.
(=) Done. (5.5.4).

(<=) T is w-stable; so it is small, and thus has a prime model My. Then My is countable. We also know
that there exists a strongly minimal L(My)-formula ¢(z) with z a single variable. Indeed, by total
transcendentality we have Mj contains a minimal definable set. Since 7" has no vaughtian pair, we have
that 3°°z is eliminated; thus minimal implies strongly minimal. Let M;, M5 be k-sized models. By
primality we may assume My = M; and Mgy < Mo.

Now, for each i € {1,2}, we have |p(M;)| = & since T has no vaughtian pairs. Let B; C ¢(M;) be an
acl-basis over My. Then acl(My U B;) = ¢(M;) for i € {1,2}. Then
k = |acl(Mo U B;]

= |My U B;| (since L is countable)

< |Mo| + | Bil

= Ng + |Bj]
So |B;| = k. So acl-dim,(M,;/My) = k. By the lemma there is a bijective partial elementary map
fio(Mq) = ©(Ms) in the language L(Mjy). We thus get a bijective partial elementary map in L:
g: Mo Up(My) = My Up(Ms) with g | My =id and g | ¢(M;) = f. Since T has no vaughtian pairs,
we have that M is prime over My U ¢(M;); then g extends to an elementary embedding My — Ma.
So Mj = g(M;) = My < My, and g(M;) contains My U p(Ms). So o(M;) C M} with M < Ma;
since T has no vaughtian pairs, we have that M}, = Ms, and g is an isomorphism.
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[0 Theorem 171

Corollary 172 (Morley’s theorem). Suppose T is countable and complete; suppose k > Wg. Then T is
k-categorical if and only if T is Nq-categorical.

Final exams: oral, individually scheduled, done before December 17.

3.2 Loose ends in strongly minimal theories

Recall that T is strongly minimal theory if “z = 2” is strongly minimal in some (equivalently, any) M | T
in this case, we have (M, acl) is a pregeometry.

Theorem 173. Suppose T is strongly minimal and complete. Then
1. T is k-categorical for any k > Vo + |L|.

2. Every infinite k is the acl-dim of some model of T'. The finite cardinals that are possible acl-dim of
models of T' form an end segment.

3. If M ET, then acl-dim(M) is infinite if and only if M is w-saturated.
4. All models of T are w-homogeneous.

Proof. We begin with a claim.

Claim 174. Suppose M =T, A C M is infinite and A = acl(A). Then A is the universe of an elementary
substructure of M.

Proof. Given an L(A)-formula ¢(z), we need to show that if (M) is non-empty, then there is a € A with
M = o(A). If p(M) is finite, then all its members are in acl(A) = A by definition of algebraic closure. If
(M) is infinite, then by strong minimality of T' we have that p(M) is cofinite, and A N (M) # 0 since A
is infinite. O Claim 174

1. Suppose & > Rg + |L|; suppose M1, Mo =T with |M;| = |Ms| = k. Let B; C M, be an acl-basis for
M;. Then k = |M;| = |acl(B;)| < |B;| + Ro + |L|. But & > Xg + |L|; so |B;| > k. But B; C M;, so
|B;| < k, and |B;| = k. So acl-dim(M;) = acl-dim(Ms) = k; so My = M. Let f: By — By be any
bijection; then this is a partial elementary map. Extend f to acl: we may take f: My — M to be a
bijective partial elementary map, which is then an isomorphism.

2. Suppose k > Ry + |L|. Let M =T be of size k. By the proof of (a) we have that acl-dim(M) = k.

Suppose Rg < k < Vg + |L|. Let M =T with |M| > Xy 4+ L. Then acl-dim(M) = |M| > &, so we can
find an acl-independent set B C M of size k. By the claim, since k > Xy, we have that acl(B) < M.
Then acl-dim((B)) = .

Suppose M = T with acl-dim(M) =n < w. Let {by,...,b, } be an acl-basis for M. Let N' = M; let
c€ N\ M. Then acl({b1,...,b, } = M), s0 {b1,...,bn,c} is acl-independent. So in (N, acl), we have
acl({b1,...,bn,c}) X N by the claim, since acl({by,...,bn,c}) 2 M, and thus is infinite. But then
acl-dim(acl({ b1,...,bp,c})) =n+ 1.

3. Suppose A C M, |A| < w, and p € S1(A). If p is algebraic, then it is realized in M as it is isolated. If
p is non-algebraic, then it is the unique non-algegraic type, so any a € M \ acl(A4) will realize it. So p
will be realized if and only if acl(A) # M. So acl-dim(M) is infinite if and only if M is w-saturated.

4. Suppose M = T, f: A — B is a partial elementary map with |A| = |B| < w. Extend f to
f: acl(A) — acl(B). Let n = acl-dim(acl(A)) = acl-dim(acl(B)). If acl(4) = M, we are done.
If acl(A) & M, then dim(M) > n; so acl(B) # M. Then if a € M \ acl(A), then p = tp(a/(A)) is
non-algebraic, so f(p) € S;(acl(B)) is non-algebraic, and is thus realized by any b € M \ acl(B) # 0;
we can then extend f by a +— b.

O Theorem 173
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3.3 Eschewing the monster model

Proposition 175. Suppose k is an infinite cardinal. Then every L-structure has a k-saturated elementary
extension.

Proof. Replacing k by kT, we may assume & is regular. Suppose M is an L-structure. We build a chain
M=MoIM; <.

of length x such that M is an elementary extension of M, in which all types over M, are realized. For
« a limit ordinal, we let

Mo = Mp
B<a
Let
N={]J M,
a<k
Then, since « is regular, we have N' = M is k-saturated. 0 Proposition 175

Remark 176. A more careful proof would show that if |M| < k, then there is an elementary extension of
M that is kT-saturated and of size 2¢. If we assume GCH, we would actually get a saturated elementary
extension. Outright saturation is useful because of its strong homogeneity properties, but we don’t wish to
assume GCH.

Theorem 177. Suppose k is an infinite cardinal. Then every L-structure has an elementary extension that
18 k-saturated and strongly k-homogeneous.

Proof. Again, we may assume k is regular. Suppose M is an L-structure; we build a chain
M=MoIM; <.

of length k where M,y is |M,|"-saturated by iterating the above proposition. At a limit ordinal «, we set

Mo = Ma
B<a
Let
N=JMa
a<k

Clearly N is k-saturated. Let f: A — N be a partial elementary map with |A| < x. By regularity we have
that A and f(A) are contained in M, for some a < k. So f: A — f(A) is a partial elementary map from
M1 to itself. We work in Mgq.

Claim 178. f extends to a partial elementary map f. whose domain and range contain M, .

Proof. Enumerate M, \ A and extend f by back-and-forth, using the fact that M,y; is |M,|T-saturated.

O Claim 178
Let N
f= U fa
a<k
Then dom(f) 2 A and Ran(f) 2 N. So f is an automorphism of A'. OO0 Theorem 177

Hereafter, by “a suffiently saturated model”, we mean a structure with sufficiently large saturation and
strong homogeneity.

Theorem 179. Suppose M is k-saturated and strongly k-homogeneous. Then

1. (k*-universality) If N = M and |N| < k, then there is an elementary embedding N' — M.
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2. Ifb,b € M and A C M with |A| < k, then tp(b/A) = tp(t//A) if and only if there is f € Auts(M)
with f(b) =b. (i.e. f is an automorphism of M with f | A=id.)

3. Suppose X C M™ is definable (over some parameter set). Suppose A C M with |A| < k. Then X is
A-definable if and only if X is Aut o(M)-invariant.

4. Suppose b e M™, AC M, and |A| < k. Then the following are equivalent:
(a) b € acl(A).
(b) tp(b/A) has finitely many realizations in M.
(c) The Auta(M)-orbit of b is finite.

5. Suppose b € M™ with A C M and |A| < k. Then the following are equivalent:

(a)
bedc(A)={V € M:{b} is A-definable}

(We say a tuple b is in dcl(A) if every component is; equivalently, if {b} is an A-definable subset
of M™.)

(b) tp(b/A) has only b as a realization in M.
(c) {b} is the Aut(M)-orbit of b.
Proof.

1. We argue by extending partial elementary maps. Then () — () is a partial elementary map N' — M
because N’ = M.

Given a partial elementary map f: A — M with A C N and |A| < &, we can extend f to any b € N by
the k-saturation of M.

If we enumerate N = {ao : @ < K} and set A, = {ap: f < o}, then the A, form a chain with
N={] A4
a<k
and |A,| < k. So we get f: N'— M an elementary embedding. (At limits, take unions.)

Note that here we didn’t use strong k-homogeneity; it sufficed to assume k-saturation.

2. (<) Clear.
(=) Iftp(b/A) = tp(b//A) then the map f: AU{b} - AU{b } given by
r xz€A
ﬂx)z{b’ r=b

is a partial elementary map. But |[AU {b}| < k. So, by strong homogeneity, we have that f
extends to an automorphism of M.

3. (=) Clear.

(<) Write X = p(M,b) for some L-formula ¢(z,2) where x = (x1,...,2,) and b = (by,...,bn)-
Let y = (y1,..-,Yn). Set

O(z,y) = {¥(x) < P(y) }U{p(@,b) A(y,b) }

Note that these are formulae over Ab. If ®(z,y) were finitely realized, then by x-saturation (since
|Ab| < k), it would be realized by d,e € M™. So tp(d/A) = tp(e/A) but d € X and e ¢ X. So, by
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(b), we have some f € Auta(M) with f(d) = e, contradicting the Aut4(M)-invariance of X. So
®(z,y) is not finitely realized in A. So there are L(A)-formulae 1, ..., such that

l
M = VaVy ( (/\ Yi(z) < wi(y)> = (p(z,b) <> o(y, b)))

But if we partition M™ into finitely many disjoint sets D1, ..., Dy depending on which ; are
realized and which are not, then this says that each D; is either contained in X or disjoint from
X. So X is a finite union of D;. But each D; is A-definable. So X is A-definable.

Note that this required both k-saturation and strong x-homogeneity.
4. (a) = (b) Clear.
(b) = (c) By (2).
(¢) = (a) Let X = {f(b) : f € Auts(M)}. Then X is finite, and hence definable, and X is

Aut 4 (M)-invariant. So, by (3), we have that X is A-definable. But b € X and X is finite; so
b € acl(A4).

5. Similar.
O Theorem 179

We sometimes say a set X is A-invariant to mean that X is Aut4(M)-invariant.

As a general convention, if T is a complete theory, by a “sufficiently saturated model”, we mean a model
U = T which is k-saturated and strongly x-homogeneous for some sufficiently large . Once such is fixed, we
have that following additional conventions:

1. All parameter sets are assumed to be in U and of cardinality < k.
2. Every type p(z) € S(A) is assumed to be over A C U with |A] < k; so all types are realized.

3. Every model N =T is assumed to be of size < x and an elementary substructure of U.

>

. We write = ¢(a) to mean U = p(a).

unless explicitly stated otherwise.

3.4 DMorley rank
Fix a complete theory T (not necessarily countable); fix a sufficiently saturated model U.

Definition 180. Suppose p(z) is a formula with parameters where © = (21, ...,2,). We recursively define,
for any ordinal «, what it means to say MR(¢) > a:

e MR(p) > 0 if ¢ is consistent.

e Given any ordinal a, we say MR(p) > o + 1 if there exist formulae 1o (z),¥1(x), ... with parameters
(not necessarily the same parameters as ) such that

— U EVe(i(z) = o(2)); Le. hild) S p(U).
— For i # j, we have U |= V(= (¢ (x) A j(x))).
— For all 4, we have MR(%);) > a.

e For § a limit ordinal, we say MR(¢) > 8 if MR(p) > « for all o < .
We now define what it means to say MR(y) = a.
e If o is inconsistent, we say MR(p) = —c0.

o If MR(p) > « for all ordinals «, we set MR(p) = oo.
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e If ¢ is consistent and MR(y) is not > « for all «, then there exists a maximal ordinal 5 such that
MR(g) > S. (To see this, note that if v is the least ordinal such that MR(¢) 2 7; by definition, we
have « is not a limit ordinal, say v = 8 + 1, and then 8 is our desired ordinal.) For this 8 we define
MR(p) = .

If X = ¢(U) for some formula ¢ then we define MR(X) = MR(y).
Remark 181. If =V (p(z) < ¢(x)), then MR(p) = MR(¢)).
Lemma 182. MR(y) = 0 if and only if ¢ is algebraic.

Proof.

(=) Suppose MR(p) = 0; then MR(y) > 0, and ¢ is consistent. On the other hand, MR(yp) = 0 implies
that MR(¢) # 1. So ¢(U) does not have infinitely many disjoint, definable subsets of Morley rank > 0;
i.e. p(U) does not have infinitely many disjoint, non-empty, definable sets. But for a € X = p(U), we
have that {a} is a non-empty, definable subset. So ¢(U) is finite. So ¢ is algebraic.

(<= ) Suppose ¢ is algebraic. Then ¢ is consistent, so MR(¢) > 0. If we had MR(p) > 1, then (/) would
have infinitely many disjoint, non-empty, definable subsets, and ¢(U/) would be infinite, a contradiction.
So MR(¢) 2 1, and MR(y) = 0.

[0 Lemma 182

Remark 183. This has to be computed in a sufficiently saturated model. (Actually X;-saturation and strong
N;-homogeneity suffices; possibly Rg works.)

Lemma 184. Suppose p(x) = ¢(x,a) where ¥(x,y) is an L-formula and a = (ay,...,a,) € U™. If
a' = tp(a), then MR(¢(z,a’)) = MR(¢¥(z,a)). i.e. MR depends only on the type of the parameters.

Proof. We show by induction on « that MR(¢(z, a)) > « implies MR(¢/(z, a’)) > «a.
e Suppose MR(¢)(z,a)) > 0; then | Jxp(z,a), and = Jzy(x,a’), so MR(¢(z,a’)) > 0.

e Suppose MR(¢(x,a)) > a + 1. Then there are 9;(x,b;) where ¢;(z, z;) are L-formulae with |z;| = |b;]
such that

- wZ(Z/L bi) c 1/J(Ua a)'
= iU, b)) N (U, by) = 0 for i # j.
Now, tp(a’) = tp(a), so @’ = f(a) for some f € Aut(Y). Then
= iU, f(bs)) S vU,a).
— By the induction hypothesis, since tp(b;) = tp(f(b;)), we have that MR(¥ (U, f(b;))) = MR(w; (U, b;)) >

a.
So MR(y(U,a’)) > a + 1.
e Limit case is easy.
O Lemma 184

Lemma 185.

1. If ¢ — ¢ then MR(p) < MR(%).

2. If MR(¢) = a for a an ordinal, then for any B < « there is a formula ¥ — ¢ such that MR(y)) = B.
Proof.
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1. Clear.

2. We apply induction on a. The case a = 0 is vacuous.

Suppose « is an ordinal with MR(p) = a + 1; suppose 8 < a + 1. Then there are (¢; : ¢ < w) implying
¢ that are pairwise inconsistent with each MR(p;) > a. If all MR(p;) > a+ 1, then MR(p) > a+1, a
contradiction. So there is some iy such that MR(¢;,) < o+ 1; then MR(¢;,) = a. If 8 = «, then ¢,
is our desired ¢. If 8 < «, the by induction hypothesis there is ¢y — ¢;, with MR(¢)) = 3. But then
1 — ¢, and we have our desired ).

The limit case is clear.
0 Lemma 185
Definition 186. We say ¢ has Morley rank if MR(yp) is an ordinal.
Corollary 187. If ¢ has Morley rank, then MR(p) < (2/F1+%0)+,

Proof. Let
O = { a ordinal : MR(¢(x)) = « for some ¥ (x) }

(This is a set by the axiom of replacement, since the collection of formulae with parameters is a set.) But

0] < (IL] +Ro)| | Se()| < 21E+%0

I<w

as the Morley rank of ¢(x,a) depends only on ¢ and the type of a.
(Note that () may have parameters from the big universal domain, so there are too many of them.)
By previous lemma, we have that O is an initial segment of an ordinal. So O is an ordinal with
|O] < 2IEHR0 S O < (2/E1HR0)* . So, for every a € O, we have a < (2F1+R0)+, O Corollary 187

Corollary 188. If T is totally transcendental then every consistent formula has Morley rank.

Proof. Suppose MR(yp) = co. Let A = (2/E14Ro)*  Then MR(p) > A + 1. In particular, there are gy — ¢
and @1 — ¢ with ¢ A ¢1 inconsistent and MR(pg) > A, MR(p1) > A. By part (a) of the previous lemma, we
may assume g A @1 < @; just enlarge ¢ to make this happen. (In particular, we can take g = @ A —7.)
But then by the previous corollary, we have MR(¢g) = MR(p;1) = co. Iterating, we build an infinite binary
tree. So T is not totally transcendental. O Corollary 188

Lemma 189. MR(p V ¢) = max{ MR(p), MR(¢) }.

Proof. Tt is easily seen that MR (¢ V 9) > max{ MR(y), MR(¢) }. For the converse, it suffices to show that if
MR(pV) > a+1, then max(MR(p), MR(¢))) > a+1. Let (0; : i < w) witness MR(p V) > a+1. For any 4,
we have 0; < (6; \p)V (0; A). By induction hypothesis, we have max(MR(6; Ay), MR(6; Av)) > a. So either
MR(0; Ap) > aor MR(6; A) > . So at least one of these cases happens infinitely often; say MR(6; Ap) > «
for infinitely many ¢. Then (6; A ¢ : i < w) witnesses that MR(¢) > « + 1. So max(MR(p), MR(¢))) > a + 1.

[0 Lemma 189

Definition 190. We say ¢ and ¢ are a-equivalent (for o an ordinal) if MR((@ A =) V (e AY)) < a. (Note
that the argument of MR here is the symmetric difference of ¢ and .)

Exercise 191. This is an equivalence relation.

Proposition 192 (6.7.4). Suppose MR(p) = a an ordinal. Then ¢ is T-equivalent to some p1 V oV ... @4
where

e MR(p;) =a for eachie{1,...,d}.
® ©V1,...,p4 are pairwise disjoint.

e Fach p;(U) does not contain two disjoint definable sets of Morley rank c.
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Moreover, d is unique, and the decomposition is unique up to a-equivalence.
This d = MD() is called the Morley degree of .

Proof. If (U) can be split into two disjoint definable subsets of Morley rank «, then do so. Iterate. If we get
an infinite tree, it must have an infinite branch; say ¢ = 1y < 91 + ... such that each ¢; has Morley rank «
and MR(t; A =t);4+1) = . But then g A —tp1, 11 A —tba, ... witness that MR(p) > a4+ 1, a contradiction.

So the tree is finite. The leaf nodes of this finite tree are the desired ¢1, ..., @q.

We now verify uniqueness of the decomposition. Suppose MR(¢) = . Suppose ¢ <> ©1 V-V @4
and ¢ < Y V.- Vb with each ¢; and ; is of Morley rank a but cannot be split into two definable
subsets of Morley rank a. Note that, for fixed i, we have ¥; <> (¢¥; A1) V-V (¢; A pq); furthermore, the
1; A\ @; are disjoint and paritition ;({f). So there is a unique 1 < j; < d such that MR(¢; A ¢;,) = @, and
MR(wZ A ng) < «a for j # j;. So

bi A=y =\ (Wi A o))
J#Ji
So MR(¢; A —j,) < . So 9, is a-equivalent to ¢;,, by a symmetric argument. Applying the same argument
to ¢j,, we see that i — j; is injective; so £ < d, and each 1); is a-equivalent to ¢;,. By symmetry, we are
done. 0 Proposition 192

Notation 193. (MR, MD)(¢) = (MR(¢), MD(p)). We order such pairs by the lexicographical ordering.

Remark 194. ¢ is strongly minimal if and only if (MR, MD)(¢) = (1,1).

Remark 195. Suppose MR(p) = « is an ordinal; suppose 1 is such that MR(p A1) = MR(p A=) = . Then
MD(¢) = MD(¢ A1) + MD(p A =1p). If, on the other hand, MR(p A =) < a, then MD(¢) = MD(p A t).

Theorem 196. T is totally transcendental if and only if every consistent formula (with parameters) has
Morley rank.

Proof.
(=) Done in Corollary 188.

(<=) Suppose T is not totally transcendental; let (y; : j € 2<“) be an infinite binary tree of consistent
formulae witnessing this.

Claim 197. If MR(ps) = « is an ordinal, then (MR, MD)(ps~;) < (MR,MD)(ps) for some i € {0,1}.

Proof. Suppose MR(p50) = MR(ps1) = a. Then MD(¢) = MD(ps0) + MD(ps1). So one of MD(p40)
and MD(ps1) is < MD(yp;). O Claim 197

If . has Morley rank, then we find an infinite properly descending sequence of («;,d;) where the o
are ordinals and d; > 1. But this is a well-ordering, a contradiction. So MR(¢.) = occ.

[0 Theorem 196

Definition 198. A definable grape (G,x) in T is a definable set G C U™ with a definable x: G x G — G
(i.e. T'(x) C U™ is definable) such that (G, x) is a grape. (Definitions here allow parameters.)

Definition 199. We say (G, x) is a totally transcendental grape if it is definable in a totally transcendental
theory.

Corollary 200. A totally transcendental grape satisfies the descending chain condition on definable subgrapes.
i.e. there does mot exist an infinite, properly descending chain of definable subgrapes.

Proof. Suppose (H, x) is a definable subgrape of (G, x).
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Claim 201. If MR(H) = MR(G), then G/H is finite and

¢
MD(G) = 3 MD(g,H)

i=1
where g1 H, ..., geH are the distinct left cosets of H.

Proof. Let g € G. Then the map H — gH given by h — gh is a definable bijection using the parameter g.
So (MR,MD)(H) = (MR, MD)(¢gH). In particular, all cosets have Morley rank MR(G). But distinct cosets
are disjoint; so we must have finitely many of them, else we would have infinitely many disjoint subsets of G
of Morley rank MR(G), a contradiction. Say the distinct cosets are g1 H, ..., g;H. Then

L
i=1

So
¢
MD(G) = 3" MD(g;H)

O Claim 201

So if (H, x) is a proper definable subgrape of (G, x), then (MR, MD)(H) < (MR, MD)(G); the descending
chain condition follows. O Corollary 200

Ezample 202. (Q,+) is totally transcendental, since (Q,+) = TFDAG, and the latter is a strongly minimal
(and hence totally transcendental) theory. On the other hand, for (Z,+), let (G, +) be a sufficiently saturated
elementary extension. Then

L>20> - >2"L > ...

is a definable descending chain that doesn’t stabilize. So
G>2G> ...

is a definable descending chain of subgrapes. So (G, +) is not totally transcendental. So Th(Z,+) is not
totally transcendental.

Definition 203. Suppose p € S,(A). We define MR(p) = min{ MR(y¢) : ¢ € p}. If MR(p) = «a is an
ordinal, then we define MD(p) = min{ MD(¢) : ¢ € p, MR(¢) = a }. If a € U", we define (MR, MD)(a/A) =
(MR, MD)(tp(a/A)).

Remark 204.
1. Algebraic types have Morley rank 0 and Morley degree equal to the number of realizations.
2. p € S, (A) is strongly minimal if and only if (MR, MD)(p) = (1,1).

Proposition 205. Suppose @(x) is an L(A)-formula. Then there is p € Sy(A) such that ¢ € p and
MR(p) = MR(¢).

Proof. Consider
O(x) ={ptU{: ¢ an L(A)-formula, MR(p A¥) < MR(p) }

Then & is finitely satisfiable since ¢ (i) cannot be contained in a finite union of definable subsets of strictly
smaller rank. Extend to a complete type p € S, (A). Then MR(p) < MR(y) by definition. If MR(p) < MR(¢p),
then there is ¢ € p with MR(¢)) = MR(p). But then ¥y A ¢ € p; so MR(¢) < MR(¥ A ) < MR(¢) =
MR(p) < MR(¢), a contradiction.

So MR(p) = MR(yp). O Proposition 205

Lemma 206 (6.4.1). Ifb € acl(Aa) then MR(b/A) < MR(a/A).
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Proof. We may assume that MR(a/A) = « is an ordinal. We prove by induction on a that MR(b/A) < a.
For the base case, suppose o = 0; then a € acl(A4) and b € acl(Aa). So b € acl(A), and MR(b/A) = 0.
Now, for the induction step, suppose « > 0; then we have ¢(z,y) € tp(a,b/A) such that p(a,U) is finite,

say of size d. We can add to ¢(x,y) so that for all o, we have |p(a’,U)| < d; we do this by replacing o(z,y)

with

p(a,y) A I=yp(a,y)
Let ¥(z) = Jy(e(x,y)) € tp(a/A). Replacing o(z,y) by ¢(z,y) A o(x) where o(x) € tp(a/A) with MR(o) =
MR(a/A), we may assume that MR(¢(z)) = MR(a/A) = a. Let x(y) = Jzp(z,y) € tp(b/A).

Claim 207. MR(x) < a.

Proof. Suppose (x;(y) : ¢ < w) are pairwise disjoint, definable subsets of x (/). Let v;(x) = Jy(p(z,y) Axi(y))-
Then each 9;(z) — ¥(x).

Subclaim 208. Some v, has MR(¢;,) = 8 < .

Proof. Suppose a’ € 1;(U) N1;j(U) where ¢ # j. Then there are by, by with ¢(a’,b1) and p(a’,bs), where
b1 € xa(d) and by € x2(U). But x;(U) N x;(U) = 0. So by # by. So any d + 1 distinct members of
{¥;(U) : i <w} has empty intersection.

Now, suppose for contradiction that MR(¢)) = « for all i < w.

Case 1. Suppose MR (11 A ¢g) < «, then MR(%o A —1)1) = «; replace ¥y by 9o A —1)1, and similarly replace
1 by 1 A .

Case 2. Suppose MR(11 A ¥y) = «; replace ¥y by g A ¢1, and drop ;.

The second case cannot happen more than d times, since o(U) A -+ - A b1 (U) = 0. Tterating this produces
an infinite family of disjoint, definable subsets of ¢)(z) of Morley rank «, contradicting our assumption that
MR(¢)) = «a. O Subclaim 208

So there is ip such that MR(¢);,(x)) = 8 < a. Let ' € x;,(U). Find a’ such that p(a’,b’). Then
b € acl(Aa’) since |p(a’,U)| < d. Then a' € 9;,(U); so MR(a’/A) < < «. Then, by the induction
hypothesis, we have MR (V' /A) < MR(a'/A) < 8 < a. By the previous proposition, we have that x;, (i) has
an element whose Morley rank over A is MR(x;,). So MR(x;,) < 8 < a.

So MR(x) < a. O Claim 207

Thus MR(b/A) < MR(x) = a = MR(a/A) since x € tp(b/A). O Lemma 206

Proposition 209. Suppose p(x) defined over B is strongly minimal. Suppose ay,...,as € (U) CU™. Then
{a1,...,a¢} are acl-independent over B if and only if MR(a1,...,as/B) =¢.
(Recall the pregeometry is given by (p(U),cl) where cl(A) = acl(AB) Np(U).)

Proof. We apply induction on /.

Case 1. Suppose ¢ = 1. Then { a } is acl-independent over B if and only if a ¢ acl(B), which holds if and only
if MR(a/B) > 1. But ¢(x) € tp(a/B) and MR(¢) = 1. So MR(a/B) < 1. So {a} is acl-independent if
and only if MR(a/B) = 1.

Case 2. Suppose ¢ > 1.

(<=) Suppose MR(a; ...a;/B) = £. Let {a1,...,an } for m < £ be an acl-basis (i.e. a maximal
acl-independent subset) of {a1,...,a;} over B. Then (aq,...,a¢) € acl(Bay ... an). So, by 6.4.1,
we have MR(ay ...a¢/B) < MR(ay ...an/B). On the other hand, we have MR(a; ...a¢/B) >
MR(ay ... an/B) since m < £. To see this, we use the following exercise:

Erercise 210. Suppose X C U"*! is a definable set and 7: U™ — U™ is a coordinate projection,
then MR(7X) < MR(X).
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We then note that if ¢ (21, ...,z¢) € tp(ay ...a¢/B), then 3z, y1 ... Jzep(z1, ..., 20) € tp(ay ... am/B),

and by the exercise, we have MR(3x 41 - .. Jzpp (21, . .., x0)) < MR(Y(21,...,2¢)); thus MR(ay ... ap/M) >
MR(a; . ..am/B).

So MR(a; ...a¢/B) = MR(ay ...amn/B). Now, if {a1,...,a; } were acl-dependent over B, then

m < £, so by the induction hypothesis we have MR(a; ...a,,/B) =m < {=MR(a; ...a;/B), a
contradiction. So {ai,...,as} is acl-independent.

(=) Suppose {a,...,ar} is acl-independent over B.
Claim 211. MR(a; ...a¢/B) > ¢.

Proof. Let by, ba,--- € o(U) \ acl(B) be distinct. Note that this exists since ¢(z) has a unique
non-algebraic extension p(z) € S, (B); we can then take the b; to be the realizations of p(z).
Suppose ¥(x1,...,2¢) € tp(ay ...ap/B). Let ¢;(z1,...,20) = P(x1,...,2¢) A (21 = b;); then 1); is
an L(Bb;)-formula. We also have ¢; — ¢ and (¢; A ;) (U) = 0 for i # j.
We now compute MR(%);). Fix i. Let ca,...,¢¢ € @(U) be such that {b;,co,...,ci} is acl-
independent over B. To see that we can do this, note that b; ¢ acl(B). Then the unique non-
algebraic type p(x) over B containing ¢(x) is strongly minimal, so it has a unique non-algebraic
extension pa(z) € Sp(Bb;). Let co |= p2(x); then co ¢ acl(Bb;), so { b, c2 } is acl-independent over
B. Now, p2(z) has a unique non-algebraic extension ps(z) € S, (Bb;cz); we proceed inductively.
Now {a1,...,ar} is also acl-independent over B and tp(bica...c//B) = tp(ay...ar/B) > .
So v; € tp(bica...ce/Bb;). So MR(¢;) > MR(bica...ce/Bb;) > MR(ca...c¢/Bb;) = £ —1 by
the induction hypothesis. So MR(«)) > ¢ for all ¢ € tp(ay...ae/B); so MR(a;...a¢/B) > {.
O Claim 211

Claim 212. MR(a; ...a¢/B) <.

Proof. By the previous claim we have MR(¢(U)?) > ¢ since MR(a; ... ay/B) > £ and (a4, ..., as) €
o(U)*. We show that MR(p(U)*) < £. Suppose otherwise; then ¢(U)* has two disjoint definable
subsets X,Y C (i)’ over B’ O B with MR(X) = £ = MR(Y). Let ¢ € X satisfy MR(c/B’) =
MR(X) > ¢; let b € Y satisfy MR(b/B’) = MR(Y) > ¢. Then by the forward direction of
this proposition, if ¢ = (¢1,...,¢¢) and b = (by,...,by), then {c1,...,¢c¢} and {by,...,bs } are
acl-independent over B’. So tp(cy ...ce/B’) =tp(by...be/B’), contradicting our assumption that
ceX,beY,and X NY = 0. So MR(p(U)*) < ¢. O Claim 212

So MR(ay ...a¢/B) = ¢.
O Proposition 209

Corollary 213 (6.4.2). If p(x) is strongly mimimal over B and ay,...,am € U), then MR(ay ...a,/B) =
acl-dim({ ay,...,a, }/B).

Proof. Let{ay,...,a;} bean acl-basis over B for { ay, ..., a,, } with £ < m. Then acl-dim({ ay,...,an, }/B) =
¢. On the other hand, MR(a1,...,a¢/B) < MR(a;...an/B) < MR(a;...a¢/B) since ai,...,a, €
acl(Bay ...ag). So MR(ay...am/B) = MR(ay...a¢/B) = ¢ by the previous proposition.

O Corollary 213

FEzxzample 214.

1. Consider the theory T of infinite sets. Suppose ay,...,a;, € U with B CU. Then MR(a; ...a,,/B) =
{a,...,am}\ Bl

2. T =VSp withvy,...,v,, € Vand B C V| then MR(v; ...v,,/B) = dimpg(v; ... v,,/B) is the relative
linear dimension.

3. If T'= ACF,, for p a prime or zero, we have MR(a1 ... a,/B) = trdeg(F(B, a1, . .., a,)/F(B)).
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4 Differential fields

All rings are commutative, have unity, and extend Q.

Definition 215. A derivation on a ring R is an additive function §: R — R (i.e. 6(a+b) = da+ 0b) satistying
the Leibniz rule:
d(ab) = adb + bda

We call (R,0,1,+, —, X,d) a differential ring. We define the constants of (R, d) to be the subring {z € R :
dz =0}. We let DFg be the theory of differential fields of characteristic 0.

Example 216. The natural examples are rings of functions:

o (Clal, )

) dz
o (C(2), i)
e The field of meromorphic functions at the origin on C with d%.

Remark 217. Modulo DFy, we have that every quantifier-free L-formula ¢(z) (with = (21,...,2,)) is
equivalent to a finite boolean combination of equations of the form

P(x,0z,...,6%z) =0
where
o dxr = (0x1,...,0x,)
o PecZXo,X1,...,Xk] with X; = (X;1,..., Xin)-

Definition 218. Suppose (K, J) is a differential field; suppose z = (z1,..., 2,) are indeterminates. We
set K{z} = K[Xo, X1,...] (with X; = (X;1,...,X;n) and where we identify Xy = z) equipped with the
derivation dz; = x;41 (extended in the canonical way to all of K[Xj,...] using additivity and the Leibniz
rule). A typical element of K{z} is of the form P(z,dz,6%2,6%z) for some k. We call K{z} the ring of
differential polynomials (sometimes abbreviated §-polynomials).

Aside 219. If (K, ) = DF,,, we have 6(aP) = pa?~'6a = 0 for all a € K; so KP are constants. But K/KP? is
a finite extension, so in some sense “most” of the elements are constants. Better to work with Hasse-Schmidt
derivations.

Differential algebraic geometry is an expansion of algebraic geometry. Given P € K{z}, we set ord(P) to
be the largest k such that 6*z appears in P; the differential polynomials of order 0 are then just ordinary
polynomials in z.

Where should we look for solutions to differential polynomial equations?

We go to existentially closed differential fields.

Definition 220. M = T is ewistentially closed if for any quantifier-free formula ¢(x) over M (with
x = (x1,...,%,)) such that ¢ has a realization in some N = T with M C AN, we have that p(x) has a
realization in M.

Example 221. Algebraically closed fields are precisely the existentially closed fields.

We work in existentially closed differential fields. By last term, a theory has existentially closed models if
it is universal-existential; so DF( has existentially closed models.
Problem: the definition of existentially closed is too unwieldy, and in particular is not first-order.

Definition 222. A differentially closed field is a differential field (K, d) such that given any P,Q € K{z}
(where z is a single variable) with ord Q < ord P, we have a € K such that P(a) =0 and Q(a) # 0.
Remark 223. This is first-order: we could say something like, for M < N,

e For all choices of coefficients (c;,,.. 4, 190+ +in, < N)

n
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e For all choices of coefficients (dj,,... j,. : jo+ -+ jn < M)
e if some ¢;,, ., # 0 with i, #0

e then there exists a such that

0= Z cio,”_’inaio ((5@)“ N (5”a)i“

toF-Fin <N

0# > djy.j,a” () .. (ma)"

]0++‘77nSM

Assignment 4. Due Monday December 7, questions 6.1.2, 6.2.2, 6.2.3, 6.4.1.

Lemma 224 (D1). Suppose (R,§) is a differential ring. Suppose P(x1,...,x,) € Rz1,...

ai,...,an € R. Then
" oP
§(P(a,...,an)) = a—ﬁaiJrP‘;(al,...,an)
= Oz
where P° is obtained from P by applying § to the coefficients.

Proof. By example. Let P = cxy € R[x,y] for ¢ € R. Then
0(P(a,b)) = 6(cab)
= d(c)ab + ¢(adb + bda)
d(c)ab + cad(b) + cbd(a)

= P%(a,b) + caa—]yj(a7 b)d(b)

OP

+ 87(017 b)é(a)

In general consider cz|"!

...z, We then apply induction on my + - -+ + my,.
Lemma 225 (D2). Suppose (R,9) is a differential integral domain. Then

1. ¢ extends uniquely to a derivation on K = Frac(R).

,Tn]; suppose

[0 Lemma 224

2. Suppose L O K 1is an extension field. Suppose ay,...,an—1 € L are algebraically independent over K;
suppose a,, € L has a, € K(ay,...,a,_1)"8. Then there is a unique derivation 6 on K(ai,...,a,)

extending § on K such that 6(a;) = a1 forie{1,...,n—1}.
3. § extends uniquely to K8,
Proof.

1. We define (a) bda — adb
5 _ Joa— aov

b b2

for any a,b € R. Check that this is a derivation on K. It is unique as this formula is obtained by the

Leibniz rule applied to d(ab™1).

2. Case 1. Suppose n = 1; we are given a € K*8, and we wish to extend ¢ to K(a). Let P(z) € K[z] be

the minimal polynomial of @ over K. Then 0 = P(a); so

_dpP
T da

by Lemma 224. But % has strictly smaller degree than P; so %(a) # 0, and

0=46(P(a)) (a)da + P°(a)

—Pi(a)

& ()

da =

This proves uniqueness; one checks that this actually defines a derivation on K (a).
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Case 2. Suppose n > 1. We set

d(an) = :
%—i(al, ceeyp)
where P is obtained as follows: let Q(x,) € K(a1,...,an_1)[zy] be the minimal polynomial of a,
over K(a1,...,an—1). Clearing denominators, we get Q" € Klas, ..., an—1][z,] with Q'(a,) = 0.
We then write Q' = P(aq,...,an_1,%,) for some P € K[z1,...,x,]; this is our desired P.

3. Tterate the n = 1 case of (2) to extend uniquely all the way to K.
O Lemma 225
Proposition 226 (D3). Any differential field extends to a differentially closed field.

Proof. Suppose (K,0) = DFy. Given P,Q € K{z} with ord(P) > ord(Q), we want an extension (F,d) D
(K, 6) with ¢ € F such that P(¢) =0 and Q(c) # 0. This will suffice by a double-chain-type argument. Take

P=f(z,0z,...,0"z2)
Q=g(z,0z,...,0M2)

where n = ord(P) > ord(Q) = m and f € K|[xg,...,x,] with z,, appearing and g € K[z, ..., Zy]| with z,,

appearing. Let a € K(xq,...,x,—1) satisty f(xg,...,2n,—1,a) = 0. (Possible because f is non-constant as an
element of K (g, ..., 2,_1)[x,], and thus has a root in K (zg,...,2,_1)*8.) Let F = K(x0,...,7n_1,a) 2 K.
Then by Lemma 225 part (2), we can extend ¢ to K(zg,...,2n_1,a) so that dzg = 21, ..., dxy_1 = a. So

0= f(zo,...,Tpn-1,0)
= f(xo,0x0,0%x0, ..., 6" T2, 8™20)
= P(xo)

0 # g(zo,x1,...,Tm)
= g(zo, dzq,...,0Mx0)

= Q(o)
So ¢ = zy € F works. O Proposition 226
Theorem 227 (D4). DCF( admits quantifier elimination.

Proof. Suppose (F;,6) = DCFy for i € {1,2}. Suppose (R, ) C (F;,0) is a differential subring of Fy and F5.
Then (R, ) extends uniquely to K = Frac(R); we may thus assume that (K, ¢) is a differential subfield of
(F;,0) forie {1,2}.

Claim 228. It suffices to prove that for any a € Fy there is an L-embedding of K (a) = K (a,da,?a,...)
(the differential field generated by a over K ) into an elementary extension of (Fz,0) over K.

Proof. Suppose 6(z) be a conjunction of literals over K; suppose a € F realizes 6(x). Then by assumption
we have an L-embedding f: (K{a),0) < (F, ) satisfying

(K (a),8) L (Fy,0)
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where (E,&) = (F3,0). Let b = f(a) € F,. Then f: K(a) — K(b) is an L-isomorphism over K with
f(6%a) = §'. Then

(F1,0) E60(a) (K{a}), ) E 0(a) (since 6 is quantifier-free and (K{a},d) C (F1,9))

(K(b),d) = 0(b) (since f is an L-isomorphism with f [ K =id and f(a) = b)
(F,6) |= 0(b)

(F.6) |= 3u6(x)

(

Fy,68) = 326(z) (since (Fy,8) = (Fy,0))

FEEL

So our more familiar criterion quantifier elimination holds. O Claim 228

Remark 229. The above can be made into a general criterion for quantifier elimination.

We verify the claimed condition for quantifier elimination.
Case 1. Suppose {a,da,5%a, ...} is algebraically independent in F; over K.
Claim 230. For each Q € K{x}\ {0}, there is b € Fy such that Q(b) # 0

Proof. By the axioms there is b such that 6°*4@+1z = 0 and Q(z) # 0. O Claim 230

Thus ®(z) = {Q(z) #0:Q € K{z},Q # 0} is finitely realized in (Fy,J).

Remark 231. Note that ,

A\ (Qi(b) #0)

i=1
holds if and only if (Q1Qs ... Q) (b) # 0.

So there is (E, 0) = (Fy,0) and b € F, such that E ®(b); i.e. {b,0b,...} is algebraically independent
over K in F5.
Case 2. Suppose {a,da,...} is algebraically dependent in F; over K. Then there is n < w such that

{a,...,0" ta} is algebraically independent over K but §"a € K (a,da,...,0" ta)8. Let f(zo,...,z,) €
K|y, ..., z,] be such that f(a,da,...,5" ta,x,) is a minimal polynomial for §"a over K (a,...,6" ta).

We then know that K(a) = K(a,...,0"a) by D2 (ii). Let

O(x) =1 flz,z,...,0") =0} U{g(z,0x,...,0mx) A0 :m <n,g#0}

Then ®(z) is finitely satisfiable in % by the axioms for DCFy. (Note that ord(g192) < max{ ord(gy), ord(g2) }.)
Hence there is some (Fy,8) = (Fy,8) and b € F, such that (Fy,8) = ®(b). Then {b,0b,...,6" b} is

algebraically independent. We then get a: K(a,...,6" ta) — K(b,...,6"'b) such that
K(a,..., 0" ta) ——*—— K(b,...,0" 1b)
and a(d'a) = §%. But f is a minimal polynomial of §"a over K(a,...,5" ta), and

a(f(a,...,0" ta,2,)) = f(b,6b,...,8" b, a,)

is a minimal polynomial of §"b over K(b,...,6" 1b). So we can extend a to a field isomorphism
o: K{a) =K(a,...,0"a) = K(b, J”b) <b>suchthata'(dia)zéibforignanda'[KzidK.
So o is an isomorphism of dlfferentlal fields. So we have o/: K{a) — K(b) C (1?;, ). So we have
proven our criterion.
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O Theorem 227
Theorem 232 (D5). DCFy is complete.

Proof. (Z,0) embeds in every differential field, since 1 = 1-1, so §(1) = 1-6(1) + (1) -1 = 26(1). So
§(1) =0, and &(n) = 0 for all n € Z. But DCF( admits quantifier elimination; so any statement is equivalent
to a quantifier-free statement, which can then be decided in the image of (Z,0). So DCFy is complete.

[0 Theorem 232

Theorem 233 (D6). DCFy is the theory of existentially closed differential fields.
Proof.

(<= Suppose (F}0) is existentially closed. By D3 we can extend (F, ) to (F,0) = DCFy. But (F,4) is
existentially closed, and (F,d) C (F,0); so (F,0) = DCFy since DCFy is universal-existential. (By
checking axioms and using the fact that (F,J) is existentially closed.)

(=) Suppose (F, ) = DCFy. Suppose §(z) is quantifier-free over F with (F,d) C (Fy,d) with 6(z) realized
by a € Fy. Then _
(F,0) C (F1,6) C (F,d) = DCFy
with (F,d) E DCFy. By quantifier elimination, we have (F,d) = (Eﬁ). But Fy = Jz6(zx); so
F = 3z0(x). So (F,0) is existentially closed.

O Theorem 233
Theorem 234 (D7). DCFy is w-stable.

Proof. Suppose (K,d) = DCFy with A C K countable. We wish to show that S1(A) is countable. Let
F = Q(A) be the differential field generated by A over Q; then F = Q({da:i <w,a € A}). Then |F| = N,.
It suffices to show that S;(F) is countable.

Let (K,6) = (K,d) be Ny-saturated. Then S;(F) = {tp(a/F) : a € K }. By quantifier elimination, we
have that qftp(¢/F) & tp(a/F) for any a € K. But qftp(a/F) = aftpp ..., (a; Sa,8%a, ... /F). So it suffices to
count { aftp ., (a,da,.../F):a€ K}.

Given a € K, let

the least n < w such that 6"a € F(a,...,6" *a) such n exists

n(a/F) = {

w else

If n(a/F) =n < w then set P,/p € Flxo,...,x,] such that P, ,p(a,..., §"~'a,x,) is the miimal polynomial
of 6"a over F(a,...,6" 'a).

Suppose b € K.
Claim 235. Suppose n(a/F) = n(b/F) = n < w and Pyyr = Pyyp. Then qftpy,, (a,0a,.../F) =
aftpp,,, (6,6, .. /F).
Proof. Note that {a,...,8" *a} and {b1,...,6" 1b} are both algebraically independent over F. So we have
a field isomorphism f: F(a,...,0" ta) — F(b,6b,..., 6" 1b) such that f(6'a) = §'b and f | F = idr. Then

f(minimal polynomial of §"a over F(a,...,6" 'a)) = f(Parp(a,..., 6" ta,x,))
= P,/p(b,0b,...,6" b, x,)
=Pyr(b,...,6" b, 2,)
= minimal polynomial of 6"b over F(b,...,6" 'b)
Thus we can extend to a field isomorphism f: F(a,...,0"a) — F(b,...,d"b) with f(6"a) = é™b. But

by D2 (ii), we have F(a,...,0"a) = F(a,da,...) and F(b,...,6"b) = F(b,db,...). So f witnesses
aftpp,,., (@ 0a,... /F) =aftpr (b,6b,.../F). O Claim 235
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Claim 236. Suppose n(a/F)=n(b/F)=w. Then qftp, (a,da,.../F)=qaftp,  (b,db,.../F).

Proof. Note that { a,da, ...} and {b,db, ...} are both algebraically independent over F. So f: F(a,da,...) —
F(b,8b,...) givenby f | F =idr and f(6°a) = §'b is an isomorphism witnessing that aftpr,,,, (@, 0a,... /F) =
dftpy,, (b,0b,... /F). O Claim 236

So [S1(F)| < H{ (na/p, Payr) : a € K}|. But ng/r € N and P,/p € Flxo,...,2,]; so [S1(F)| < No.
0 Theorem 234

So DCFy is totally transcendental; so the Morley rank of every definable is ordinal-valued.
We work in a sufficiently saturated (K,¢) = DCFy. Let C = {z € K : dx = 0} be the field of constants;
then C is a definable subset of K.

Claim 237. C is algebraically closed.

Proof. By the axioms K is algebraically closed. Suppose a € K with a € C*8. Let P(z) be the minimal
polynomial of a over C. Then §(P(a)) = 0. So
dp

@(a)éa + P°(a) =0

But P°(a) =0, and 9£(a) # 0. So da =0, and a € C. O Claim 237
Claim 238. MR(C) = 1; in fact, C is a strongly minimal definable set in (K, J).

Proof. Suppose 0(x) is a quantifier-free L-formula such that 8(K) C C. Replace all occurrences of dx in 6(x)
by 0; we then get 0(z) <> p(x) A (6 = 0) where ¢(z) is a quantifier-free Lging-formula. So ¢(K) is finite or
cofinite in K. So 8(K) = p(K) N C is finite or cofinite. O Claim 238

Claim 239. Let C,, = {xz € K : 6"z =0}, then C,, is a subgrape of K. Then MR(C,) = n.

Sketch. C,, is actually closed under multiplication by constants; i.e. C,, is a C-vector subspace of K. But by
the theory of linear differential equations, we have that every homogeneous linear differential equation of
order n has a fundamental system of solutions ey, ..., e, that are C-linearly independent and such that every
other solution is a C-linear combination of these. So dim¢(C,,) = n.

Then the map C,, — C™ given by aje; + - -+ ane, — (a1,...,a,) is a vector space isomorphism definable
in (K,d) between sets in (K,d) definable over {ey,...,e, }. But Morley rank is preserved by definable
bijection, and the Morley rank of a product is the sum of the Morley ranks. So MR(C,,) = MR(C") = n.

O Claim 239
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