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Lecture 5: January 17, 2018

Roots vs. Fixed Points:

Example 5.4: f(x) = x2 − x− 2 = (x− 2)(x+ 1), roots x = −1, 2. To find fixed points, we need to solve
f(x) = x− 2− x = x =⇒ x2 − 2x− 2 = 0. Graphically, it’s usually where f(x) intersects with y = x.

Remark 5.5: We want roots of f(x) to be the fixed points of another function g(x). So x = x2 − 2, let
g(x) = x2 − 2, get f(x) = 0 =⇒ x2 − x− 2 = 0. Add x to both sides.

Newton’s Iteration 5.6: Suppose f(x) is continuous with finite derivatives f ′(x), f ′′(x). Then

f(x∗) = f(x0)+f
′(x)(x∗−x0)+O((x∗−x0)2) (obtained by Taylor expansion approximation for x∗ near x0).

This is the linear approximation where (x∗−x0)→ 0. We can say f(x∗) ≈ f(x0)+ f ′(x)(x∗−x0). We want
to find x∗ such that f(x∗) = 0. That is,

f(x0) + f ′(x0)(x
∗ − x0) ≈ 0 =⇒ x∗ ≈ −f(x0)

f ′(x0)
+ x0. (?)

Remark 5.7: We ignored higher order terms O((x∗ − x0)2). Note that (?) will not give us x∗ in the first
step. We get an estimation x1 of the root from (?). That is,

x1 =
−f(x0)
f ′(x0)

+ x0.

Repeated application gives xk+1 = xk − f(xk)
f ′(xk)

.

Remark 5.8: (Graph description)

23



Remark 5.9: Newton’s method doesn’t always converge. We have 3 problematic cases.

Runaway:

Flat spot:

Cycle:

Newton’s Iteration Algorithm 5.10:

Input: f(x), f ′(x), x0, ε,tol.

Output: xk.

for k = 0, 1, 2, . . . do // until tolerance (tol) or max iteration

if
∣∣f ′(xk)∣∣ ≤ ε then
throw exception

end

xk+1 = xk − f(xk)
f ′(xk)

if |xk − xk| < tol then
quit

end

end

24



Approximate Derivatives 5.11: In many cases we may not be able to compute f ′(x) exactly. eg. f(x)
may be a complex function or we may not know how f(x) is computed (we may not have the source code).
However, we can approximate f(x) numerically.

f ′(xk) ≈
f(xk + h)− f(xk)

h
, choose small h.

This is called the forward difference which requires twice as many function evaluations/iterations. For double
precision, reasonable h is in the order of 10−6, 10−9 ∼ h. We do not want to get too close to 10−15or10−16

to avoid cancellation. Hence we can usually be safe when choosing h ∼∼ 10−6, 10−9. If we want to minimize
the number of function evaluations we need to get a better estimation.

f ′(xk) =
f(xk)− f(xk−1)

xk − xk−1
use a previously calculated value.

This method is called the secant method.

Secant Method 5.12: The iterative algorithm is

xk+1 = xk − f(xk)
[

xk − xk−1
f(xk)− f(xk−1)

]
.

To compute xk+1, we need xk and xk−1. We start off (1st iteration) using forward difference. Secant method
is similar to Newton’s method but it approximate to f ′(x).

Remark 5.13: Secant method will converge slightly slower than Newton’s method since it approximates to
f ′(x).

Stopping Criteria 5.14: To any iterative algorithm we need to specify a stopping criteria that has the
following properties.

1. Maximum number of steps: Stop iterating at step k = kMAX (this is just a safeguard to avoid infinite
loop).

2. Tolerance on size of correction. In other words, |xk+1 − xk| < tol. In other words x converges with
bisection. This guarantees that |x∗ − xk+1| ≤ tol eventually. This is not true in Newton’s approxima-
tion.

3. Tolerance on the function value itself: Stop if
∣∣f(xk+1)

∣∣ ≤ tol. This may not work as well as (2) if
f(x∗) is very small.

Remark 5.15: Good stopping criteria depends on the given problem.
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Lecture 9: January 31, 2018

Summary of Page Rank Algorithm 9.7: 49

Input: p0 = 1
Re

for n = 0, 1, 2, . . . ,Max_ITER do
pn+1 =Mpn

if max :
∣∣[pn+1] : −[pn] :

∣∣ < tol then
quit

end

end

Gaussian Elimination 9.8: Consider a square non-singular matrix A ∈ RN×N with unknown solution
vector x ∈ RN . Right hand side vector is b ∈ RN , Ax = b. This represents a system of linear equations.

Example 9.9: (3× 3 Example of Gaussian elimination)a11 a12 a13
a21 a22 a23
a31 a32 a33


x1x2
x3

 =

b1b2
b3

 = b
and proceed in a

methodical way to solve
the system of equations.

Step 1: Eliminate a21 and a31.

Row 2− a21
a11

Row 1

Row 3− a31
a11

Row 1
∼

a11 a12 a13

0 a
(2)
22 a

(2)
23

0 a
(2)
32 a

(2)
33


x1x2
x3

 =

 b1b(2)2

b
(2)
3

.
Note a(k)ij indicates that the entry has been modified by (k − 1) steps of elimination a(1)ij = aij =original.

Step 2: Eliminate a(2)32 .

Row 3− a
(2)
32

a
(2)
22

Row 1 ∼

a11 a12 a13

0 a
(2)
22 a

(2)
23

0 0 a
(3)
33


x1x2
x3

 =

 b1b(2)2

b
(3)
3

.
We do not need to fully row reduce because we can do a back solve to get x, as in

x3 =
b
(3)
3

a
(3)
33

=⇒ x2 =
(b

(2)
2 − a

(2)
23 x3)

a
(
222)

x1 =
(b1 − a(1)12 x2 − a

(1)
13 x3)

a
(1)
11

.

Notation 9.10: A(k) matrix is the matrix which is produced by (k− 1) steps of elimination. Columns 1 to
k − 1 have all elements below the diagonal eliminated. We have,

A(1) =

a11 a12 a13
a21 a22 a23
a31 a32 a33

 and A(2) =

a11 a12 a13

0 a
(2)
22 a

(2)
23

0 a
(2)
32 a

(2)
33

.
49



Where

A(1)M1 = A(2) with M1 =

 1 0 0
−a21

a11
1 0

−a31
a11

0 1

.
So we have

M2A
(2) = A(3) =⇒


1 0 0
0 1 0

0 −a
(2)
32

a
(2)
22

1


a11 a12 a13

0 a
(2)
22 a

(2)
23

0 a
(2)
32 a

(2)
33

 =

a11 a12 a13

0 a
(2)
22 a

(2)
23

0 0 a
(3)
33


Note that M ’s are just elementary row matrices from elementary row operators.

Remark 9.11: We can generalize this to an N ×N matrix as follows:

Consider the kth step of elimination. Eliminate a(k)ik using a multiplier a
(k)
ik

a
(k)
kk

. After (k − 1) steps we ob-

tain 

—
...

... —
... a

(k)
kk . . . a

(k)
kj

...

0
...

...
... a

(k)
ik . . . a

(k)
ij

...

0
...

...


.

Modify a
(k)
ij to get a(k+1)

ij = a
(k)
ij − a

(k)
kj

a
(k)
ik

a
(k)
kk

. To eliminate the entry aik, we form a multiplier `ik =

a
(k)
ik /a

(k)
kk . In matrix form, we start with A(1) = A, b(1) = b and A(k) = M(k−1)A

(k−1) so we have A(N) =

(MN−1MN−2 . . .M1)A
(1) or (M−11 M−12 . . .M−1N−1)A

(N) = A(1) = A. Where

(M−11 . . .M−1N−1) =



1 . . . . . . . . . 0

`21 1
...

`31 `32 1
...

...
...

. . . . . . 0
`N1 `N2 . . . `N,N−1 1


Define L = (M−11 . . .MN−1 where L is simply the matrix of multipliers. L is unit lower triangular, meaning
all diagonal entries are 1 and lower triangular. Now

A(N) =


a11 a12 . . . a1N

0 a
(2)
22 . . . a

(2)
2N

...
. . . . . .

...
0 . . . . . . a

(N)
NN


upper triangular matrix

so all entries below
diagonal are 0.

Example 9.12: Let U ≡ A(N), (M−11 · · ·M
−1
N−1)A

(N) = LU = A. We have factored A into an upper and
lower triangular matrix. Suppose we want to solve Ax = b. Having factored A = LU , we can find x by
LUx = b. Let z = Ux. Then Lz = b and Ux = z. Since LU is a triangular matrix, we can efficiently solve
for z and x by using forward or backward substitution.

50



Remark 9.13: Once we have factored A into L and U then we can solve for multiple solutions (different b’s)
by simply doing forward and backward substitution without having to refactor A. Note that no additional
work required to compute L and U other than Gaussian elimination.

Remark 9.14: If we have Ax = b, Ay = c, Az = d. We factor A = LU and solve for LUx =
b, LUyc, LUz = d. This is efficient due to low computational requirement of forward/backward sub-
stitution.

We could also find A−1, then find A−1b, A−1c, A−1d. An efficient way to compute A−1 is done by
LU factorization.

Given non-singular A, we have AA−1 = I. So we want to find A−1 using LU factorization. This is equivalent
to solving N systems where

Ax1 = e1, Ax2 = e2, . . . , AxN = eN =⇒ A−1 = [x1 . . .xN ]

First factor A into L and U . Then do N forward and backward solves. We find x1, . . . ,xN as columns as
A−1.

Remark 9.15: Often we are given A and we are interested in computing A−1b. We know that it’s the same
as solving Ax = b. So instead of computing A−1 first, we can use forward/backward substitution.
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Lecture 15: February 28, 2018

Piecewise Quadratic Polynomial 15.4:

Use a quadratic polynomial on each subinterval [xi−1, xi+1] for i = 1, 3, 5, . . . ,

yi−1
(x−xi)

(xi−1−xi)
(x−xi+1)

(xi−1−xi+1)

pi(x) = +yi . . . x ∈ [xi−1, xi+1] where i = 1, 3, 5, . . . ,
+yi+1 . . .

So we have

pi+2(x) = yi+1
(x− xi+2)(x− xi+3)

(xi+1 − xi+2)(xi+1 − xi+3)
+ yi+2 . . .+ yi+3 . . . where i is odd.

Case 1: xi : i is odd, and it is associated with the Lagrange basis function from pi.

Lp
i

i=1,2,5,...

=


x+xi−1

x−xi−1

x+xi+1

x−xi+1
x ∈ [xi−1, xi+1]

0 otherwise

Case 2: xi : i is even, it is associated with Lagrange basis function from pi−1 and pi+1

Lp
i

i=2,4,6,...

=


(x+xi−2)(x+xi−1)
(x−xi−2)(x−xi−1)

x ∈ [xi−2, xi]
(x+xi+1)(x+xi+2)
(x−xi+1)(x−xi+2)

x ∈ [xi, xi+2]

Remark 15.5:
− has kinks at even i

p(x) =
∑n

i=0 yiL
p
i (x) − can we eliminate the kink problem?

− derivative of interpolating polynomial should be continuous.
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Piecewise Hermite Interpolation 15.6: Suppose we want to interpolate both the function and the
derivatives. In other words, we are given the data

x y slopes
x0 y0 s0
x1 y1 s1
x2 y2 s2
...

...
...

we want to draw a smooth curve through x0, . . . , xn such that the piecewise polynomial agrees with the
data and the derivatives s0, . . . , sn. If we do this, then curve will appear smooth, since derivatives are
continuous at the data points. Suppose we have x0, . . . , xn which means there are n intervals so that
[xi−1, xi] i = 1, . . . , n. Let pi(x) be a piecewise cubic polynomial defined on [xi−1, xi]. In other words,

pi(x) = ai + bi(x− xi−1) + ci(x− xi−1)2 + di(x− xi−1)2(x− xi−1) for x ∈ [xi−1, xi] (1)

Note that we have cleverly picked from di((x−xi−1))2(x−xi−1) for last term in (1) to minimize the algebra.

Remark 15.7: If pi(x) interpolates the data then we have

pi(xi − 1) = yi−1

pi(xi) = yi

〉
data

p′i(xi − 1) = si−1

p′i(xi) = si

〉
slopes

So we have four condition and four unknown parameters {ai, bi, ci, di} on each subinterval. Our solution is

ai = yi−1 bi = si−1 ci =
mi−1 − si−1

δxi−1
where

δi−1 = xi − xi−1

mi−1 =
yi − yi−1
xi − xi−1

It follows that at each of the (n− 1) interior points {x1, . . . , xn−1} we have

pi(xi) = pi+1(xi)

p′i(xi) = p′i+1(xi) where i = 1, 2, . . . , n− 1

The interpolant and its first derivative are continuous at the knots.

Definition 15.8: We call the points where the interpolant changes behavior from one polynomial to another
as knots.

Definition 15.9: We call the points where the data is specified as nodes.
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Remark 15.10: Note that in Remark 15.7 nodes and knots are the same. However we are generally not so
lucky as to have both data values and slopes specified at the knots. Usually we only have the data (xi, yi).
So how can we produce smooth interpolant using only data points (xi, yi)?

Spline Interpolation 15.11:

Definition 15.12: A spline interpolant is a piecewise polynomial of degree n such that

1. The splines agree with the interpolated function at the knots.

2. The first (n− 1) derivatives are also continuous at the knots.

Remark 15.13: In practice, we usually have cubic splines. This allows continuity of the first and second
derivatives at the knots which makes them appear smooth to the eye.

Definition 15.14: A cubic spline S(x) is a piecewise cubic polynomial such that S(x), S′(x), S′′(x) are
all continuous at the knots. Suppose we have the data

x y

x0 y0
x1 y1
...

...

Denote the cubic spline on the interval [xi−1, xi] by Si(x). For Si(x) to be a cubic spline, the following
conditions must hold:

1. Splines interpolates the data:

Si(xi−1) = yi−1

Si(xi) = yi where i = 1, 2 . . . , n (2)

2. First and second derivatives are continuous at the knots (interior points):

S′i(xi) = S′i+1(xi)

S′′i (xi) = S′′i+1(xi) where i = 1, 2 . . . , n (3)

Remark 15.15: We check to see if we have the right number of equations and unknowns.

Number of unknowns:

- Each of Si(x) has four parameters. That is,

Si(x) = ai + bix+ cix
2 + dix

3, for x ∈ [xi−1, xi], i = 1, 2, . . . , n

- Number of Si’s is the same of number of intervals which is n.

- So we get the total number of unknowns as 4n.

Number of equations:

- From the continuity conditions (2), we get 2 equations for each Si where i = 1, 2, . . . , n. So we get 2n
equations.

- From the derivative (smoothness) conditions (3), we get 2 equations for each (n− 1)interior points, so
get 2n− 2 equations.
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- So we get the total number of equations as 4n− 4.

Boundary Conditions in Cubic Spline 15.16: We can have three of the following boundary conditions
in a cubic spline:

Free boundary: A free boundary has S′′1 (x0) = 0, S′′n(xn) = 0.
It minimizes average square curvature on [x0, xn].
A cubic spline with free boundary conditions is known as a natural cubic spline.

Clamped boundary: A clamped boundary has S′1(x0) =specified and S′n(xn) =specified.
This is useful for controlling behavior at boundaries directly. A cubic spline with clamped boundary condi-
tions is known as a complete cubic spline.

Periodic boundary: A periodic boundary has S′1(x0) = S′n(xn) and S′′1 (x0) = S′′n(xn).
A cubic spline with periodic boundary conditions is known as a periodic cubic spline.
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Lecture 17: March 07, 2018
Define the interpolating cubic spline for the discount curve as

f(t) =

n∑
i=1

pi(t)Ii(t) (1)

pi(t) = ai + bi(t− ti) + ci(t− ti)2 + di(t− ti)3

Ii(t) =

{
1 if t > ti

0 otherwise

For (n + 1) knot points 0 = t1 < t2 < . . . < tn+1 =max maturity. If we impose continuity and smoothness
constraints:

f(t−i ) = f(t+i )

f ′(t−i ) = f ′′(t+i )

f ′′(t−i ) = f ′′(t+i ).

Then (1) is reduces to

f(t) = a1 + b1(t− t1) + c1(t− t1)2 +
n∑

i=1

di(t− t1)3Ii(t) (2)

which consists of n+3 unknowns. In Question 6b in the assignment we were also asked to impose a left end
clamped boundary f ′(t1) = 0 which further reduces (2) to b1 = 0 which gives us

f(t) = a1 + c1(t− t1)2 +
n∑

i=1

di(t− t1)3Ii(t) =⇒ n+ 2 unknowns (3)

Now we say we have a set of J coupon-paying bonds. Let T1, T2, . . . , Tk denote the set of all payment times
all bonds in the data set. Let Cj,k be the payment bond J at time Tk. From a no-arbitrage argument the
price of bond J is equal to the present value of discounted cash flows.

pj =
K∑
k=1

Cj,k where pj is the current price for bond j (4)

When we sub (3) → (4) we get an equation for each bond j

pj =
K∑
k=1

Cj,k [a1 + c1(Tk − t1)2 +
n∑

i=1

di(Tk − ti)3Ii(Tk)]︸ ︷︷ ︸
f(Tk)

=⇒ pj = a1

K∑
k=1

Cj,k + c1

K∑
k=1

Cj,k(Tk − t1)2 +
n∑

i=1

di

 K∑
k=1

Cj,k(Tk − ti)3Ii(Tk)

 (5)

For (n+ 1) knots, equation (5) has (n+ 2) unknowns.

Definition 17.20: Assume we start with a function y = f(x) and take data points from it to build an
interpolating polynomial p(x). We define the interpolation error at x as f(x)− p(x).
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Theorem 17.21: Assume p(x) is the degree n or less interpolating polynomial fitting the (n+ 1) points

(x0, y0), . . . , (xn, yn) x0 < x1 < . . . < xn.

Then the interpolation error is

f(x)− p(x) = f (n+1)(α)

(n+ 1)!
(x− x0)(x− x1) · · · (x− xn) where α ∈ [x0, xn] a random number.

At the points x0, . . . , xn the error is zero.

Numerical Integration 17.22:
Motivation: Suppose we are given the following seismic data. For the cross-section of an oil reservoir:

In other words, given the depth to the top and bottom of the reservoir, at discrete points, how much oil is
in the reservoir? We have the volume of oil as

width ×
∫ x=b

x=a
[Dtop(x)−Dbottom(x)] dx

i.e, we have to numerically integrate the function f(x) = Dtop(x)−Dbottom(x). i.e,
∫ b
a f(x) dx.

Definition 17.23: There is no closed form expression for f(x), since it is experimented data. In general,
even if f(x) can be expressed analytically, a “closed form” solution for the integration is unlikely to exist.
Recall that the integral of a function f(x) is just the area under the curve. Simplest idea is to divide the
interval [a, b] into N−panels, each with length (b−a)

N = h. For each panel, estimate the area under the curve
f(x) for this panel as follows:
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So we have ∫ b

a
f(x) dx =

h−1∑
i=0

h

2
[fi + fi+1]

=
h

2
[f0 + 2f1 + 2f2 + . . .+ 2fN−1 + fN ]. (i)

This method is called the Trapezoidal rule.

Definition 17.24: Note that (i) can be written as∫ b

a
f(x) =

h

2
[f0 + 2f1 + 2f2 + . . .+ 2fN−1 + fN ] =

N∑
i=0

ωifi where ωi are the integration rates. (ii)

An expansion of the form (ii) is called the quadratic rule.
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